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PREFACE. 



This book contains some matter not heretofore found in 
works upon Analytical Geometry. As it is designed as a 
text-book, care has been taken to separate the different sub- 
jects so that they may be studied advantageously, each by 
itself. The Cartesian system will naturally, if not necessa- 
rily, be studied first, for it is not only the most common, but 
is the leading system used in the Calculus. The matter per- 
taining to the conic sections is considerably condensed, com- 
pared with most other works which treat of the subject 
This has been accomplished by treating of the several curves 
imder one head when discussing a property which is com- 
mon to all of them. By this arrangement we trust that some 
time will be saved to the student in this part of the work, 
and thus enable him to give more time to advanced portions 
of the subject 

The subject of Quaternions is treated in the most elemen- 
tary manner, and the examples are of the simplest kind, the 
object being to explain and illustrate the principles and the 
character of the operations without taxing the ingenuity 
of the student in the mere solution of problems. One cannot 
form a correct judgment of the power of this analysis from 
these examples, but to attempt to explain its higher processes 
would be equivalent to excluding it from our courses of 
study. If the presentation here made of the subject suc- 
ceeds in creating an interest in it, and of establishing a 
correct foundation for its future study, all will bo accom* 
plished that was intended. The English works upon the 
subject are not numerous. Tlie only ones known to the 
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FUNDAMENTAL PRINCIPLES. 



Definitions. 

1. liines are said to be given when their positions in ref- 
erence to each other are known or assumed. 

2. A System of Coordinates is a system of known 
lines, or of lines and angles, for determining the position 
of points. The lines constituting a system of coordinates 
are usually straight, but curved lines may be used. 

3. A Point is knoixm when its position in reference to 
a system of coordinates is known. 

4. A Hight Line is one which may be generated by a 
point moving in one direction only. 

5. Illustrations. — Let the position of the lines OX and 
y in reference to each other, be assumed, so 
that the position of a point may be determined 
in reference to them ; then will they constitute 
a system of coordinates. The known angle 
rOX we will constantly represent by oo. To de- 
termine the position of any pointy), draw a line 
pa through p parallel to the line Y\ and pi) parallel to OX. 
Then if Oa and Ob are given, the point p will be determined. 
For by reversing the above process, we lay oflf Oa a known 
distance on OX, and draw ap parallel to Ob ; then lay ofif the 
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known distance 06 on OY and draw hp parallel to OX. 
Since the point will be in both the lines ap and hp^ it must 
be at their intersection 2^* 

The method just described is the one commonly used, but 

the point p may b^ determined in other ways 
in reference to the same lines. Thus, if we 
know the lengths of the perpendiculars pc 
and pd^ the point becomes known. For, the 
point will be in the line ep drawn parallel to 
Y and at a distance from it equal to the 
perpendicular Oe = pcL 
Similarly, it will be in the line p/ drawn parallel to OX 

and at a distance from it equal to the per- 
pendicular pc ; hence at its intersection with 
ep Skip. 

Or the perpendicular pc to OX and the 
parallel pb to the same line may be given. 
Or if the perpendicular dp be prolonged 
to OX, and pc to OY, then will the lines pg 
and ph determine the point 

Or the lines pc and pd may make any 
known angles with the lines OX and OY 
The system which is adopted at the be- 
ginning of an investigation, must be re- 
Fio. 4. tained throughout the same. 

6. The Oodrdinate Axes.— When the coordinates con- 
sist of right lines intersecting at a point, the right lines thus 

used are called coordinate axes. The line 
' OX is called the axis of a;, and F, the 
axis of y. These lines may be prolonged 
indefinitely in opposite directions from 0, 
dividing tiie plane which contains them 
, into four parts or angles. 

Pio. 6. The intersection of the axes at 0, is 

called the origin of coordinates. 

Distances to the right of the axis of y and parallel to the 
axis of x are called positive ; those to the left, negative ; simi- 
larly, those parallel to YY and above XX are positive^ and 
those below, negative. 
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REKJTILINEAB SYSTEM OF COOBDINATES. 



The angle YOX, marked 1, is called the first angle ; that 
marked 2, the second ; 3, the third; and 4, i\iQ fourth. 

The rules in regard to the signs and angles are arbitrary, 
and may be changed when desired. 

7. Kinds of Oodrdinates. — ^If the system consists of two 
or thlfifij^nes meeting at a point, it is called rectilinear.* If 
the axes form right angles with each other, the system 
is called rexstangvUar. If two axes only are 
used, it is called bUinear. If the axes make 
oblique angles with each other, the system 
is called oblique. 

If the system consists of a fixed line OX, 
a variable angle pOX, and a variable dis- 
tance Op, it is called Bipolar system. 




X 
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The rectilinear and i>olar systems are the ones most common] j used, 
though there are many other systems, some of which 
are used occasionally. 

When the system consists of three lines perpen- 
dicular respectively to the three sides of a known 
triangle, it is called trilinear. This system forms an 
imi>ortant part of Modem Geometry. 

The tangenHal ty$Um is in a certain sense the redp- 
rocal of the rectilinear. It begins with a line, and, by the intersection of 
an infinite number of right lines, determines a point. 
(See Salmon's Conic Section^,) It is also used in Modem 
Geometry. 

The system may consist of a tangent to a given curve, 
and a radius from the center to the x>oint of tangency. 
This system is useful for investigating certain prop- 
erties of the involute. 

The system may also consist of the arc of the curve 
and the angle which the variable tangent makes with 
a fixed line. This is called the intriTuie equation of 
the curve. 

Rectilinear System of Oodrdinates. 

8. The Ordinate to a point is the distance from the point 
to the axis of x, measured on a line parallel to the axis of y. 
Thus, the ordinate of^i is'the length of the line^^i^i, drawn 




^ 



* Sometimes it is called the Cartesian system, from the latinized form 
of Descartes' name, who first devised the system. 
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4 FUNDAMENTAL PRINCIPLES. f»-ll. 

from pi parallel to y and terminated by the axis of x. 
^Y Ordinates are generally repre- 

sented by the letter y, that letter 
representing any ordinate, and 
7'' when a particular ordinate is 
/ °± known, y may be placed eqnal 
*' / to that value. Thus, the ordi- 
;' nate of ^ is y = + aipi = 06| ; of 
"% P2> y = + Oipi= Obt; ot pt, y = 
~a^^-Obt; oi Pt, y = -atp,= 
^"- *■ — Ob,. Assumed ordinates are 

also designated by accents, or subscripts, thus, y', y", etc. ; 
Vi, Jffc etc 

9. The Abscissa to a point is the distance from the point 
to the axis of y measured on a line parallel to the axis of x. 
The general value of the abscissa is represented by the let- 
ter X. Hence, for the abscissa of p„ we have, x — + bipi = 
+ Oa, ; oipt,x= — bip, = — Oa, ; of pj, a; = — btpi = — Oot ; 
of JO4, X = +btp, = + Oa,. We also use x', x", etc., for known 



10. Tha Coordinates to a Point include both the ab- 
scissa and ordinate of the point A point is indicated thus : 
the point xy, or the point ab, or the point (x, y), or the point 
(3, — 4) ; in which the value of the abscissa is placed first 
in order. If the angle between the axes is not given it is 
supposed to be right. 

11. The Equations to a Point are equations which ex- 
press the values of x and y in terms of the known abscissa and 
ordinate. Thus, if n be a known abscissa, and b a known 
ordinate, we have for the equations of the point in the 

Ist angh. 2d angle. 3d angle. 4th angle. 

x= + a) x= — a) , x= - a] , x= + a) 

y= +b\' y= +b\ ' y=-6f' y = -6f- 

EXAMPLES.' 
1. If the axcB are rectangular, locate the points (S, 7) ; (—8, — 4); 
(-4, 8). 

S. If « = 60', locate the points (4, 4) ; (0, 8) ; {-4, -8). 



\ 
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POLAR SYSTEM OF COOROmATES. 



3. If the axes are rectangular, locate the points (0, — 8) ; (0, 0) ; 
(-2,0); (-0,2). 

4. If a> = 135", locate the points (3, 2); (3, - 2); (-3, - 2). 
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Polar System of Coordinates. 

12. The Initial Liine is the line from which the variable 
angle is reckoned. Thus iipOX constitutes 
a system of polar coordinates in which the 
variable angle is measured from the fixed 
line OX, then will OX be the initial line, 

13. The Pole is the point about which 
the line Op is conceived to revolve. Thus 
Of in the figure, is the pole. 

14. The Radius Vector is the line of variable length ex- 
tending from the pole to the required point. Thus, if J9 is 
the point which is to be located, the line Op will be the 
radius vector. The length of the radius vector we shall 
generally represent by p. 

16. The angle between the radius vector and the initial 
line is called the variable or vectorial angle. We will 
here represent it by q^. 

16. Signs of the Coordinates. — The angle g? is con- 
sidered jxmVtVe when the radius vector revolves left-handed; 
that is, in a direction opposite to that of the hands of a 
watch ; and negative, in the opposite direction. Thus, the 
angle (or arc) ab is positive, and erf, negative. 

The radius vector is considered positive when the point 
and the extremity of the measuring arc are in the same 
direction from the pole, and negative 
when they are in opposite directions from 
the pole. Thus, in determining the point 
Ply a ab he the measuring arc, Opi will 
be positive, for b and p, are in the same 
direction from ; but if cdi be the mea- 
suring arc, the radius vector Opi will be ^®- ^^• 
negative, for i and pi are in opposite directions from the 
pole. 
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17. The Polar OoOnlinateB of a Point inToWe the 
position of the fixed line, Jfcfae Tectorial angle, and the rodins 
vector. A point is indicated thos, {<f, p). 

18. The Polar Equations of a point consist in placing 
9> and p equal to detenaiiiate valnes. Thus the equations of 
tiie point p, are 

\p^+op,r ip=-op,r \p=-op,r 

and of the point p^ 

(9.= +^ff) {<p=+ab ) i<p=-cdil 

lp=+Op,i' \p=-Optr \p==+Op,r 

The points pt and jit Q'^ indicated in a similar manner. 

BXAKFLXS. 

1. Conrtnicl tbe points {60°, 6) ; {- 45*, - 8) ; («, 4). 

2. Construct the poinU (0°, 0); (6it, -4); (0% -8). 
8. Construct the pointa (i«, 1) ; (Ix, — 1) ; ()«, 1). 

4. Constrnct the points (2«, 8) ; (2*, - 2} ; (0, 2). 

B. Constrnct the points {0% co> 80°) ; (■■, sin 45°) ; (- iir, tan 45*). 

6. Constnirt the pointe (siQ-' i, sec 40°); (*, x); (cor' {- ^^ ). — 

Distance Between Two Points. 

19. Let the Points he given by their Rectilinear 
Coordinates, those of P being x'y', and of 

tf P'.x'-y". 

Let I = PP' = the distance between the 
points, and we have 

_i /_ ^ P = {PBT + (SPy - 2PB . BP' cos PBP- 

A«.i**' = (PB)'+ (BPy+ 2PB. BP- cos YOX 

^(0A-0A)'+(A'F-A-By + 2{0A'-0A).{A'P'-A'B) cos w 
={x'~xy+{y"-yy + 2(x"-x)(y"-y') COB oa, 
•which is the formula reqtiiied- 
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20. Let the System be Rectangular.— Then (» = 90"", 
and the preceding formula becomes 

^={x--x)\+{y"-y)\ (1) 

If one of the points be at the origin, make a;'= and 
y'= O9 and we have after dropping the accents 

P = a? + y*, (2) 

which is the square of the distance of any point from the 
origin. 

21. The Points being given by Polar Coordinates, 
to find the distance between them. 

Let 

OP = p", POX = <p" ; l:t\< 

then 

POP' = 9" - <p\ 
From Trigonometry we have 

{ppy = (opy 4- (opy - wpop' cos fop'; 

hence, 

p = p'« 4- p"» - 2p>" cos (^" - <?^')- 

If q}" — ^' = 90°, the angle between the lines will be right, 
and the formula becomes 

P==p'« + p^ 

EXAMPLES. 

1. Find the distance between (—8, 0) and (8, — 5). 

2. Find the lengths of the three sides of .a triangle whose vertices are 
(2, 4), (0, 0), and (-8, 5). 

8. Find the codrdinates of the middle point of the line whose ex- 
tremities are (5, —1), and (—1, 5). 

4. If 00 =r CO*, constmct the triangle whose vertices are (8, 2), (— 2, 
6), (1, -5). 

5. Find the distance between the points (0*, 2), and (— i^r, 8). 

6. Find the distance between the points (Jjr, 8), and (^, 4), 



CHAPTER n. 

THE BIQBT LINE IN A PLANE. 
Dejinitiona, 

22. A Iiocua is a series of positions to which a moving 
point is restricted by some law. If the successive positions 
ore consecutive, the locus is a line, either straight or curved. 
If any position is isolated, that part of the locus is a point 
only. The locus of a line may be a surface. Geometrical 
loci are reed, points, lines, and surfaces. Analytical loci are 
such as are expressed algebraically, and, in an extended 
sense, not only represent r&il loci, but also imaginary points, 
lines, and suriaces and loci at infinity. 

23. Consecutive FointB are such that the distance be- 
tween them is less than any assignable quantity. Hence, 
ivhen compared with finite distances, the distance between con- 
secutive points may be considered as zero, and in such cases 
two consecutive points may be treated as one point. The 
ratio between the distances of different consecutive points 
may be any finite value, 

[In jnote famSiar ianguage, we may aaj that the distance between con- 
fleeatlTS points Is so eiceedinglj small that when added to finite or meannr- 
able diHtances, the former may be omitted without appreeioNe error. Thus, 
aO.OOO miles + -nkn of an inch and 20,000 miles + -,-fl,t,n of an inch are prae- 
tkaBs the same. Their snm is pTaet>e<Uty 40,000 miles, their ratio practi- 
eaUy I, and their difference prnttically zero. Hence in regard to the la^er 
numbers, the small fractions may be omllli^, and the smaller the fractions 
the more nearly will the larger part be fhe trae value of the expression. 
When the fraction Is less than any ntfignahU quantity. It cannot be mea- 
sured or expressed, hnt the larger part is measurable, and is called finite. 
These remarliB are true whatever be the actual value of the small fractions. 
Thus, in the preceding example, the ratio of the first fractioD to the second 
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is 10. If the fractions had been tcJoti and nrifti^ij, their ratio would have 
been 25 ; while the sum of the entire quantities would have been practically 
40,000, their difference zero, and their ratio 1. » These fractions, however 
small, may have any conceivable ratio. Quantities whicli ore less than 
any assigpable quantity are called infinitesirnals. One object of the Differ- 
ential Calculus is to find the ratio of infinitesimals when related to each 
other bj known laws.] 

24. The Equation of a Locus is an equation which ex- 
presses the relation between the coiirdinates of every point of 
the locus. The dii^tance from the origin to the point where 
the locus cuts an axis is called the Intercept on that axis. 

25. Analytical Geometry consists in expressing geo- 
metrical quantities by algebraic symbols ; establishing an 
equation of the locus by means of these symbols, then sub- 
jecting the quantities and the equation to algebraic opera- 
tions so as to deduce the properties of the locus, and finally 
interpreting the result 

26. Coordinate Geometry is that system of geometry in 
which the points, lines, or surfaces which are to be considered 
are referred to a system of coordinates, and their properties 
determined by means of their relations to those coordinates. 

Equation of a Right Line, 

27. To find the Rectilinear Equation to a Right 
Iiine. — Let BP be the line cutting the 

axis of x at ^ and the axis y Q,i F. / 

Take any point P on the line and draw / ^ 

PD parallel to 07; then will 1^/ 

Let ^ = PBB, h = OF. X 0/ q "^ 

Through F draw FG parallel to OD, ^«- "• 

then the triangle PFO gives 

FGiPO iisin FPG : sin {PFG = FBX), 

or X :y — b : : sin {a}— 6) : sin S 

sin ^ , . /-iv 

^ sin (a? — tf) 
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If 771 ' be substituted for the coefficient of x the equation 
becomes 

y = m'x + 6 ; (2) 

which is the equation sought 

28. Rectangular Equation to a Right Line.— Make 
^ p a> = 90Mn the equation (1) of the preceding 
X Article, and we have 




'^ sine 

Li ^" 

! — X 

o 



^ COS 6^ 
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or y = tane.a; + & (3) 

Let m = tan 0, and we have 

y ^mx -hb; (4) 

which is the required equation. 

29. Equation to a Right Line in Terms of its Li- 

tercepts.— Equations (2) and (4) are in terms of the inter- 
cept (b) on the axis of y and the inclination of the line, which 
is the more common form. But it may be found in terms of 
the intercept on both axes. 

Let a = OB be the intercept on the axis of cc, 0F= b, 
the intercept on the axis of y. 

In Figs. 14 and 15 we have 

OJ^sin OBF_ , 

OB -sinOFB^^'^^^' 

or — = m' or m, 

where a is negative because B is at the left of the origin. 
Substituting the value of m in equation (2), and m in (4) 
gives 

which is the required equation. 
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30. Equation to a Right Ldne in terms of the Per- 
pendicular upon it from the Origin and the Angle 
made by the Perpendicular with the Axis of x. 

Let^ = OR be the perpendicular from the origin upon 
the line CD\ a=^OD, the intercept on c v 
the axis of x; b=^OCy the intercept on 
the axis of y. Then 

cos a' sm a ' g 

Fio. 10. 

and these values substituted in equation (5) give 

X cos 01 + y sin a = jj, (6) 

which is the required equation. 

If the axes are oblique, the equation becomes 

X cos a + y cos (co — a) =p. (7) 

31. Of Constants and Variables.—^ constant is a 
quantity which retains the same value during a particular 
discussion. Constants are of two Idnda—^/ixed and arbitrary. 
Fixed constants are numerals, as 3, 7, 12, etc. Arbitrary 
constants are those which admit of different values. Thus 
in equation (4) m may have any value assigned to it, but 
when once assigned it becomes /arec2 for that particular dis- 
cnssion ; and the same is true of 6. Arbiteary constants are 
usually represented by the first letters of the alphabet* 

Variables are quantities which may have an unlimited 
number of values in a particular discussion. Thus, in equa- 

* In higher analTsis arbitraij constants are made to vary ; or, in other 
words, certain qnantities which are nsnally considered constant are made to 
vary. Thus, in the eqnation of a right line, y = mx-\-h,\tb varies while 
m remains fixed, the line wiU generate a plane. 

Similarly, the parameter of a parabola may increase at a uniform rate 
while points which generate parabolas shoot ont constantly from the vertex 
with an infinite velocity. Carves thus generate<l^are called " A famUy of 
curves." 

An arbitrary ccnHanimay he defined as a quantity which varies infinitely 
eiaw compared with thegenerator of the curve. 



y 
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tion (4), (5), or (6), x may have all conceivable values from 
4- 00 to — 00, and the corresponding value of y maj be 
determined from the equation ; hence, y may also have an 
unlimited number of values. The real values of the variables 
in an equation are often confined within Jinite limits, as we 
shall see in the case of the circle, ellipse, etc. ; still, the 
number of real values within those limits is unlimited. 

32. The Absolute Term is that term of an equation 
which contains no variables. The quantity b in the equation 
of the right line is the absolute term. 1/ an equation has no 
ahsdvie term, the locus passes through the origin ; for the inter- 
cepts for that point are both zero. 

33. The Discussion of an Equation to a Locus 

consists in interpreting the results deduced from the equa- 
tion. The general process consists in solving the equation 
in reference to one of the variables and assuming fixed 
values for the other, and interpreting the results. 

34. Discussion of the Rectangular Equation to the 
Bight liine. — The equation is (Art. 28), 

y = mx + 6. (1) 

1°. Let a; = 0, then y — K 

These are the co(')rdinates of a point on the axis of y at 
a distance h from the origin. It is the point where the line 
intersects the axis of y, and the ordinate to this point is the 
intercept on that axis, (Art 24). 

2''. Let V = 0, then re = = — r -x = — 6 cot ft 

m tan u 

These values of x and y are the coordinates of the point 
where the line intersects the axis of x ; and the value of x is 
the intercept on that axis. 

3°. Let 6 = 0, then we have 

y = mx, (2) 

which is the equation to a right line passing through the 
origin, (Art. 32). 
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4°. Let wi = 0, then tan 6 = and ^ = 0, and we have 

2^ = 0.» + 6. (3) 

But when 9 = the line is parallel to the axis of x ; hence 
this is the equation to a right line parallel to the axis of x 
and at a distance from it equal to h. In this equation the 
values of x and y are independent of each other. 

5°. Let m = 0, and 6 = 0, then will the line coincide with 
the axis of Xy and the equation becomes 

|^ = 0.x, (4) 

which is the equation of the axis of x. In this equation y is 
zero for all values of x. 

6°. Let 7w = 00 ; then tan S = oo, and = 90°, and the 
equation becomes 

y = 00. » -f 6; 



or 



or 



1 h 



0.y = aj + 0. V* 



1^ 



^ I 



(5) 



In this equation x is zero for all values of y ; hence it is the 
equation to the axis of y. 

The equation to a line parallel to the axis of y is 



O.y = x +a. 

7°. When m and b are both positive, the 
line lies across the second angle. For, b being 
positive, the line cuts the axis of y above the 
origin; and m being positive makes tan 6 
positive, hence the angle ^, above the axis of x 
and at the right of the line, will be acute. 



8°. When 6 is positive and m negative, it lies ^ \ 

naa -f.ViA firaf 0.11 cri a. — ^ 



(6) 




across the first angle. 






Fio. 1& 
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/ 9^. When 6 is negative and m positive, it lies 



/^^ across the fourth angle. 



Fig. 19. 
Y 



b^ 



Fio. 20. 



10°. Wlien b is negative and m negative, the 
line lies across the third angle. 



[Obs.— It is not necessary for the student to remember all these results, 
but it is very important that he should be able to make the discussion, and 
interpret the results. Much practice in interpreting equations is advis- 
able.] 

36. Every Equation of the First Degree between 
Two Variables is the equation to a right line. 

The most general form of the equation of the first degree 
between two variables is 

Ax + By +C = Q\ 

in which A, By (7, are arbitrary constants. Solving in refer- 
ence to y gives 

_^ A C 
y^ ^ B^" B' 

If — p- be represented by m, and — ^ by 6, the equation be- 
comes 

y = mx + 6; 

and therefore represents a right line, (Arts. 27 and 28). 

In an algebraic sense, the values of x and y in the preced- 
ing equation are indeterminate, and since this is generally 
true for the equations to loci, this branch of mathematics is 
sometimes called Indeterminate Geometry. 

36. Polar Equation to a Right 
Line.— Let BChe the line, OX the initial 
line, OB = p the perpendicular from the 
pole upon the line, the angle 5 OX = or, 
P any point of the line, OP = p the radius 
vector, and <p = POX the variable angle. 
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The right-angled triangle OBP gives 

OP co% POR= OR, 
or p cos {q> — a) =p ; 

which is the required equation. 

The angle a is positive when it is generated by a left- 
handed rotation, or, more generally, from + x towards -f y. 

Discussion. — 1°. Let a> = 0, then p — OB = 5 r = 

^ * '^ cos (— a) 

p sec a ; which is the intercept on the initial line. 

2°. Let <p = ct, then p = OR = — ^-^ = p. 

cos ^ 

3°. Let <» = 90° + a, then p = — ^n?^ = oo as it should, 

'^ cos 90° 

since the radius vector becomes parallel to the line, and 

hence cannot meet it at a finite distance. 

4°. Let ^> 90° + a and <180° + a, then will cos (rp - a) 

be negative and the radius vector p will also be negative, 

and the point thus determined will be below B. 

5\ Let ^ = 180°, then p = j^^^ r- = -=£-, which 

cos (180 — a) COS a 

gives the point B again. 

COS 180 
gives the point R. 

7°. Let a = 0, then the equation becomes p cos <P=Pf 
which is the polar equation of a line perpendicular to the 
initial line. 

8°. Let ot = 90°, then we have p sin ^ = ^ for the equa- 
tion to a line parallel to the initial line. 

9°. If <p = zr, 2t, 3;r, etc, then p = ±p sec a = OB. (Gen- 
erally, all the points of the line will be determined once 
by making q? pass from 0° to 180° ; and again by passing 
from 180° to 360°, and still again, from 2;r to 3t and so on 
indefinitely. 

37. To Trace a Right Line. — Two points determine a 
right line ; therefore, assume two different values for one of 



P 
6°. Let (p = 180° 4- a, then p = — ^^^tvo = — i>, which 
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the variables and find tLe corresponding values for the other 
by means of the equation of the line. Construct the points 
thus found and draw a right line through them. 

If (he, axes are rectilinear, the easiest w ay is to find the 
intercepts and lay them off on the respective axes. There- 
fore, make y = in the equation and find x, and lay its 
value off on the axis of x. Similarly, make x = 0, find y and 
lay it off on the axis of y ; the line drawn through the points 
thus found will be the line required. 

If the line is given by its polar coiirdinates, find the inter- 
cept on the axis of x by making ifi=-0 in the equation, and 
draw the line through it and the extremity of the perpen- 
dicular from the origin. 




ESAKPLES. 

1. Determine three points in the right line 4y = — 6x-f 3, whoM 
abacissBa are respectively ~ 2, 1, and 3, and draw the right line throDgh 
the points thas found. 

Making *= —2 in the equation of the line, we find y = 8}. With 
an; scale of equal parte laj off on — z two divisions 
of the scale = OB, aud at B draw BP parallel to the 
■ axis of y and lay off on it + 3} of the same equal 

Similarij, for t=1 we find y = — }. For this 

point, lay off one space = OB, to the right of th« 

origin, and B,P,=iot a space below the axis of x, 

'P"*' *s. which gives P, for the required point. 

For z = 2, we find y = — 21, by means of wliich the point P, is 

found. 

If the construction is correct the three points wilt lye in a right line. 
If «=0, y = i which is the y-xnt^reept. U y = 0,x = \ which Is 
ibe X'intereept. 

2. Construct the line Jy — i* — J. 

[Make * = 0, and find y = — 1 which is the y-intereept. Similarly 
the x-inf«rMpt is i.] 

8. What angle doCs the line y = » make with the axes ? What are 
its intercepts ? 

4. Wliat angle docs tho line y= — }k — 4 make with the axis of «t 
What are its intercepts ? 

6. Trace the lino ly\/3 = - 3«Vj - 1. 

6. Trace the line 3* - 4y + 2 = 0. 
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7. What two lines are represented by the equation ^* = 4^ ? What 
angle do they make with each other ? 

8. What two lines are represented by the equation aj* = 4 — 4y + y' ? 
At what point do they intersect each other ? 

9. What are the intercepts for the two lines represented by the equa- 
tion (a? —^2)* == y* H- 6y H- 9 ? Construct the lines and find where they 
intersect each other. 

10. Trace the line p cos {q> — 80") = 0. Also p sin ^ = — 5. 

X y 

11. Deduce the equation of the line — {-j- = 1 from a figure. 

12. Deduce the equation x cos a + y sin a = je> from a figure. 

18. Construct the line whose equation is y = Sx — 5, when fo = 60°. 
14. Interpret the equation p cos 8^ = 0. 



The Point and Right Line. 



38. Equation to a Bight Line wMcli shall pass 
through a given point.— Let the given point be (a?', y'), 
and since it is on the right line 

y = mx -h h (1) 

it most satisfy the equation of that line, hence we will have 

y' = mx*^h. (2) 

EliminatiTig h between these equations gives 

y - y' = m (a? - a:') ; (3) 

which is the required equation. The value of m in this 
equation is indeterminate, and an indefinite number of 
values may be assigned to it ; hence the equation is an ex- 
pression for the well-known &ct that an infinite number of 
right lines may be passed through a given point. 
From (2) we have 

which substituted in (1) gives 

y=^4^« + J; (4) 

9 
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which is another form of the equation, bnt not being so con- 
venient as (3) it is rarely used in practice. 

39. Equation of Condition.— Observe -that equation 
(2) of the preceding article is not the equation of a line, for 
it contains no variables; neither is it the equaticm of a 
point. It is a true equation heticeen constants, by means of 
which the values of the arbitrary constants may be deter- 
mined. The equation is not only true, but is established 
upon certain conditions; the conditions being determined by 
the geometric forms, or by the equations which represent 
those forms. Such equations are called Equations of Condi-- 
Hon. 

40. The Equation to a Right Line passing througli 
Two given points.— Let (x\ y), (aj", y") be the two points 
through which the right line 

y = mx -\-h (1) 

must be made to pass. The coordinates of the points must 
satisfy the equation to the line; hence we have the two 
equaJtions of condition 

y' = mx+h, (2) 

. y" = ma?'-h6, (3) 

by means of which the arbitrary constants m and h may be 
completely determined in terms of xy and x"y'\ Subtract- 
ing (2) from (3), we have 

y" - y' = m {x" -x')\ 



jt 



.-. m = ^. — ^. (4) 

x —X ^ 



Subtracting (2) j 
the result, gives 



y-y' = ^^U'^-^')', (5) 



X —X 
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which is the required equation. It may be put under the 
form 

y^LVL - yl^zi. (6) 



X — X X — X 



If one of the points, as (x", y") be at the origin, then x" = 0, 
y" = 0, and the equation becomes 

y = -fx (7) 

which is the equation of a right line passing through the 
origin, and making an angle with the axis of x whose tan- 

gent is |>. 

If one of the points is (0, b) we have 



y = - — j—x + b = mx + b; 



X 

which is the ordinary equation to the right line* 



EXAMPLES. 

1. Find the equation to a right line which makes an angle of 46* 
with the axis of Xy and passes through the point (2, 8). 

Here m = tang 45** = 1, and equation (8) Art. 88 heoomea 

which is the required equation. 

2. Find the equation to a riglit line which passes through the point 
(~ 2, 8), and whose intercept on yiB 1 ; and find the angle which the 
line makes with the axis of x, 

(Use Eq. (4) Art. 88, or Eq. (5) Art. 40.) 

8. Find the equation to a right line wliich makes an angle of 150* 
with the axis of x and passes through the point (— 4, — 5). 

4. Find the equation of tlie right line which passes through the 
points (3, - 4) and (- 2, 6), and find tan ©. (Eq. (5), Art. 40.) 

5. Form the equations of the sides of tlie triangle the coordinates of 
whose vertices are (— 8, 0), (0, — 4), (1, 0). 

6. Find the equation of a right line passing through the points (0, 
0), (-8,2). 
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Relations between Two Lines. 

41. To find the Point of Intersection of Two 

Lines. — ^Let the equation of the line BC 

I be 

^c y = tiia: 4- 6, 

and of EF, 

y = m'x + b\ 

If the lines intersect there will be one 
XB /e ° point in common, and hence the coordi- 

Fio.28. nates for that point must satisfy the equa- 

tions to both lines. To find the values of x and y which 
will satisfy this condition, we have only to consider the 
preceding equations as simultaneous, and eliminate x and y 
successively by the well known rules of algebra. Letting 
the resulting values of x and y be denoted by x^ and yi^ we 
have 

6' — 6 ^T^ nth' — mh y\ -d 

'Ilm = m' we have 

a?i = oo, and yi = oo; 

hence the lines will not intersect at a finite distance, or, in 
other words, they will be parallel 
The equation 

is the equation of condition o/paralldism o/ttoo right lines, 
lim^m' and 6 = 6', we have 



both of which are indeterminaJte^ hence the lines will coincide 
throughout. .> •> 

42. Equation to a Line which is Parallel to a given 
Line. — ^Let the given line be 

y = m'x + 6'. (1) 

The form of the equation of the required line will be 

y = tnaj-h6; (2) 



48,44.] 
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but, according to the equation of condition^ m = m!, which 
value in equation (2) gives 

y = m'x + b, (3) 

for the required equ:ation. In this equation the arbitrary 
constant b is undetermined; hence the equation expresses 
the well-known fact that an inJinUe number of Unes may be 
drawnparoMtoagivenUne. 

43. Equation to a Bight Line passing througli a 
given Point and Parallel to a given Line.— Let the given 
point be {x', y). Let equation (1) of the preceding article be 
the given Une, then will (3) be parallel to it, and it remains 
to make (3) pass through the given point. Hence the coordi- 
nates of the point must satisfy equation (3), and we have the 
equaiion of condition 

y' = m'x + b ; 

which^ being subtracted from equation (3), gives 

y-y'^m'ix- x'), 
which is the required equation. 

44. Angle between Two Lines.— Let the equations be 

y = mx-hb, (for BF), 
y = m'x 4- 6', (for EF). 

From the figure we have ff equal to 
the sum of and 0^ or 



ft^ff ^e 




tan>» = 



tan ff — tan 
l + tan(?tan^ 



TU — m 



1 -f mmi 

from which /^, the required angle, may be found. 

If w = w', then >S = 0, or the lines are pai^allel, as pre- 
viously shown. 
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If the lines are perpendicular to each other, fi = 90% and 
tan P = co9 hence we must have 

1 -f mm = 0, 

which is the equation of condition that two right lima aJuxU be 
mtUuaUy perpendicidar. 

46. Equation to a Right Line perpendicular to a 
given one.-Let the given line be 

y = m'x -f V, 

and let it be required to make the line 

y = two: -f b 

« 

perpendicular to ii The equation of condition gives 

1 

m= r, 

m 

in which m' is known from the given equation, and hence m 
becomes known; and by substituting its value in the pre- 
ceding equation, we have 

1 , 
y= -~7aj+6, 
m 

which is the required equation. 

Since the arbitrary constant b remains undetermined, the 
equation expresses the well-known fact, that an infinite num- 
ber of lines may be dravm perpendicular to a given line, 

46. Equation to a Bight Line peri>endictQar to a 
given line and passing through a given point.— Let 
the point be {x'y y') ; and the given line be 

y = m'x -f b ; 

then will the required line be of the form, (Art. 45), 

m 

Since this line is to pass through the point we have the equa^ 
tion ofcondiHon 

y'--—,x-{-b, 
m 
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which subtracted from the preceding equation, gives 

1 

which is the required equation. 

47. Equation to a Right Line passing through a 
given point and cutting a given line at a given 
angle. — ^Let the given Une be 

y = m'x + h ; 
and the required line be 

y-y- rn{x - x) ; 

and >9 the given angle. Then, according to Article 44, we 
find 

_ m — t an fi 
^ " 1 + w' tm^* 

which substituted in the preceding equation gives 

m' - tan /? , ,^ 

^ ^ 1 4- w tan (i ^ '^ 

for the required equation. If /? = the equation becomes 

y — y' = m' (a? — x\ 

li /3=z 90"^, the equation becomes, bj dividing the numerator 
and denominator b j tan >S, 

EXAMPLES. 

1. Find the coordinates of the point of intersection of the lines 

au — 4y = 1; y — 2a;=8. 

2. Find the coordinates of the point of intersection of the lines 

a 8"^' 5 7" • 
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8. Find the angle between the lines 

4. Find the angle between the lines 

8y-4c = 0; y = 7ar - J. 

5. Find the equation of a right line perpendicular to the line 
y = 7aj -- 4. 

6. Find the equation of a right line perpendicular to the line y = a^ 
and passing through the point (1, 1) in the line. 

7. Find tlie equation of a right line perpendicular to the line 2y — 
4^; = 7, and passing through the point (— 8, — 4). 

8. Find the equation of a right line parallel to y = — 72r + 4, and 
passing through the point (~ 2, 8). 

9. Find the perpendicular distance between the parallel lines 

y = 4j?— 8;y = 4ar4-4. 

10. Find the perpendicular distance of the line y = — 8;i; + 5 from 
the origin. 

11. Find the length of the perpendicular from any point to a right 
line. 

JSolutwn. — ^Let the point be {x\ y) and the line be 

then will the equation of the perpendicular be 

y-y'=- — (a?-a?'). 

Eliminating y and x successively between these equations gives the 
coordinates of the point of intersection of the line and perpendicular. 
Letting this point be x"y'\ we have 

, my ~~rnb + x' 

„ _ m'y + mx' -k-h 
^ "" l-hm* 
From these we find 

„ . y -mx - h 

, — y' + wwj' + ft 

y -y= — i:^^ — ' 

and the length of the perpendicular will be 

, y —mx — J ^, 
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If the equation of the line be of the form Ax + By-¥C^(S^ then 

Ax-\-By^C 



P = 



V^*4-i^ " 



12. Find the distance of the point (— 2, 3) from the line y = 2^; — 4. 
18. Find the distance of the point xy' from the line 

X cos a + y cos (a) — a) =p. 

Solution, — The equation of a parallel line passing through the given 
point will be 

af cos a + y cos (<» - a) = p\ 

and the required distance will be p —p. Subtracting p from the left ' U ,^,) 
member, we have for the length of the required perpendicular 

i 

± {x' cos a -^y cos (oo — a) —p\ 

in which the plus sign is used when the origin and the point are on 

opposite sides of the line, and minus when they are on the same side. 

If the coordinates are rectangular, the length will be, making 

« = 90% 

± (a?' cos a — y' sin a — />). 

14. Given the area (a) and base (b) of a triangle to find the locus of 
the vertex. 

Let the equation of the base be 

a? cos a + y sin a— 1> = 0; 
then X cos a + y sin a ^p 



will be the length of the perpendicular from the vertex (x^y) upon the 

base ; which is also 2a -«- 5 ; hence if x and y be general variables, we 

have 

%a 
ic cos a H- y sin a — i> = y , 

which is the equation of a right line. 

15. To find the equation to a line which shall pass through the 
intersection of two given lines. 

Solution,— TYi^ point of intersection may be found as by Article 41, 
and the equation detennined by Article 88. An equation may, however, 
be written without finding the point of intersection. Let the equa- 
tions be 

Ax + By-^ C? = 0, and -4'a? -h ^y + (7' = 0. 

Multiplying the former by some constant as m and the latter by another 
constant as n, and adding the results, we have 

w» (^ + 5y -h C) -h n {A'x + Sfy + (/)^0 
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for the required equation. For it is the equation to some line, being of 
the first degree, and for the point of intersection of the lines both terms 
will be zero; hence the new line will pass through that point. Since m 
and n arc arbitrary there may be an infinite number of lines through the 
point. If n be fractional, all possible lines may be represented when 
w» = 1. 

16. Find the equation to the line which passes through the point of 
intersection of the lines au — 4y — 2 = 0, and ^r + 7y — 5 = 0. 

17. Find the equation to a right line which bisects the angle between 

the lines 

8y + 4b = 12, and 5y — 2a? = 0. 

Solution, — Let x\ y be any point on the bisecting line, then will the 
perpendiculars from this point on the lines be equal to each other. 
Using the value of P in the answer to the 11th example above, we shall 
have for the perpendicular upon the first line 

4a?'-l-8y -12 
V** + »" 

and on the second -^' ^^\ 

V4 + 25 

Placing these equal to each other and reducing gives 

81.52a;' - 8-86y = 64-56. 

But since x' and y are the coordinates of any point on the line they 
may be considered as running variables, and the accents may be omitted. 
Hence the equation of the bisecting line is 

31-52aj-8 86y = 64-56. 

The line perpendicular to this line bisects the supplementary angle. 

18. Find the equations of the lines bisecting the angles between the 
lines whose equations are 

12* + 5y = 8, and 8aj - 4y = 8. 

Ans. 21aj + 77y — 1 = 0, 
9ftu-27y-79 = 0. 



CHAPTEE nX 

TBANSFOBMATION OF COOBDINATEa 

48. Certain inyestigations are more easily made when 
the locus is referred to a particular system of co('>rdiiiates 
than to any other ; and it is often convenient to change from 
one system to another by means of general formulas. This 
may be done by finding the relations between the coordi- 
nates of any point in the two systems. The first system is 
called the primitive, the second, the ruew system ; and the 
required formulas are called the EquaJtiona for the Transfot" 
motion of Cdurdinatea. 

49. Formulas for passing from one Kectilinear 
System to another, the aoces being parallel but the origin dif'- 
ferent. ^ ^^y y p 

Let P be the point whose coordinates 
in reference to the system^ Y'O'X' are 

OA = X,, OB = y„ 
and in reference to the system YOX, are ( 

Fio. 25. 

OA = XyAP = y\ 

it is required to find the relation between these coordinates. 

We have x,=0'A =0'C + CA' = O'C + OA, 

y, = OB' = 07? + DB' = 07? + OB. 

Let the coordinates of the origin in reference to 0' be 

0'G = m, CO = n, 

27 
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and the preceding equations become 

60. Formulas for passing firom one Kectilinear Ssrs- 

tem to another the origin being the 
lY Y -o o 

/ ' / same. 

I'"/'-.,, P / Let YOX be the primitive system, and 

/ / /^ ^^ YOX' the new system. 

Let P be any poini Draw PC par- 

allel to or, PC paraUel to 07, PB and 

o/ r c B O'jP perpendicular to OX, and C2? par- 

Fio.86. allel to OX Then 

OC = x, CP = y, OC' = x\ C'P==y\ 
Also let co= YOX, a = X'OX, /3 = YOX. 

Then PB = PD -^ DB = PD + C'F 

= y' sin /? + cc' sin a. 

But we also have PB = OP sin P05 

= y sin 07 ; 

.'. y sin ft? = a?' sin « + y' sin A (a) 

Dropping perpendiculars from P and 0' upon F, and pro- 
ceeding as before we find 

a? sin G? = x' sin (co — a) + y sin (a? — ft). (b) 

61. Formulas for passing from a Rectilinear Sys- 
tem YOX to another Rectilinear 
System Y'OX the origin being 
different. 

The solution consists in transform- 
ing the equations from the system 
yOXto another parallel system whose 
origin is at , and then to the system 
^ « " Y'OX'. This maybe done by sub- 
^^ ^' stituting the values of x and y from 

the equations of Article 49, which are 
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0? = a^i — iw, 
y = y 1 - n, 

in the equations of the preceding article. This being done, 
and the subscripts dropped, we have 

{x — m) sin 00 = x sin (c» — a) -f- y'sin {oo — fi)\ , / x 
{y — w) si^ a» = «' sin a + y' sin fS ) ' 

which are the most general equations for the transformation. 

62. Formulas for passing from a BeotaBgrular to 
an Oblique System of Coordinates. 

In this case the axes of the primitiTe system make a 
right angle with each other; hence, 0?= y y' 
90"". Substituting this value in the equa- 
tions of Article 51, we have, 

a: = wi + a?' cos a + y' cos \ 
y = n + x' sin a + y' &m /3 } 

If the origin is the same in both systems, we have 
m = and n = 0, and the EquaJtiona for passing from Redan- 
gidar to Oblique Coordirudes the origin being the samey become 




05 = a:' cos a + y' cos /3 ) 
y =^x' sin a + y' sin /3 ) * 



(e) 



If the axes OX and OX' coincide, a = and the equa- 
tions become 

x = x' + y' cos /3) / ^x 

y = y' Bm/3 ) 

63. Formulas for passing from. Oblique to Rectan- 
gular Axes, the origin remaining the same, — ^Eliminating y' 
from equations (e) and finding x ; then eliminating x' and 
finding y' gives 



, ^XQia /3 — y cos /3 
• sin (/? — a) 

, _ y cos a — x sin a 
^ " sin (/?-«) 

which are the required equations. 



(g) 
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64. Formulas for passing firom one Rectangular 

, System to another the origin remaining 
^ the same, — For this case make m = 0, 
n = 0, ct) = 90 ', /? = 90 ' -f ^, in the equa- 
tions of Article 51, and find 




» • 



a: = X cos a — y sm a ) /t v 
y = x' sin a -\- y' cos a) 

which are the required equations. 

If Y'OX" be the primitive system and we pass back to 
the system YOX^ the required formulas will be found by 
eliminating x' and y successively from equations (A). We 
thus find 



x' = a; cos « 4- y sin a \ 
y' = — jj sin o[ -\-y cos a ) ' 



(A-) 



Or these equations may be found by changing a iio — a, 
x\o x\y to y\ x to x, and y' to y in equations (A). From 
either sets of equations, we find 

a:? 4- j^ = a;'' 4- y '* ; 

which is the square of the distance of any point from the 
origin, and is constant in reference to every system of rect- 
angular axes having the same origin. 

66. Formulas for passing firom Bectangolar to 
Polar Coordinates. 

Let OX be the initial line, making an angle m with the 
Y p axis of a;, q) the vectorial angle, x= OB^ 

% and y = PB. We have from the figurCi the 
pole being at the origin^ 




Fio. 80. 



x=i p COS {<p + a) 
y = pQia{(p 






W 



which are the required equations. 

If the initial line coincides with the axis of a;, we have 
a = 0| and 

X = p cos cp ) 

y = /)sin (p) 



U) 
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If (he pole be not cU the origin let its oooFdinates be qsqj 
and ^oy and we have 



X:=oi^^ + p cos (tp + a)) 
y = yo + P sin (^ 4- a) ) 

If the axes are oblique, making an an- 
gle CO between them, the formulas become 



(k) 



X=:iCo + 



y = yo + 



/) sin [g? — (y + a)] 
sin GJ 

p sin {qf 4- a) 
sin CO 



. (0 




To pass firom Polar to Bectang^ular Coordinates, 
the pole being at the origin, we find from equations (j) 



0? -f ^ = /o^ (sin' (p H- cos' q)) = ff; 



cos <^ = 



0? 



Vs?~T~^ 



y 

sin ^= ^ 



AjQ?-\-f 



(m) 



EXAMPLES. 

1. To find the polar equation to a right line. 
Solution, — The rectangular equation is 

y = mx + 5. 

Let the pole be at the origin, then equations (t) give 

p sin (9) + a) = mp cos (^ 4- a) H- &; 

which is the required equation. 

Let a bo the angle between the axis of x and the perpendicular (p) 
from the origin, then will 

cos a 

wi = — cot a = : , and p = sin a. 

sin a ' ^ 

Substituting the values of m and 5, we find 

p cos (p =z p. 

If the vectorial angle be also measured from the axis of (c, and be 
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denoted by qt\ then q> = q> — a^ and the preceding equation becomes, — 
dropping the accent, — 

p cos (</) — «)= |>, 

which is the equation given in Article 36. 

2. To find the equation to a right line referred to oblique axes. 

Solution, — The equation of the right line referred to rectangular 
axes is 

The equations for transformation the origin remaining the same will 
be equations (e) Art. 52 ; hence we have 

«* sin a + y' sin p = m (af cos a + y' cos /J) + ft ; 
or (sin /S — m cos /5) y' = (»» cos a — sin a) a?' + ft, 

which is the required equation. 

sine 

Let the axis of af coincide with the axis of as, then a = 0, m = -zzna 

' cos 9 

and we have 

(sin /3 cos — cos fi sin 0) y' = sin B,x + ft cos 0; 

or sin (0 — B) y=sin Q,x + ft cos ; 

sin 6 cos ^ 

•'• ^ -sin 0^-0; ^+ sm{P-By' 

cos 
If «* = 0, then y' = ;„ /^ _ q\ ^ which is the y-tnt^re^t / call it ft*, 

and the equation becomes, — dropping the accents, — 

_ sin 
y ~ sin (/y - 0) * "*■ *' 

which is the same as the equation in Article 27. 

8. Given the point (8, 7), required its co5rdinates for another parallel 
system the coordinates of whose origin are (2, — 2). An8. (1, 9). 

4. Given the point (— 2, 8) to find its polar coordinates, the pole 
being at the origin and the initial line making an angle of 45*" with the 
axis of «. Ans. p = ^13, <p = tan-' ( — i) — 45^ 

5. Given the point (3, 4) to find its polar coordinates, the pole being 
at the point (6, 8) and the initial line making an angle of 80'* with the 
axis of X, 

6. Transform to rectangular axes the equation p* = c* cos 2^, the 
origin being at the pole and the initial line coinciding with the axis of x, 

An$. (x* + y«)" = c« («« - y«). 






CHAPTER JV- 



s^ 



CONIC SECTIONS^— ^HEIB EQUATIONS AND PBOPEBTIE& 



66. The curves known as the Circle, Ellipse, Hyperbola, 
and Parabola are called Conic Sections, because they may 
be formed by the intersection of a plane with a cone, as will 
be shown hereafter. But the investigations in this chapter 
will have no reference to the cone. The equation of the 
curve will be deduced from a definition of some property ot 
the curve. These curves are discussed by themselves be-) ^ 
cause of their great importance in the Physical and kaA^ 
tronomical Sciences. / 
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EQUATIONS OF THE CUBTES. 



The Circle. 

67. The Circle is a curve every point of which is at a 
constant distance from a fixed point called the centre. It 
may be described mechanically by means of a pencil at some 
point P of a string OP moving around 
the fixed point 0. The locus of the point 
P will be a circle. 

To find the Equation to the Cirde the orir 
gin being at the oeffdre. 

Take any point P in the circumference 
and drop the perpendicular PD. Let 
OP^B the radius of the circle, a; = 02) and y = PD, 
then will the right triangle OPB give 

a? + j^ = i?, (a) 
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-vrhich is the equation sought It may be put under the 
form 






(P) 



Y 


7] 


S 


\j 


B 

1 


7 

r 


1 


k 





68. General Equation to the Circle refei^ed to rectan- 
gular courdiTuxtes. — ^Let be the origin of co(]rdinate8, C 

the centre of the circle, P any point 
whose co()rdinates are (o^i, yi) and (m, n) 
the coi')rdinate8 of the centre. Accord- 
ing to Article 49, we have, for the trans* 
formation of coordinates from (7 to 0, 

y = yi-n; 

Fio. 88. 

which substituted in equation (a) '(Art. 67), and dropping 

the subscripts, since Xi and yi are now general yariables, 

gives 

(a?-w)« + (y-n)« = i?; (c) 

which is the equation sought 

69. Equation of the Circle referred to a diameter 

and tangent at its vertex.— For this case 
m = B= OCf and n = 0, and the preceding 
equation becomes 

y^ = 2Iix - a?, (d) 

which is the required equation. 

of Equation (a). Art 57. — ^The equation 
is 0? + y* = ^. Let a? = 0, then 

that is, the locus cuts the axis of ^ in two points equidis- 
tant from the centre. 

Let y = 0, then 

a?= ±B; 




that is, the locus cuts the axis of x in two points equidistant 
from the centre. 
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Solving the equation for y gives 



which shows that for all values of ± rr less than R^ y has 
two equal and opposite values ; hence the curve, lies both 
above and below the axis of x and is symmetrical in respect 
to that axis. 

If X exceeds B the value of y will be imaginary, which 
shows that no part of the curve is at a distance greater than 
R to the right or left of the centre. Similar properties may 
be shown in regard to the axis of y. 

61. To constritd the locus whose equation is a? + j^ = 2S. 
Let a? = 0, then y = ± 5. «i Y, 

a? = 1, y = ± V24 = ± 4-9 nearly. 
y = ±V2r = ±4-6 " . 
y = ±Vl6 = ±4. 
y = ±\/9 = ±3. 

Fio. 85> 



a; = 3, 

05 = 4, 

a? = 6, 




Lay off above and below the centre, 
on the axis of y, a distance Ca equal to 5. Then lay off to 
the right of the centre a distance Clh equal to 1, and erect 
an ordinate biOi above and below the axis of x^ equal to 4-9 ; 
and so on to a; = 5 = Cb^ which lay off on the axis of a^ Li 
this way any number of points may be obtained and the 
curve may be traced through them. 

62. Discussion of Equation (c?).— Let a; = 0, then y = 0, 
hence the curve passes through the origin, (Ari 32). 

Let y = Oy then a; = and 222, hence the curve cuts the 
axis of X in two points, one at the origin, and the other at a 
distance 2B from the origin. 

Solving for y, gives 

y= ±V{2B-x)x, 

hence the curve is symmetrical in reference to the axis of x. 
Letting x be negative, we have 



y=± V(25+a?)(-a:); 
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which being imaginary shows that no part of the ourye lies 
on the negative side of the origin. 
Solying for x gives 

x = R± ViP-f 

which shows that the curve is not symmetrical in referenoe 
to the axis oiy. If ^ be less than By there will be two real 
values for x^ but if it exceeds B, x will be imaginary. 

63. The Centre of a Curve is a point which bisects any 
Une draum through it terminated by the curve. 

64. A Diameter is a line which bisects a system qfparaUd 
choi'ds. Every diameter passes through the centre, but every 
line which passes through the centre may not be a diameter, 
as may be iUustrated by higher plane curves. But it wiU 
be found that every line which passes through the centre of 
a conic section, will be a diameter. An Axis to a Curve is 
a diameter which is perpendicular to the chords which it 
bisects. The point where any diameter cuts the curve is 
called the vertex of that diameter. 

EXAMPLES. 

1. What are the coordinates of the centre of a circle whoee equation 
ia(«-3)»+(y+4)«=16? 

2. Form the equation to the circle whose centre is (4, — 8), and 
radius = 8. 

8. Construct a circle whose equation is (y — 8)* = 4x — x*. 

4. In the circle y' + (a; — 4)' = 16, what are the ordinates at the 
point whose abscissa is 7 ? 

5. If the base of a triangle is constant, and the adjacent sides vary in 
such a way as to preserve a constant angle between them ; show that 
the locus of the apex is a circle. 

The Ellipse, 

66. An Ellipse is a curve, the sum of the distances from 

any point of which to tvx) fixed points is 
constant. 




66. To trace the curve mechani- 
cally, fix two points of a string respeo- 
pio.ae!"^ tively at the points F and F\ and plaoe 
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a pencil point at P. Slide the pencil around, keeping the 
string constantly stretched ; then will the point P describe 
an ellipse. For, in every position of P, we have 

F'P + PF=ia constant 

67. Definitions.— The two fixed points F and P' are 
called the foci of the ellipse. The 
point C midway between the foci 
is called the focal centre, or 
simply the centre. The lines PF' 
and PFy drawn from any point P 
of the ellipse to the foci, are called 
the focal radii. The diameter A'A^ 
passing through the foci, is the transverse or major axis, 
and the diameter BB' perpendicular to A A' is the conju- 
gate, or minor axis. 

• 

68. Construction of the Ellipse by i)oints.— Take any 
line as ^'^ for the major axis; 
bisect it at C and erect the per- 
pendicular BB '. If the length of 
the minor axis is also assumed, 
take BC equal to the semi-axis 
and with /? as a centre and AC as 
a radius describe an arc, cutting 
A' A in the points P' and P. These points will be the foci, 
for we have 

PP' + BF=A'A = a constard. 

Or assume the foci P ' and P, and divide the distance CF' 
into several parts, Cb, ah, eta, equal or unequal. Take the 
distance Ab aas, radius and P' as a centre, describe an arc 
above and below the axis AA' ; and with bA' as another 
radius and P as a centre describe arcs cutting the former 
ones in 2 and 2. These will be points in the curve. In this 
manner any number of points may be found through which 
the curve may be traced. With the radius P'2, two other 
arcs may be described having P as a centre ; so that with 
each radius four arcs may be described, two having P as a 
centre and two others having F' as another centre. 11 AG 
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be one radius, CA will be the other, and the intersection 
of the arcs described with them having respectively the 
centres F and F' willgive the extremities B and B' of the 
minor axis. 

An ellipse may also be constructed by points by means 
of its equation. Thus, if the equation to the ellipse be (see 
equation (oi) of the next Article), 

3a? + V = 16, 

points in the locus may be found by assuming values for y 
and deducing the corresponding values for x. Thus if 

y=±0,±l,±2; 
then » = ± 2 3, ± 2, ± ; 

which gives eight points in the curve. Any number of inter- 
mediate points may be found in a similar manner and the 
corresponding points constructed as shown for the circle in 
Article 61, through which the curve may be traced. 

69. Axial Equation to the Ellipse ; or in other words, 

to find the equation to the ellipse 
when its axes coincide with the co- 
ordinate axes. 

Let 2c = FF'\ 2a = A'A. 

Fio.ao. From any point P of the ellipse 

drop the perpendicular PD; then will 

x=CD,y = PD, 
FD-X--C, F'D = x-^c 

Prom the right-angled triangles FDP and F'DP^ we 
have 

i^'P= V(aj + c)» + 2/»; 




FP^V^T-^fTf. 

Adding, we have, since FP + F'P —AA\ = 2a, 

V{x + c)* + y* + V{x - c)* + y* = 2a. 
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Freeing this equation of radicals, gives 

For the purpose of simplifying this equation, let 

and the equation becomes 

6V + ay = aV, (0|) 

which is the required equation. Dividing through by €i?V 
gives 



V- ^—== 1 



(W 



or a-V + J-y = 1, 



which forms are sometimes more convenient than equation 

70. Discussion of Equation (oi), or (&i). — ^Let y = 0, 

then 

a?= ±a; 

hence, the curve cuts the axis of x at two points, A and A\ 
equidistant to' the right and left of the centre. 
Let x = 0, then 

y= ±b; 

hence, the curve cuts the axis of y at two points equidistant 
from the centre, and the line BB\ Fig. 40, is a diameter. 
Solving the equation for y gives, 

y= i-Va* — JB*; 
a 

hence, for all values of x less than a, there are two equal and 
opposite values for y; therefore the curve is symmetrical 
in reference to the transverse axis. If ;r>a, ^ is imagi- 
nary. In a similar way we may show that the curve is sym- 
metrical in reference to the minor axis. 



/ 
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The value of V given above is 



that is, the distance from either ex- 
tremity of the semi-conjugate axis 
to either focus equals the semi- 
major axis ; a result which was deduced in Article 68 directly 
from the definition of the curve. 

71. A General Equation to fhe Ellipse, the coordinate 

axes being parallel to the axes of the 
ellipse. — Let be the origin of co- 
ordinates, O the centre of the 
A ellipse whose coordinates are 

OE=m,EC=:n; 

^ P any point whose coordinates 

OD = x^DP = y,^ 

then, according to Article 49, we have for transferring the 

origin from 67 to 

a? = a?i — 7w; 

y = yx-n\ 

which substituted in equation (oi) (Ari 69) give, after drop- 
ping the subscripts, 

V{x- my + a^{y- nf = aV ; (ci) 

which is the required equation. 

72. Bectangrular Equation 
to the Ellipse, the origin beings 
at the vertex of the major 
axis, the axis of x coinciding ivith 
the major cuds. — In this case we 
have 
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m = A'C=af n = 0; 
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hence, eqoation (ci) becomes, 

Cv 

whicli is the required equation. 



-a?), 



id.) 



EXAMPLES. 

1. Find t^e axial equation of the ellipse, the major axis being 7 and 
the minor axis 3. 

2. Constract the equation of the ellipse, the foci being (8, 0), (— 3, 0) 
and the vertex of the semi-conjugate axis being (0, 4). 

8. The vertex of the semi-transverse axis being (5, 0) and one of the 
foci (8, 0), form the equation to the ellipse. 

4. In an ellipse the sum of the focal radii is 18, and the square of the 
distance between the foci less 8' is 36, find the equation to the ellipse. 

5. Find the axial equation of an ellipse which shall pass through the 
points (- 8, 2), (-4, 1). 

6. If the origin is at the vertex of the conjugate axis, and the axis 
of y coincides with that axis, show that the equation to the ellipse be- 

comes «■ = Tj- (2iy — y*). 

7. The lower end of a bar whose length is 21 
slides upon a horizontal plane while its upper end 
slides along a vertical plane ; what curve will a fiy 
describe that remains upon the bar at a distance d 
from the centre while the bar slides down ? 

8. The ordinate of a circle x* + y* = »•• is in- 
creased by a line equal in length to n times the 
ordinate; show that the locus of the end of the 
ordinate thus increased is an ellipse. 




Hie HyperboUu 

73, An Hyx>erbola is a curve the difference of the dis^ 
tancea of any point of which from two fixed points is constant 

74. Mechanical Construction.— Let F and F' be the 
fixed points. Let the ruler F'B be 
pivoted at F\ Take a string whose 
length BPF is less than F'By and 
fasten one end at jPand the other at 
some point B on the ruler. With a 
pencil point at P keep the string 
pressed against the ruler as the latter Fie.ii. 
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is turned about the point F' ; then wiU the point P describe 
the arc of an hyperbola. For il PC= PF we have 

BF' -(BP^rPC) = CF'\ 
or (BF' - BP) -PC^ CF'. 

But BF'-BP^PF) 

.\PF'-PC=CF\ 
or PF' - PF = CF'= a cmsUxnt; 

hence the locus of P will be an hyperbola. By pivoting the 
ruler at Fy another branch of the curve may be described. 

76. Constructioii by Points.— Join i^' 'i^' and let A' A 

be the constant difference be- 
tween PF' and PF, P being 
any point on the curve. Make 
F'V=A'A. With i?^' as a cen- 
tre and a radius F'a greater 
than F A ' describe arcs above 
andbelow the line ^^'. Do the 
Fie. 45. same with i<^ as a centre. Then 

with a radius equal to Va, and with F q& 9k centre describe 
arcs intersecting the former ones. Do the same with i^' as a 
centre. The intersection of the corresponding arcs will be 
points in the curve, for, by the construction, PF' — PF=: 
F'V=A constant. In this way any number of points may 
be located through which the curve may be traced. 

76. Definitions.— The fixed points F ' and F are called 
the foci of the hyperbola. The line A A' is the transverse 
axis. The lines F P and FP are the focal radii. The 
points A and A are the vertioea of the curve. The point Ci 
midway between the foci, is the centre, or focfxl o&njtre, of 
the curve. 

77. A Branch of a Curve is a continuous portion of 
the curve. The hyperbola has two branches, the ellipse and 
circle each, one branch. Some curves have many branches. 

78. Equation of the Hyperbola referred to its 
axes.— The origin will be at the centre C, midway between 
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the foci jPand F\ Let the axis of 
X coincide with the axis CA of the 
curve, and from any point P of the 
curve drop the perpendicular PD\ 
then will 



Let 



x = CD\ y = DP. 
AA' = 2a; FF' ^2c, 




Fio.46. 



then CA-a\ CF=zc; F'D==x + c; FD = x-c 
The right angled triangles F'DP and FDP, give 



F'P^Vix-^-cY +y'; 
FP =r V(x - cY + y* ; 

and from the definition of the curve we have 



F P -FP = 2a = >n/(» + c)« + ^ - V(»-c)«+^ . 
Clearing of radicals and reducing gives 

and making (^ — a' = h\ 

the equation becomes 

which is the required equation. It may be written, by di- 
viding through by cfVj 



(W 



or, 



a-V-6-«y> = L 



Equation (&i) is the equation of the curve in terms of its 
intercepts. 

79. DlscuBsion of Equation (a,). — Let j^ = 0, then 
^ = ± a ; hence the curve cuts the axis of a; in two points 
A and ^' equidistant from the origin. A A' is ^ diameter, 
and also an axis of the curve, and C is the centre. 
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Let a? = 0, then y = ± hV— 1, which, being imaginary, 
shows that the curve does not cut the axis oiy. The position 
of this imaginary line corresponds with that of the conjugate 
axis of the ellipse ; hence, by way of analogy, and in an 
analytical sense, we speak of the conjugate aais oi the hyper- 
bola and represent its half length by b, the real part of the 
preceding expression. 

From the expression c? — a^ = fi*, given in the preceding 
Article, we have 

<? = a* + J*; 

hence : The distance from the centre to either focus equoHs Oie 
hypothenttse of the triangle constrticted on the semi-axes. 
If a = 6 in Eq. (Oi) we have 

a:* — y* = a* 

• 

which is called the equation to the equilateral hyperbdUu It 
resembles somewhat the equation to the circle. 

If an hyperbola be constructed having 
its transverse axis coincident and equal to 
BB\ the axis conjugate to AA\ it is called 
a conjugate hyperbola in reference to the 
former one. Either hyperbola is called a 
conjugate in reference to the other. The 
Fio.47. equation to the conjugate hyperbola will 

be 

Solving equation (a^) in reference to y gives 

y = ±-^Q?-a\ 

which shows that for all values of x less than a, y is imagi- 
nary, and for all values greater than a, y has two real values, 
equal and opposite. Hence the curve lies both above and 
below the axis of x^ and is symmetrical in reference to that 
axis. 




80,81.] 



THE HYPERBOLA, 



46 



Solving in reference to cr, we have 



aj= iyVs^T^, 



whicli is real for all values of y ; hence, for every positive or 
negative value of y, there are two real, equal and opposite 
values of ar, or : The curve is symmetrical in reference to the 
axis of y. 

80. A General Equation to the Hyperbola, the axes 
of coordinates being paraUd to the 
axes of the curve. 

Let the coordinates of the 
centre in reference to the new 
axes be 

OE=zm; EO=^n; 

and of any point P, (a^y y^. Then, 
according to Article 49, we have 




X'='X\ — ^, 

which values substituted in equation {a^j give, — after drop- 
ping the subscripts,— 



y (a? - m)» - fl?(y - n)» = c?V, 



(^ 



which is the required equation. 

81. Equation to the Hsrpez^bola, the origin being 
at the left vertex of the Curve, the cuds of x coinciding 
with the transverse axis, — ^We will have m = o and n = in 
equation (o^), and the equation becomes 

V 
y^=-^(a?-2aa). 
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EXAMPLES. 

1. Find the axial equation to the hyperbola, the transrene axis being 
7 and tlie distance between the foci being 9. 

2. The square of the conjugate axis being — 9, and the tmnayena 
axis being 4, find the axial equation to the hyperbola. 

8. Find the equation to the hyperbola, the origin being at the left 
vertex, the major axis being 12, and the distance between the fod 10. 

4. In a given hyperbola, the difference of the focal ladii = 8, and 
the difference between the squares of that difference and the distaiioe 
between the foci = — 9 ; find the equation. 

5. The ordinate of an hyperbola is prolonged so as to equal the coiv 
responding focal radius ; find the locus of the extremity of the prolonga- 
tion. 

6. Show that the equation of the hyperbola whose real axis is the 
conjugate axis of the hyperbola b*x* — a*y* = a*6*, is a*y* — 6'»«= a'ft* 



^ The Parabola. 

82. The Parabola is a carve every point of which ia 
equally distant frora a fixed line and fij^ point 
If /' is the fixed point and GE the fixed line, 
then for any point P on the curve we have 
PF=PG. 

83. To describe the curve mechanicallj. 
Let GE be a fixed line and F a fixed point. 
Take a board or ruler having a right angle at 
Cf and attach one end of a string at B. 
Stretch the string along the edge BO^ 
and swing the end C around to the 
point /"and secure it there. With a 
pencil point P press the string against 
the edge £C while the ruler is moved 
along the fixed line, the pencil being 
permitted to move along the edge BC; 
Fio. 80. the curve traced by the point will be 

the required curve. For the length of the string will be 

BP+PC=BP + PF, 

and, subtracting BP from both sides of the equation, we have 

PC= PF, 
which is the condition required by Article 82. 
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THE PARABOLA, 
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84. Definitions.— The fixed point F is called the focus. 
The fixed line GO is called the directrix. 
The straight line through the focus, per- 
pendicular to the directrix, is called the 
axis of the parabola ; the point A where 
the axis cuts the curve is called the vertex; 
and the line FI\ drawn from the focus to 
any point of the curre, is called the focal fig. 6i. 
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85. To C!onstruct a Parabola by Points.— Assume a 
fixed line GO and a point F. Through F 
draw a line FO perpendicular to GO. Bi- 
sect OF at Af then will A be one point in 
the curve, for it is equidistant from the 
fixed line and point To find another point, 
assume any radius as FI* greater than FA^ 
and with ^as a centre describe an arc and 
intersect it by a line drawn parallel to OG 
and at a distance from it equal to FP ; then will the point 
of intersection P be a point on the curve. For by the con- 
struction we will have GP = PF. In a similar manner any 
number of points may be found. 

The points may also be found by means of the equation 
of the curve. See equation (dz) of the following Article, and 
Article 61. 

86. Equation to the Parabola the Origin being at 
the Vertex of the Curve. — ^Let the axis of x coincide with 
the axis of the curve, and the axis of y be tangent to it. 

We have, (Fig. 61), 

X = AD, y = PD, 
and letting p be the constant distance OF^ we have 



0J = JF=Jp; 
GP=^OD=^x + \p 
FD = X'-ip; 

triangle FDP gives 



:=PFi 
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or (i» + Jp)' = (»-Jp)' + »'; 

which reduced gives 

for the required equation. . 

87. Discussion of Equation (c^). — K » = 0, y = 0, 
hence the curve passes through the origin of coordinates. 
This also follows from the fact that the equation has no 
absolute term, (Art 32). 

Solving for y gives 

y = ± V^px 

which is real for every positive value of x^ and gives two 
equal and opposite vtdues for y. Therefore, the curve is 
symmetrical in reference to the axis of a?. If a: be negativSy 
y will be imaginary, hence the curve extends only in the 
positive direction of x. It has only one branch. As x 
increases indefinitely, y also increases indefinitely, hence the 
branch is infinite and the curve is not reentrant Strictly 
speaking, therefore, it cannot have a centre, but, for the sake 
of symmetry in the /orm of eocpresston^ we say that its centre is 
at an infinUe distance from the vertex. Since all diameters of a 
curve pass through the centre, it follows that oiU diamders qf 
a parabola are paroM, to the axis. 

Let X = ^p, the abscissa of the focus, then 

hence the ordinate at the focus equals twice the distance of 
the focus from the vertex; and : — The dovUe ordinate at the 
foctis equals four times the distance of the focus from the vertex. 

88. Equation to the Parabola the Origin being at 
any Point and the asds of x parallel to the cum of the curve. — 
Let the vertex of the curve in reference to the new origin be 
(m, n), X and y the coordinates of any point when the origin 
is at ^; Xi, yi the corresponding coordinates of the same 
point when the origin is at 0, then according to Article 49, 
we have 

x = xi — m, y = yi-«, 
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which in equation (rfa) give, after dropping the subscripts, 
(y-n)^-2p(x-m)=0. (c^) 



If the origin be at B, the inter-, y 
section of the axis and directrix, 
we have n = 0, and m == BA = 
^y and equation (rg) becomes 





p 

A r W 
B ( ■ — 

\ — P 



-X 
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which is the equation to the parahda re/erred to its aocis cmd 
directrix. If the origin be removed to the focus, the axes 
remaining parallel, we have 

EXAMPLE 

1. Find the rectangular equation to a parabola in which the coor- 
dinates of the focus are (4, 0), the origin being at the vertex. 

2. The origin being at the vertex, find the rectangular equation to a 
parabola which shall pass through the point x =4, y' = 16. 

8. The distance of the focus from the directrix being 8, find the 
equation of the parabola referred to the axis and directrix. 

4. Show that the locus of the centre of the circle which is tangent to 
the axis of y and passes through a fixed point on the axis of d; is a para- 
bola. 

89. The equations to the circle, ellipse, and hyperbola 
have been given when the origin is at the centre of the curve, 
but no such equation can be given for the parabola, since it 
has no centre at a finite distance, as shown in Article 87. 



ITie EquaiionB of the Conic Sections Compared* 

90. When the Curves are referred to their Axes 
we have found their equations to be ; see equations (6), (^i), 
(i^), of the preceding pages ; for 



TheOirde 






(b) 
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The Ellipse ^+-^=1; (6,) 

The Hyperbola ^-^=1; * (^ 

The Parabola {No finite equation.) 

A comparison of these equations shows that^ if in the 
equation of the ellipse a = b = Byit becomes the equation of 
the circle. Also, in the equation of the ellipse, if we make 
ft* = — 6* it becomes the equation of the hyperbola. 

We shall therefore, when the curves are referred to their 
axes, determine a required property for the ellipse, and 
deduce the corresponding property for the circle by making 
a = 6 in the result, and for the hyperbola by making V = 



[Wemsjreadilj conceive, how, for a given major axis these carves 
from one to the other. Thus, in a circle the foci may be considered as oon- 
secutive with the centre ; and if the foci separate from each other, the 
major axis remaining constantly eqoal to the diameter of the circle, we have 
an ellipse whose minor axis h is constantly diminishing ; and when the 
foci reach the ends of the major axis the ellipse becomes a right line, and 
when they pass those points, the eUipse changes to an hyperbola in which 
the conjugate axis will increase as the foci are more and more separated.] 

91. When the Curves are referred to their axes and 
a tangent at the left vertex, we have ; see equations (d), 
W, {d,\ (d,) ; for 

The Circle y^=2Bx-a?; (d) 

TheEUipse j^ = ^a;-~aj»; (di) 

The Hyperbola y*= x+-^oi?; (dt) 

The Parabola f = 2px; {d^ 

all of which are included under the general form 

y' = Px + Iix'. (D) 



the value of 




the parameter. 


1 


for the circle 


P = 2R, . 


ellipse 


^- a' ' 


hyperbola 




parabola 


P=2p, . 
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In this equation R is the ratio of the squares of the semi- 
axes, and P is called the principal parameter of the curve 
(Arts. 95, and 145). Hence for the Conies 

and the ratio of the 
squares of the semi-axes, is 

. . . . JB = — 1; 

' * ' ' a** 

. . • -«-^s, 
. • . JB = 0. 

A comparison of these equations also shows, that i^ in 
the equation of the ellipse, we make a = 6 =jS it becomes 
the equation to the circle ; and if 6'= — 6* it becomes the 
equation to the hyperbola. Hence, when the curves are 
referred to corresponding vertices and axes, the properties 
of the circle and hyperbola may be deduced from those of 
the ellipse, by substituting for the value of 6 in the results for 
the ellipse, the values given above for the respective curves. 

92. General Equation of the Second Degree.— All 
the equations of preceding Articles are of the second degree, 
and it will be shown, (Art 177), that every equation of the 
second degree represents a conic. 

The general equation of the second degree may be written 

Ax? + 2Hxy -^Bf + 2Gx + 2Fy +(7 = 0. 

It is written this way so as to conform to certain modem 
usage. It 13 shown in Article 178 that this equation will 
represent 

a circle if A = B and H= ; 

• an ellipse if EP ^ AB is negative ; 

an hyperbola if JT* — AB is positive ; 
a parabola if JP — AB = 0. 
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EXAMPLES. 
Determine to what locus the following equations belong: 

8«* + &ty + 7y«— 2a: + 4y — 8 = 0. 
Ste«4-4ry + y» + ar-2y — 1=0. 

5«* — Say — 2y«— 2aj — 7 = 0. 

4»« + laiy + 9y« - a; + lOy - 4 = 0. 

2y* - 8« + 4 = 0. 

93. The Eccentricity of a Oonic Section is the ratio 
of the distance qf the focus from the centre to the length of the 
semutransverse axis. In other words, if the semi-transyerae 





FIG.6S. 

axis were unity, the eccentricity would be the distance of 
the focus from the centre. 
Let 6 = the eccentricity ; 

c = the distance of either focus from the centre, = 
CF=CF; 



then we have for the dlipse. 



^CA'^a^ a ""Y a'* 



a) 



and ohanging i^ to — fi*, we have for the hyperbola, 






(2) 



08.] 



ECCBNTBICITT. 



63 



and making a = oo, (Art 87), we have for the parabda 

6 = 1; (3) 

and making a = &, we have for the drds 

e = 0. 



From these we observe that for 

The Circle 
The Ellipse 
The Hyperbola 
The Parabola 



e = 0; 
e<l; 
e>l; 
e = L 



From equation (1) we find 

fc« = a«(l-e'), (4) 

from which the value of the semi-minor axis may be found 
in terms of the eccentricity and the semi-major axis. 

Ife = 0,6 = a. 
If c<l, h<cu 

nol, 6 = V=T:a(e'~l)*. 

If6 = l, 6 = X 00, which is indeterminate, although in 
this case, we know from Article 87, that 6 = oo. 

Remark. — Here we have another analogy between the eereral conic sec- 
tions. To illustrate. Let F and F' be the fod of an ellipse, C its centre, and 
AT % tangent at the principal vertex. 
Suppose that the fod approach uniformly 
towards C, the curve being of sueh varia- 
ble dimensions as to remain constantly 
tangent to ^F; all such curves will be 
ellipses, but when F and F' become con- 
secutive to (7, the curve becomes a circle 
also tangent to ^ F, and having zero for 
its eccentricity, and AC tot its radius. Be- 
ginning again with the foci, as shown in 
the figure, let the right focus F' move to the right, the focus J^ remaining 
fixed, and, therefore, the distance AF remaining constant ; then, for aU 
finite values of FF ' the curve will be an ellipse, the eccentricity of which 
may be determined af« shown above. But as the centre C moves to the right, 
the distances AC and FC approach equality, and for FO = oo, we have 
ilC7= OD ; hence, ultimately, 
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FC 



AC 



;=!• 
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and the finite portion of the curve which is that in the vidnitj of A^ be- 
comes a parabola. 

When the eccentricity exceeds nnity, the vertex of the curve which dis- 
appeared at the right of A, wili reappear at 
A', at the left of A, the distance A A' at first 
being — 00,* but constantly decreasing (nu- 
merically) as the eccentricity increases. The 
finite portion of this curve is an hyperbola. 
This statement is here made without proof, 
but it can be shown to be true in a beautiful 
Fie. B7. manner by means of a cone and cutting plane, 

(see Art. 185). If A' continues to approach A, and finally coincides with it, 
the eccentricity becomes Infinite, and the hyperbola becomes the straight line 

AP ; for the difference of the distances PF 
and PF will be constant, being aero. Henoe a 
straight line is one limit of the hyperbola. If 
now the foci F and F approach A and finally 
coincide with it, the two branches of the hyper* 
bola become any two right lines passing through 
it ; which is another limiting case of the hyper- 




bola. 



93a. Eccentric Angle. — If 




a circle be described on the major axis 
of an ellipse, and an ordinate BP' be 
erected, and CP, CP be drawn, the 
angle P CA is called the eccentric angle 
in reference to the i>oint P. 

Let x=CB, y' = PB, g>=P'CA, 
CA=za, CD=h, 



then x' = acoB<p, 



ff' =ihan<p, 



the value of x' being deduced directly 
from the figure, and of y' by substitut- 
ing the value of x ' in the axial equation 
^lo- ^' to the ellipse and solving fory'. 

The auxiliary angle <p is useful in solving certain problems (see exam- 
ple (^, p. 141). 



* [There are many cases in which a function passes from + oc to — oo 
for a finite increase of the variable. Thus, in the equation y = tan x, y 
passes from to + od, as x increases from to i^r : and as x passes ^ar, y 
changes from + od to — gd. Similar conditions exist for the equatUms 

ir=secfl;;y = cota;; y^—, — ; etc.] 

sm X 
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LatuB Rectum, 

94. The LatuB Sectum of a Conic Section is the 

double ordinate to the transverse axis through the focus. This 
is also called the principal parameter^ or parameter of the 
curve, 

95. Value of the Latus Rectum.— For the ellipse, make 
a; = ± c in equation (ai), (Art. 69), and solve for y ; doable 
the ordinate thus found will be the y 

value sought. We have 

j^=|.(a»-c') 

V 
=— r, (since a* — c* = 6*) ; 
a 




:y = 



(1) 



in which the positive value is the ordinate above the major 
axis, and the negative value the part below. As these are 
equal in value, the double ordinate at the focus will be, 
numericall J, twice the value of either ; 



..Pp. = B=.«=2aa-A 



(2) 



Similarly, for the hyperbola, 

y=T-; 



that is: In the dlipse and hyper- Fio. «. 

boUt, the lotus rectum is a third proportional to the transverse 

axis and its conjugate. 

These expressions are also true when a=:b=z B, hence, 
true for the circle ; and, by analogy, we may say that the 
principal parameter of a circle is any diameter. 
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J^or the Parabola, make x = ^ j9 in equation (dz\ Article 
Y 86y which equation is 

and we find 

2y = PP'^2p = ^OF; 

that is : TTie latua rectum of aparabdUt equals four 
times the distance (f the focus from the vertex of His 



X 



\ 
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curve. 

• 

96. Bemark. — ^We now see that the coefficients of x in 
the equations of Article 91 are the parameters of the respec- 
tive cunreSy and are represented bjP in equation (If). We 
see from inspection that we may write, for the square of the 
ratio of the semi-axes, 

in which the parameter P may be constant, while H yaries 
inversely as the semi-major axis a. The equation to the 
conic may, therefore, be written, the origin being at the prin- 
cipal vertex, 

j^ = Pa? + ^ a? = ^(2aa?+a?). 

P 

If a = 00, — = 0, and we have y* = Pa;, which is the equa- 
tion of the parabola. 

EXAMPLES. 

1. What is the principal parameter to the carve 

Zx* + 4y« =3 12 ? 

2. What is the principal parameter to the curve 

2jr» - 7y» = 8 ? 
8. What is the principal parameter to the curve 

4y> = 12a; ? 
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Of Ordinates, 

97. Let the point P be (x', y), and P', (a?", y")» t^en 
equation (bi), (Art 69), gives for the 
ellipse: 




hence. 



y'^ : y"« :: (a«-a?'») : (a^-x"^ 



: (a + x') (a- a;') : (a-^-x") (a^-x") 
: AD. DA : AD. DA; 



which is also true for the circle and hyperbola, since it 
does not contain b. Hence, for the ctVcZe, dlipae, and hyper- 
bola : The squares of the ordinates to the major axis are propor- 
tional to the products of the corresponding segments into which 
the axis is divided by the ordinates. 

From the preceding proportion, we find 

AD. DA AU.D'A 



DP" 



— j^'j>'% » 



DP 



which is a convenient form for memorizing. 

If a circle be described on the major axis of an ellipse, 
and an ordinate P 'D be erected, 
we have, from the equations of 
the carves, 

P'D'^a^- a?, P2?«= -,(a«-aj»); 

a' 

.\P'D : PD :: a :b, 
or 2a : 2b; 

that is: i^^aotrcZe be described on 
the major axis of an eOipse, and 
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a common ordinate he erected to that axis^ the ordinate of the 
circle wiU le to the ordinate of the ellipse, as the major aocis of the 
tUipse is toils minor axis. 

A similar proportion may be found if a circle be described 
on the minor axis, and an ordinate be erected to that axis* 

For the Parabola we have 

y" = 2px'; y"' = 2px"; 

.\y'^ : y"^ :i x' \ x" 

that is : The sqrmres of the ordinates to the axis of the parahdoLj 
are as the corresponding abscissas. 

Of Intersections and Tangents. 

98. To find the points of Intersection of a Bight 
Line with an Ellipse. — ^The axial equation to the ellipse 

and the equation of the right line 

yz=mx + d; 

(d being used instead of the b heretofore given so as not to 
confound it with the b in the equation of the ellipse). The 
coordinates of the points of intersection must satisfy both 
equations ; hence, considering the equations as simultimeous, 
and eUminating y, we find 

X = f^^^^^l^^^ + Va'mW - (J« -haW) ((? - P) |. (1) 

If the quantity under the radical be positive, there will 
be two real points of intersection; if it be negative, the 
points will be imaginary, or, in other words, the line will not 
intersect the curve ; but if the radical part is zero, there will 
be only one point, and the line will be tangent to the curve. 
The last condition requires that we have 



••. d = Va'm^ + b\ (2) 
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which substituted in the preceding equation of the right 
line, gives 

y = mx + a/ci?w? + J? ; (3) 

and every equation of this form is the equation of a tangent 
to an ellipse. 

For the Hyperbola, this becomes by changing V to 

y = mx + "Vc^m? — V ; (4) 



and for the Circle, making c? = V-= IPm equation (3), 



y = mx + B ^/m? + 1 . 
For the Parabola we may find 



y = mx + 



(6) 



2m* 



(6) 



These are called the Magicdt Fqvaiions to the tangent 

The magical equation of the tangent to the circle is 
easily found geometrically. 

Let BT be the tangent at S, CS the 
radius, and s 

m = tAnBTC=tsjiBCS=BS'r-CS; 
then 



Vtang^ 
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.'.BC=BVm^-hl; 

which is the intercept on the axis of y ; hence the equation 
of TB^ which is of the form 

y = mx 4- hf 

becomes y = mx + B Vm^ + 1 

as given above. 

Similarly, the points of intersection of any two curves 
may be found by considering their equations as simulta- 




60 



CONIC SECTIONS. 



[W. 



neous and eliminating first one variable and then the other. 
Carves, or lines, represented by equations of the second 
degree are called curves of the second order. Two curves of 
the second order will, in general, intersect each other in 
four points ; for the elimination between two general equa- 
tions of the second degree gives rise to an equation of the 
fourth degree of which there will be four roots. 



EXAMPLES. 

1. Find the points of intersection of the lines 

X* + y* = R*; y = 8* — 4. 

2. Find the points of intersection of the lines 

y* = 4c; y = — 2j? + 5. 
8. Find the points of intersection of the curves 

y« = 9a;; »* + y* + 8a; — y = 16. 

4. Find the points of intersection of the parabola y* =2x + 10, and 
the hyperbola 10a;* — 4y» = 8. 

5. Find the equation of a tangent to the ellipse &9' + 7y' = 8, the 
tangent being inclined 45° to the aids of x. 



Of Tangents and Subtangents, 

99. A Tangent to a curve is a right line which passes 
through two consecutive points of the curve, or which toudies 
the curve in one point Let P and P' be any two points of 

a curve through which a secant 
is passed. Let the secant turn 
about the point P, the point P ' 
remaining in the secant and mov- 
ing towards P ; when P ' becomes 
consecutive to P, or when it falls 
upon and coincides with P, the 
line TPTmH be tangent to the 
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curve.* 



* In elementary geometry a tangent is defined to be a line which touches 
a curve in one point only. While this definition answers for many curves. 
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100. Equation of a Tangent to the EUipee.— Take 
the axial equation 

Va? + ay = a^V ; 

and let a secant be passed through the points {x\ y'), (x'\ y"). 
The coordinates of these points must satisfy the equation of 
the ellipse ; hence we have the equations of condition 

Subtracting one from the other and factoring, we have 

x"-x'~ a^'y+y"' ^' 

The equation to a right line passing through these points 
is, (Art 40), 

in which substitute the value of the left member of equation 
(1), and we have 

When the points through which the secant passes become 
consecutive, we have 

x' = x\ and y' = y" ; 

including the conic sections, it is not general ; for there are manj carves in 
whic^ a line tangent at one point of a curve may cut it in several other points. 
The definition in the text involving two consecutive points, is not only 
the more general, hut it is the most useful in making investigations. 
Students at first, are generally slow to admit that a line passing through 
two points, though they he consecutive, is a tangent, for they affirm that 
such a line is a secant. But a tangent may he considered as a special case 
of a secant, as a circle is a special case of an ellipse ; and when the secant 
passes through two eonseeuHte points its position will differ from that tan* 
gent which passes through only one of them hy less than any assignahle 
quantity. The expressions therefore for the slope of such a secant will be 
the same as for the tangent, (see Art. 28). We may say then that a tangerU 
ii ameani which pa$$e$ through two eomeouUoe poinU of a eurve. 
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and these values substituted in the preceding equation give 



If XX + a^yy = l?x'^ + a^y*^ = a^V ; 



(3) 



for the required equation. Dividing through by a*i^, it 
becomes 






(«) 



the /orm of which is similar to that of the ellipse. 

101. Equation of the Tangent to the Circle, (ha 

origin being at the cadre. 

Make » = ^ = J? in equation (e), and we have 



XX 

2? 






^+^=1, 



(«0 



or 



x'x -h y'y = B^ ; 



for the required equation. 



fonii 



[This result maj easily be deduced directly from the figure. For we 
f' haye 

m = tanP7!r= - OT'-*- CT= -^CD-*- PD=z 

' and 

CT' : CP ::CP : PD; .\ CT' = ^• 

The equation of the line TT' will be of the 
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which becomes 
as given aboye.] 



= —-7 2? + — r» 

y y 



asC + yy' = -8% 
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102. Equation of the Tangent to the Hyperbola, 

the curve being re/erred to 

its aax8. — Writing — J^ '^^ Y 

for i^, in equation (e) in 

Article 100, gives 

— y^ 

which is the required • fio.«8. 

equation. 

103. Equation of the Tangent to the Parabola, 

the curve being referred to its axis^ and the y 

tangent at its vertex. — ^The equation to 
the curve will be 

f^2px; 

and the equations of condition for a secant 

will be Fio. 60. 

y'> = 2px' ; y''« = 2j>x" ; 




from which we find 



x" - x' ^ y" + y'. 



But the equation of the right line passing through two 
points is, (Ari 40), 

!1"^ V = S "^ V = ./' r ./ > (^Q°^ *^® P^ 
x — x X — flc y +y 

ceding equation). Making y" = ^', we find 



y'y =p{x + x'), 



W 



which is the required equation. 

These equations may be discussed in the same manner 
as the equation to any other right line. 

104. Intercepts of the Tangent to a Conic Section.— 
For the intercept on the axis ofx, make y = Om equations (e). 
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{ei\ (e,), (^) and we have for 



the ellipse . . CT=—fi 
the circle . . . CT=—r; 

X 

the hyperbola . CT =—7 ; 

the parabola. . CT= — x' . 

Tofinithe interoepton theaasiaofy make a; = in {he same 
equations, and we find for 

the ellipse. . CT' =^\ 

y 

the circle . . CT'=^; 

y 

the hyperbola CT ' = - ^; 

%f 

x' 
the parabola . CT' =^p-T* 



EXAMPLES. 

1. Find the equation of the tangent to the ellipse So;* + 5y* = 10 
at a point whose abscissa is 1 ; also find its intercepts and constract the 
line. 

2. Find the equation of the tangent to the circle a?* + y* = 18 at the 
point (3, — 2), and construct the line. 

8. Find the equation of n tangent to the hyperbola 8aj* — 4y* = 12 
at the point where the latus rectum cuts the curve. 

4. Find the equation of a tangent to the parabola y* = 4^ and deter- 
mine its equation when it is inclined SO"* to the axis of x. 

^.Observe that, in equation ie^)y -^=: tan, of tJieindinationy or the dope 

as it is sometimes called.) 

104a. To find t?ie equoHon of the tangent to an elHpee in terme of the 
eeeentrie angle. 

The ooOidinates of the pohat wiU be (Art. 08a), 
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and these Tallies in the equation of the tangent give 

for the required equation. 
The intercepts will be 

a h 



a = , If = 




COS g}* ^ sin ^* 

105. The Subtangent is the distance iettveen the foci 
of the ordinate of contact amd the foot of the tangent The 
foot of the tangent is the point where 
it intersects either axis of coordi- 
nates, but unless otherwise men- 
tioned, the foot will be considered 
as on the axis of x. Let PT be a 
tangent at the point P, then will PD y«o- to- 

be the ordinate of contact, D the foot of the ordinate, T the 
foot of the tangent, and D T the subtangent. The subtan- 
gent is the projection of the tangent on the axis of x. Let 
x^ =z CTf the intercept of the tangent on the axis of x, and 
x' = CD, the abscissa of contact ; then will 

DT-Xi-x'. 

Substituting the value of a^ = CT, from the preceding 
Article, we have for the ellipse^ hyperhcla, and ctrcfe, 

DT^—'^x' ^ ^^^"^ - (^+ ^)(^ "^) 
cc' X x' 

AD. DA ^, 

—CD-' ^^ 

hence : The subtangent of the ellipse, htpebbola. and gibcle 
is a fourth propartianat to the segments of the major oods formed 
by the ordinate of contact, and the abscissa to the point of can- 
tact. 

Tn the hyperbola the axis is not divided by the ordi- 
nate, but in order to generalize the principle we consider 
that the axis is prolongedi and define a segment as the dia- 
6 
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tance from the foot of the ordinate to either eztremitj of the 
axis. 

For the parabola we have CD = aj', (Fig. 69), and CT = 
— x\ (Ari 104) ; hence disregarding the sign of GT^ we have 

27) = a; -f- x' = 2x' ; 

hence : The svbtangerU of the parabola is bisected ai the vertex of 

the curve. 

[Obs. — Considering CD as positive, CT will be negatiTe, 

and we have 

DT=z + CD-CT 

= «' — (—«') = 2a;', 
as before.] 

Length of the Tangent. 
106. In all the Conies we have, (Figs. 68, 69, 70), 



Also, 



TP =^ VTD^ + DP"^ = VTD^ -^ y'^ . 

TP=-J^. 
sin T 



EXAMPLES. 

1. What is the length of the subtangent to the ellipse 5«* + 7y' = 85 
at a point whose abscissa is 2 ? 'and what is the length of the tangent for 
the same point ? 

2. What is the length of the subtangent to the circle ^ + y* = 25 at 
the point ( — 3, — 4) ? ^nd what is the length of the tangent ? 

8. What is the length of the tangent, and of the subtangent to the 
parabola y* = 9^ at the point (4, 0) ? 

107. In a Conic Section the Acute Angles between 
the tangent and focal radii^ at any point, are equal to 

each other. — ^Let P be any 
point on the ellipse ^ PTthe 
tangent, PF' and PF the 
focal radii ; then will 



TPF= T'PF'. 




T y 



Fie. 71. 



The equation to the right 
line passing through the 
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points JF* and P will be, (Art 40), 



'f ^.f 



y-y' = t' v (^-g^O; 



X —a? 



in whicli the point JP is (y" = 0, x" = c), and P, (x\ y') ; and 
hence the equation becomes 



y ^y =z sL (x — x\ 



Similarly, the equation of the line F'P will be 

The equation of the tangent line FTh&, (Eq. (e) Art. 100), 

hence, according to Article 44, we have 

yg' y' 

y' / yj!'\ cy'(a« + ca5') cy" ^ ' 

c+x' \ o*y / 
and 

yx' y' 

i^FPT aV ^^ y exQ y ^ 

J y' / _ y»' \ cy'(a*- (xr') cy' ^ ^ 

— c + x' V a*y'/ 

Bat from the figure we have 

tan r'Pi?" = tan (180° -F'PT) = - tan ^'PT ; 

which compared with equations (1) and (2) gives 

T'PF' = FPT. (3) 
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Fig. T8. 



For the Hyperbola we aho 

have 

TPF' = FPT. 



In this curve the focal radii lie on 
opposite sides of the tangent^ while 
for the ellipse they are on the same 
side. 



In the Parabola, the equation of the tangent TP is, 

(Art 103, Eq. (^>, 




in which 



y = ^.{x+x'). 



y 



The equation of the line Pi^is, (Eq. (6), Art 40), 



y 



^y'^fz:l,(x^x'); 



X —X 



in which y" = 0, x'=z^=CF, x=CD, y'^DP\ and the 
equation becomes 

hence, according to Article 44, we have 



tan TPFz=z 



-y P 
hp - ^' y 

y \lp-x/ 



p. 
y" 



w 



that is 



TPF^ PTF^ EPF'\ 



(6) 



PF' being a diameter passing through P, In order that 
the loording of the proposition at the beginning of this Arti- 
cle shall apply strictly to the parabola, it is necessary to 
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consider the diameter PF' as a focal radius, as we have pre- 
viously done, (Art 87, and Remark in Ari 93). 
Since the angle T equals TPF^ we have 

TF = FP, (6) 

and the triangle TFP is isosceles. 

For the Circle, the focal radii coincide and form the 
radius, hence the tangent will be perpendicular to the radius, 
as is weU known. 

In the ellipse and parabola the tangent bisects the extern 
nal angle formed by the focal radii, but in the hyperbola the 
irUemcd angle is bisected. 

108. Construction of the Tangent to a Conic Sec- 
tion. — A. Let the tangent be drawn through a point on 
THE Curve. 1°. By means of focal radii. On the focal 
radii, or on one of them and on the other prolonged if neces- 
sary, take equal distances 

PH= PF, 




Pio. 74. Fio. 75. Pio. 78. 

and join F and H. Through P draw a line PT perpendicu- 
lar to FH, and it will be the tangent required ; for it bisects 
the angle FPH formed by the focal radii 

[The mode of oonstnicting the curves by means of a string leads to the 
same oonstmction. For the string from one focal radius will be elongated 
an amoxmt equal to that bj which the other is shortened ; hence PH wiU 
represent the rate of shortening of PF\ and P^the corresponding rate of 
elongating PF, and the direction of the pencil point will be that of the 
resultant of these two rates, and will, therefore, bisect the angle between 
them.] 
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poa 




Fio. 77. 



2^ By means of the Svbtangeivt. According to Article 

105, the subtangent is indepen- 
dent of the minor axis. To applj 
the method to the ellipse, draw 
a circle on ^ '^ as a diameter, and 
through the given point P erect 
an ordinate P'PDy and at P'in 
the circle draw a tangent P ' T. 
The line TP^ passing through 
the points T and P, will be the tangent required. 

For the parabola, let P be the point ; drop the perpen- 
dicular PD on the axis CD^ and take 
CT equal to CD on the axis prolonged ; 
then will PT, drawn through P and T, 
be the tangent required. For the sub- 
tangent TD will be bisected at the ver- 
tex, (Art 105). 

3". By means of the intercept <^ the tcmr 
gent on the axis of a?, especiallj for the 
hyperbola. This method is equivalent to the former one, 

for the subtangent is deduced 
at once by means of the inter- 
cept Let P be the point of 
which CD is the abscissa = a/. 
With C as a centre, and CD 
as a radius, describe an arc, 
and at the vertex A erect an 
ordinate A3f, prolonging it 
till it intersects the arc DM 
at M. Join C and M, and with a radius CAy and centre (7, 
describe an arc intersecting CM at N, Drop the perpendio- 
ular NT ; then will the line P T^ drawn through P and T, be 
the tangent required. For we have 

CM : CA :: {CN= CA) : CT; 




Fio. 78. 




Fio. 79. 



or 



x' : a :: a : CT 



a' 



X 
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which, accordii^ to Article 104, is the intercept of the tan- 
gent on the axis of x. 

In a manner quite similar, the intercept on the axis of y 
may be found. 

According to the last equation, the value of CT dimin- 
ishes as x increases, and if x = oo, CT= ; hence, as x in- 
creases indefinitely, the intercept approaches the centre C as 
a limit, and the point T, for the right-hand branch of the 
curve, can never be at the left of C, 

4°. By means of a Normal. — See Article 118. 

5°. By means of conjugate diameters. — See Article 126. 

B. To DRAW A TANGENT TO A CONIC SECTION THBOUGH A 

POINT WITHOUT THE CUBVE. — For the ellipse, with one focus 
^' as a centre, and a radius 
equal to the major axis, de- 
scribe an arc ; and with the 
given point P as a centre, and 
radius FF equal to the dis- 
tance of P from the other 
focus, describe another arc 
intersecting the former in the 
points M and N. Join F'M 
and F'N and the points F ' 
and F ", where these lines in- 
tersect the curve, will be the 
tangent points, and the lines FF ' and FF " will be the tan- 
gents required. For, by the construction, 

F'F'-\'P'M=A'A; 

and because the point P ' is on the curve 

FT'-hF'F=A'A; 
.-. F'F=F'M; 

also FF=FM; 

therefore two points, F and F\ are equally distant from M 
and jP, hence the line FF ' will be perpendicular to FM, and 
bisect the angle FF'M^ and therefore is a tangent re- 
quired. Similarly, the line FF " is also a tangent 




Fio. 80. 



72 



come BEonoNS. 



[loot 




Fio. 81. 



For the hyperbola^ let P be the point. Use the same 

language and correspond- 
ing quantities as just giyen 
for the ellipse. The proof 
is also the same, only ob- 
serving that P 'M becomes 
negative for the hyper- 
bola. 

For (he parabola with the 
given point P as a centre^ 
and radius PF^ (F being the focus), describe an arc cut- 
ting the directrix MN in the points M 
and N. Draw MP' and -ATP" perpen- 
dicular to the directrix, and the points 
P' and P" where they intersect the 
curve will be tangent points, and PP ', 
PP" will be the required tangents. 
For by the construction P is equidis- 
tant from 31 and F, and because P ' is 
on the curve, it is equally distant from 
the same points, hence I^P' will be 
perpendicular to the line joining M and F, and, therefore^ 
will bisect MP 'P, which is the required condition* Simi- 
larly, PP " is a tangent 

(To make this construction appear the same as for the 
ellipse and hyperbola, it is only necessary to consider one 
focus as infinitely distant. The arc described from that 
focus as a centre, will be the straight line MN at the left of 
vertex, a distance equal to that of the vertex from the focus. 
And the focal lines drawn through M and N to the remote 
focus will be parallel to the axis of the curve. In the pre- 
ceding cases, no tangent will be possible, if the point is 
within the curve.) 

C. To DRAW A TANGENT TO A CONIO SECTION PABALLEL TO A 

GIVEN LINE. — See Article 126. 

Normals and Subnormals. 

109. The Normal to a curve is the perpendicular to the 
tangent at the point of tangency and limited by one of the axes. 




Fio. 8S. 
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It will be understood, unless otherwise stated, that the foot 
of the normal is the point where the normal intersects the 
axis of X, Thus, PN is the nor- 
mal at the point P. 

The Subnormal is the pro- 
jection of the normal on the 
axis of X. Thus, ND is the 
subnormal 

Iio. 83. 

1 10. Equation of the Normal to the Ellipse.— Let 
x'y' be the point P through which the normal is drawn. 
The equation to a line passing through this point will be 

y — y'=m{x-x). (1) 

The equation to the tangent through the same point. Art 
100, Eq. (e), may be written 

y = — 5-ra:+— , ; (2) 

Vx* 
in which j-f is the tangent of the angle which the tan- 
gent line makes with the axis of ^r, (Ari 28), and the condi- 
tion which will make the former line perpendicular to the 
latter is (Ari 45), 

and this value in equation (1) gives 

y-y' = %{x-xr, (4) 

which is the required equation. Clearing of fractions and 
dividing by x*y gives 

^«?? = a»«6i = e?; (6) 

^ y 

which is also the equation of the normal, and is similar in 
form to the equation of the tangent. 
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111. The equation to the Normal of the Cirola 

becomes, by making a = 6 = J? in equation (6) ; 



X 



y ^ 



- - ^ = • 

X y 



(6) 



and since it has no absolute term it expresses the well-known 
fact that the normal to the cirde (which is the radius) pasaea 
throtigh the centre of tJie cirde. 

112. The equation to the Normal of the Hyper- 

/bola becomes, from Eq. (6), (writing 
-6»for6*) 

^ + ?l = aa + y = ^. (7) 
X y 

1 13. The equation to the Nor- 
mal of the Parabola is found to 
be, by a process similar to that in 
Article 110, 

y-y'=-^(aj-aj'). (8) 

Fio. 85. 

113a. — To find the equation to the normal of an eUipte in termt of IM 
eeeentrie angle. 

The equation to the tangent maj be written, (Art. 104 a). 




y = - 



&C08 <p 

aain <p sin <p 



a? + 



hence the equation to the normal passing through the point (a coa g), h tin, ip) 
will be 



- , a sin <p . . 

y — 6 sin a> = £ (x — a cos a>) ; 

'^ cos ^ ^ ^' 



which reduces to 



a 860 ^ . a; — & coeec g>.y = a*—b*=c*. 

114. Intercepts of the Normal.— To find the inter- 
cept on the axis of re, make y = in equations (5), (6), (7), 
(8), and the corresponding value of x will be the intercept 
required* In this way we find, for 
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the ellipse . . . CN= -3 ^' = ^^' I 

the circle. . . . CN=:0; 
the hjrperbola . CN = ^x ; 

the parabola . . AN= x 4-p; 

in which e is the eccentricity, (Art. 93), and p is one-half the 
parameter of the axis. The value of CN for the ellipse and 
hyperbola ai?pear to be the same, but they are not really so, 
since e for the ellipse is less than unity, and for the hyper- 
bola, greater than unity. 

The intercept on the axis of y may be found by making 
x = and solving for y in the same equations. 

114a. The Length of the Subnormal is the difference 
between CD and CN. Using only the positive results, since 
it is the numerical value which is sought, we have 

DN = x''^CN; 

in which substitute the value of CN from the preceding Ar- 
ticle, and we have for 

the eUipse^ .'\ DN= x'- ^x'= (1 - (?)x'= -^' ; 
the circle. . . . DN=^ x* ; 

the parabola. . DN=p. 

In the ellipse, circle, and hyperbola, the length of the 

subnormal varies directly as the abscissa, while in the 

parabola it is constant In the ellipse if «' ~0, DN=0; 

V 
and if a;' = a, 2>i\r= -; hence the subnormal is greatest at 

a 

the extremity of the major axis, and at that point equals the 

ordinate through the focus, (Art 95). For the hyperbola the 

subnormal is a minimum at the vertex of the curve, at which 

V 
point x'= a, and we have DN= - = half the latus rectum, 

(Art 95). From this point it increases indefinitely with x\ 
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116. Leng^ of the Normal.— In all the corves, we 
have 

Normal •= V {Subnormal}^ +{Ordinatey 




= VfU^ + DIP. 

1 16. Difitance of the foot of the Normal fix>m either 

Focus.— 1°. The distance from the focus 
which is on the positive side of the origifu 

The required distance is NF^ F be- 
ing at the focus, and we have 

FN=CF^CN', 

Fio. 86. 

in which substitute the value of OF (equal ae for all but the 
parabola, (ArL 93), and equal \p for the parabola, (Art 85),) 
and CNy (Art. 114), and we have the following numerical 
values for the distance of the foot of the nomudfrom the focus 
on the positive side of the origin^ for 

the ellipse . . . FN= e{a — ex'), (e<l) ; 
the circle . . . FN= 0, (e = 0) ; 
the hyperbola FN= e (ex' — a), (6>1) ; 
the parabola. . FN = aj' + ^, (e = 1). 

Similarly, for the distance on the negative side, since x* 
becomes negative, we have numerically, for 

the ellipse . . . F'N= e{a -^ ex'); 

the circle . . . F'N = 0; 

the hyperbola F'N^e {ex + a) ; 

the parabola.. -F^Y= oo on the positive side. 

[As there is no real second focus to the parabola, this 
expression is only one ol form. It is necessarily positive 
since no part of the curve lies on the negative side of the 
origin.] 

117. In any Conic Section the Normal bisects the 
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Angle between the focal radii, or between one focal 
radius and the other prolonged.— The angle between the 
normal and the tangent is right, and it has been proved in 
Article 107 that the acute angles between the focal radii 
and the tangent are equal to each other ; hence taking each 
of the latter from a right angle leaves the remaining angle 
on one side equal to the remaining angle on the other side 
of the normal. 

It will be observed that in the ellipse and parabola, the 
normal bisects the internal angle formed by the focal radii, 
and in the hyperbola, the external angle. 

118. Construction of the Normal.— A. Let the point 

THROUGH WHICH THE NOBMAL IS TO BE DRAWN BE ON THE CURVE. 

1°. Constrvet a tangent to the curve at that pointy (Art 108), 
and at the point erect a perpendicular to the tangent; it 
will be the reqtdred line. 

2°. Bisect the angle bettveen the focal radii^ and it will be 
either a normal or a tangent, (Arts. 108 and 117). If the 
latter, erect a perpendicular as stated in the preceding case. 

3°. By means of the svhnormaL For the ellipse and hy- 
perbola we proceed as follows : 





«-7 « i I F b N 



Fig. 87. 



Fid. 88. 



We have, (Art 114a), 



a 



in which x = CD. To construct this take the lines CA and 

CB, Fig. 89, making any convenient angle with b 

each other. Make CA = a,CB = 6, and CD := j[ 

X. Join B and A and draw Z) J parallel to AB. I - - - 

Take CG equal to CJ and draw OK parallel ° pilso? ^ 
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to AB ; CK will be the required subnormaL For we hove 

CJ CB h ^j h^ 



Also 



CK CJ 



CJ^CG" CJJ' 



.^f 




CD-d 

wluch is the value sought The distance CK being laid off 
from />, Figs. 87, 88, in the proper direction gives the point 
N^ and FN will be the required normaL 

For the parabola let F be the point Drop the perpen- 
dicular PD U> the axis of the curve, 
and lay off DN equal to one-half of 
the parameter of the curve ; then will 
the line FN be the required normaL 

[This method also furnishes an 

easy mode of drawing a tangent to a 

^^'^' parabola at a given point For the 

tangent will be perpendicular to the normal at the point P.] 

4th. By means of the intercept on the cutis of x. — ^For the 

ellipse and hjrperbola, the value of the intercept is, (Art 

114), 

CN==^.x'; 
or 

which expression is of the same form as that for DNin the 
preceding case ; hence it may be constructed in the same 

manner. Making BC = Cy we have CK= the 
value of the intercept, which equals CN in 
Figs. 87, 88, 92. 

For the parabola, we have. Fig. 92, 

CN=x'-hp = CD + DN. 




C G 
Fio. 91. 



5th. By means of the focal distance of the foot of the normaL 
Subtract the value of the intercept as found above, from 
the distance of the focus from the centre, and the remainder 
will be the required distance. The parabola is the only 
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conic section in which this construction is of special interest. 
For this curve we have, 

Art 114a, DN^p, ^^ 

and, Art 86, CF^lv^, y""Z 

and CF=DN-CF=^lp; iyy I 

also. Art 105, TC=CD) ^ %l^ "" 

adding gives TC + CF= CD + DN- CF; 

or, TF=FJV; 

also, Art 107, TF=FP; 

hence the points 7^, P, iV, are equi-distant from the focns. 
Hence with JP as a centre, and FP as a radius describe an 
arc, cutting the axis in the points JV and T ; the line FN 
will be the normal, and J^T the tangent 

B. Let the given point through which the nobbcal is 
T(5 BE drawn, be within OR WITHOUT THE CURVE. No general 
method is known. There are approximate methods, and 
solutions for special points. 

C. Normal parallel to a given link Construct a tan- 
gent perpendicular to the given line, (Art 126) ; the point of 
tangency will be a point of the normal, through which point 
erect a perpendicular, and it will be the required normaL 

examples. 

1. Find the equation of the normal to the ellipse 3«« + 6y* = 40, at 
a point on the curve whose abscissa is 2. 

2. Find the equation of the normal to the parabola ^' = 4^^ at a point 
whose abscissa is 4. 

8. Find tlie intercepts of the normal to the hyperbola 3a?* — 2y* = 16, 
at a point whose ordinate is 2. 

4. Find the length of the subnormal to the ellipse Ja?* + Jy * = 6, at a 
point whose ordinate is 8. 

5. Required the length of the normal to the hyperbola 4r* — 7y* 
= 86, at a point whose ordinate is 4. 

6. In the hyperbola -^ — ^ = 1 ; required the distance from the 

centre of the curve to the foot of the normal drawn through the point on 
the curve whose ordinate is 4. 
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7. Required the length of the subnormal to the parabola x = 4|f*. 

8. Required the length of the subnormal in the circle «* + y' = 1% 
at a point whose ordinate is 2. 

119. Linear Equation to the Conic Sections.— Let 
FP = p = the distance of any point P from the focus F ; 

CD = x: then from the fignre we 
have, as in Article 69, 




= (ea 4- xY 4- y^. 

^*' ^ Substituting the value of ^, Eq. 

(oi) Ari 69, and reducing, we have 

p^ = €?a*+2eaa; + y + — ^^a? 

a' 

= a'+2eaa;4-c?a?; 
.•. p = a + car. • 

Similarly, if the pole be at the focus F on the positiye 
side of the origin, we will find 

p = a — ex\ 
hence, generally, p = a ± ea? ; 

in which p will always be positive. 

In the hyperbola e exceeds unity, and x exceeds a ; henoe 
in order that p may always appear to be positive in the re- 
sult, we write for this curve 

p = ex±a; 

the negative sign being used when the pole is at + c, and the 
positive sign, when at - c 

For the parabdi we have, as found in Article 86, 

PP = p = x' + ^. 

These equations being of the first degree are called the 
linear eqiiations of the conic sections. 
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120. Boscovich Definition of a Conic Section*— The 
linear equation of the ellipse may be written 



= e(|+^); 



a 



in which- is constant If a distance CL 
e 

from the centre C, then will 
MP=LD = LC-\- CD 



a 
e 



- be laid off 

6 



e 



= e = a conr 




Fid. 94. 



stard = the eccentricity of the ellipse. 

The abscissa, x, of the point may be negative, in which 
case the term containing x will be negative. 

Similarly, for the hyperbola 



-('*?) 



Make CL =— ; then 

e 

LD = MP^CD-CL 

a 



y \ t^ 




Fid. 96. 



and if the directrix be at the left of C, then 

L'D = x + -; 

e 

and in either case we have 

4^— TTfT— c = a constant = the eccentricity 
LD MP 

of the hyperbola. 

For the parabola^ we have directly from the definition 
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of the curve, (Art 82, and Fig. 50), 

hence : A conic section may he defined as a curve such that the 
ratio of the distances of any point in it from a fioced point and 
fixed line is constant^ and eqxial to the ecoentridty qf the 
curve. 

This is known as Boscovich's definition. The fixed line 
is the directrix. 

121. The principles of the preceding Article famish a 

convenient method of describing 
an hyperbola by a continuons 
movement. Let GL be the di- 
rectrix against which moves the 
triangle GAE. Attach a string 
at A^ stretch it along AE, and 
swing the point E of the string 
around to F and fasten it at that 
Fio.M. point. Place a pencil point at 

P and keep the string pressed against the edge of the tri- 
angle while the triangle moves along the directrix. The curve 
described will be an hyperbola ; for 




PF=PE AE 
PM "AG 



= a conManJL 



The ellipse may also be constrnded from the linear equa- 
tion, but the method is somewhat complex. 

Supplementary Chords and Conjugate Diameters. 

122. Supplementary Chords are the chords drawn 
from any point of a curve to the extremities of any diameter. 

One of these chords is supplemen- 
tary in reference to the other. Thus, 
if A' A is any diameter, then the 
chords PA and PA are supplemen- 
tary in reference to each other. The 
Pio. 97. expression probably came from the 
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relations of these chords to each other in the circle ; for in 
that curve the arc subtended by one chord is the supplement 
of that subtended by the other. 

' 123. Equation of Condition for Supplementary 
Chords, in reference to the Transverse Axis.— For the 
ellipse the equation of the line A'P passing through the 
point A' will be of the form, (Art 38), 

y-y =m{x-x')\ 

in which y' = 0, and a?' = — a ; hence the equation becomes 

■ 

y = m (a -f o). 

Similarly, the equation of the line PA will be 

y = ?7i' (a? — a). 

At the point of intersection of these lines, both equations 
will be satisfied for the same values of x and y. Multiplying 
the equations together, we have 

j^ = mm' {a?— a^). 

In order that the point of intersection shall be on the 
ellipse, the co()rdinates of that point must satisfy the equa- 
tion of the ellipse, which is, (Ari 69, Eq. (&x) ), 

Dividing this equation by the preceding one, gives 

which is the required equation. The sign of the product 
being negative, it follows that if one angle be acute the 
other will be obtuse. It will be remembered that the an- 
gles are positive for a left-handed rotation measured from 

+ X. 



84 



CONIC SECTIONS, 



[134 



For the cirde^ we have h = a, and the equation of oondi- 
Y - tion becomes 

mm! = — 1 ; 




^ which is the condition of perpendion* 
larity ; hence : Supplementary chords in 
a circle are perpendicular to each other. 

Fig. 98. This is another way of stating the 

principle given in elementary geometry, that an angle tn- 
scribed in a semicircle is right. 

For the hyperboUiy the equation of 
condition becomes, by changing V to 




mm = 



V 



a 



J» 
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which result being positive shows 
that both angles are acute or both obtuse. 

In the parabola f the supplementary chords drawn from P 

are I^A drawn from P to the vertex of the 
curve, and PA' drawn towards the remote 
end of the axis. Hence PA* is parallel to 
the axis and makes with the axis the angle 
zero; but the angle which PA makes with 

the axis is tan~ — , x and y being the ooordi- 
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X 



nates of the point P in reference to the vertex as an origin. 

124. Two Diameters are Conjugate when each is 

paraRd to the tangent drawn 
through the vertex of the 
o^^er.— Thus if PP' and 
QQ' are two diameters 
such that PP' is parallel 
to the tangent T'E' pass- 
ing through Q and QQ' 
parallel to the tangent at 
P, then will these 
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ters be conjugate in reference to each other. 
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126. Equation of Condition for conjugate Diame- 
ters. — ^For the ellipse^ the equation of the Une OP passing 
through the origin, will be of the form 

which for the point P, whose coordinates are x' and y\ gives 
the equatipn of condition 

.-. ma = ^. (1) 

X 

The equation of the tangent line E'T ia, (Art 100, Eq. 

Vx V 

Vx' 
in which — -j-, is the tangfent of the obtuse angle at T. 

Letting this be represented by m^, we have 

«^3 = -g.; (2) 

and multiplying (1) and (2) together, we have 

wiawis = — -I , (3) 

a 

which is the required equation. 

For the circle^ a = b = B^ and we have 

7iiam8=-l; (4) 

and for the hyperbola^ }f=-'V^ and we have 

wi-iWi8=^. (5) 

These values are the same as those found for the. condi- 
tions of supplementary chords, (Ari 123), therefore we have 

and ilmz=7n^ then m' = tt?^; that is : 

If one diameter of an ellipse or hyperbola^ is parallel to 
one of two supplementary chords^ in reference to the major 



86 



CONIO 8BCTI0N8. 



[IML 



axia^ the conjugate diameter wiU he parallel to the other 
chord. 

It also follows that : 

If a pair of euppleTnentary chords areparaUd respeeiivefy 
to a pair of conjugate dtameterSy they wiU aleo hepa/raUA re^ 
epectively to the tangents paseing through the vertices qf those 
diameters- 

The parabola, strictly speaking, has no conjugate di^ 
ameters. 

126. To construct a tangent to a conic section by 
means of coi^jngate diameters, l"". Zet the tangent he 
dravm through a point P on the curve. Join P with the 
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Fra. 104. 



centre C and through the vertex of the major axis, draw the 
chord A'E parallel to CP and join E and A\ the line PT^ 
parallel to EA will, according to the preceding Artide, be 
the tangent required. The construction is the same for the 
circle and hyperbola. 

2^. To draw a tangent paraUd to a given line. Let N be 





Fig. 105. 



Fig. 106. 



fm. lor. 



the line ; draw a chord AE through the principal vertex A 
parallel to the line N^ and from E draw the supplementary 
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chord EA' ; then from the centre Cdraw CP parallel to -4 'j&, 
and P, where CP intersects the curve, will be the point of 
tangency, and PT parallel to N will be the required tan- ^ 
gent. 

For the parabola, let F be the focus ; draw FE parallel 
to Nj and PF making the angle I^FE 
equal to EFX; then will the point 
P, when PF intersects the curve, 
be the tangent point, and a line 
through P, parallel to N, will be the 
required tangent For, by the con- 
struction, the angle T equals P, and 
hence TF=PF as it should, (Art 
107). 

The following construction corresponds more nearly in 
form with that for the other 
conic sections than does the 
preceding. Through the ver- 
tex of the curve A draw a chord 
AB parallel to the given line 
N; from B draw a line BA' 
towards the. vertex infinitely 
distant, it will be parallel to 
AX. From the centre draw 
a line CP parallel to A'B, since it will be a diameter it will 
bisect the chord AB and be parallel to AX^ and the point P 
where it intersects the curve will be the tangent point, and 
PT, drawn parallel to the line N, will be the required tan- 
gent See also Article 143. 

127. Equation to the Ellipse referred to Oblique 
Axes, the origin being at the centre. The equations for 
changing from rectangular to oblique axes, the origin being 
the same, are, (Art 62, Eqs. (e)), 

x = x'QOSa -h y' COB/3; 

y = x'sisia -h ^'sin>^. 
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Substituting these values in the equation of the ellipse 
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referred to its axes, 

and arranging the result, gives 

a'sin'/?) ,2+«'8in-a) ,j+a*sinasin;ff)^ , ,_ •j, 
+6»cos«/?f^ -ffi^cos'a f"^ +6»cosacos/?J^y ""^^^ 

which is the required equation, in which a is the angle be- 
tween the axis x and the major axis of the ellipse, and fS the 
angle between y' and the same axis. For the hyperbola^ 
change Vio —V. 

128. Ellipse referred to Conjugate Diameters. — ^In 
order that the new coordinate axes shall 'coincide with conju- 
gate diameters, they must be subjected to the condition given 
in Article 125, or 



which becomes 



V 



tana tan/? = — =; 

or 



which may be reduced to 

a'sin^sin/? H- 6'cosacos>^ = 0. 

This condition causes the coeiBicient of xy' in the equa- 
tion of the preceding Article, to disappear, and that equation 
becomes 

(a'sin*/? +I^cos?/3)y'^ + (a' sin' a H- ft^cos* «)a;'» = c^V. 

In this equation, if x' = 0, we have 

,^ ab 

^ Va'8m»> + 6'cosV' 

which is the intercept on the axis of y'. Let this be repre* 
sented by b\ Similarly, the intercept on x will be 

, ah 

Vor sura -f- tr cos^a ^ ''^ 
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These values reduce the preceding equation to, after 
dropping the accents from the yariables, 

^2+|C=l;ora'y + 6'«^ = a'«6'«, (1) 

which is the equation of the ellipse referred to conjugate di- 
ameters. 

For the circle^ a' = 6' = 5, and equation (1) becomes 

which is the same as that previously found for rectangular 
axes, as it should be, since the conjugate diameters, in this 
curve, are at right angles with each other. 

For the hypo'iola^ 6'' = — 6'^, and equation (1) becomes 

^2-j^=l- ' (3) 

These equations are of the same form as those deduced 
for rectangular axes. 

129. Discussion of equation (1). — Solving for x gives 

which shows that for every value of y less than h\ there are 
two equal and opposite values for x ; hence the curve is 
Miqvdy symmetrical in reference to the axis of y. In the 
same manner we find a like symmetry in respect to oc Since 
the axis of x can be made to coincide with any diameter, it 
follows that every diameter bisects a system of chords paraUd to 
Us conjugate. 

This equation may be discussed in other respects the 
same as for rectangular axes. Equation (3) gives corre- 
sponding results. 

130. Equation of the Tangent referred to cosjugate 
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diameters. The equation to the curve being of the same 

form as for rectangular axes, 
the equation to the tangent 
will be of the same form. 
We have therefore only to 
substitute a' for a^ and V 
for b in the equations pre- 
viously found Let P be the 
point of tangency, CD = x\ 
PD = y' ; then will the equa- 
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tion of the tangent P jT be, (see Ari 100), 
for (he dlipae^ 

For the hyperbola, (see Ari 102), 
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For the intercept CT make y = 0, and 
we have, for the ellipse, circle, and hyper- 
bola. 



a 



f% 



X 

In a similar manner the subtangent DT may be found. 

[For a shorter coarse omit to Article 167.] 

131. Transform the equation to the Ellipse from 
coQJiigate diameters to its axes. — The formulas for 
passing from oblique to rectangular axes, the origin remain- 
ing the same, are, (Ari 63), 



X 



xsiR/i—y CO&/3 ^ 



.__ yco&a - x&ma 
^ sin(/^-a) 



sin {ft — a) 

These values substituted in the equation to the ellipse 
referred to conjugate diameters, which is, (Ari 128, Eq. (1)), 

gives 
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(a'*co8-«4- 6'-coB^/))yM 

— 2(a'*smaco8a' + 6' ' 8in /J cos /&) xy ) 

This equation mnst be reduced to the form 

preyioosly found for the equation to the ellipse referred to 
its axes, (Ari 69, Eq. (a,)). 

Comparing the two preceding equations, we find : 

a'^ cos'a + b'^coQ'p = a«; (1) 

a'«8in'a + 6'*sinV = 6'; (2) 

a'* sinaoosa + 6''sin>^cos/^ = 0; (3) 

a'n'*em^{/3-a) = a'V'. (4) 

These are the equations of condition ^ and from them we 
deduce the following results : Adding the first and second 
gives 

or 4a'»+46'» = 4a» + 4y; (5) 

that is : TJie sum of the squares of anxj 'pair cf conjugate di^ 
ameters of aii ellipse is constant j and equals the sum of the 
sqruares of the axes. 

When the axes and one of the conjugate diameters is 
given, the other conjugate diameter may be found from the 
preceding equation. 

Changing 6* to — 6*, and 6' ' to — 6" gives 

4a'»-46" = 4a»-4y; (6) 

that is : For the hjrperbola the difference of the squares 
of any two conjugate diameters^ equals the difference of the 
squares of the axes. 

Because the aaxs are conjugate, we must have, (Art. 128), 

0^ sin a sin y^ = — 6* cos a cos /3 ; 

.'. tan a = j cot A (7) 
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from which one of the angles may be found when the other 
angle and the axes are given. 

It appears that if one of these angles is acute the other 
will be obtuse. From equation (3) we have 



\ 



a'* sin a cos « = — 6'^ sin fi cos fi ; 



a'* = 



which combined with equation (5) by eliminating V^ gives 

g' + y 
_ sin <t cos a (°) 

sin p cos p 

from which one of the conjugate diameters may be found 
when the axes are given, and the angles a and fi have been 
found. The other axis may be found in a similar manner, 
or the value of a may be substituted in equation (6), and V 
deduced from the result 
From equation (4) we find 

4/'6'sin(/?-a)=4aJ; (9) 

the second member of which 
represents the area of the 
rectangle constructed on 
the axes of the ellipse. la 
the figure 

b 
Fio. 112. 

Construct the parallelogram EFGHy having its sides tan- 
gent to the ellipse at the extremities of the conjugate 
diameters PP' and MM' ; then will JICPO be one-fourth of 
the circumscribed parallelogram. Since the sum of the 
angles of a parallelogram equals four right angles, we have 

GMC + MOP = ISO"" ; 

.-. sin GMG = sin (180^ - MCP) = sin (/? - a\ 
and (GM= a' ) sin (/? — rr) = the perpendicidfir GD, 
and a'b' sin (/?-«) = MC. DG^area MCPG\ 

.-. 4fl'6' sin (y5 - a) = EFGH\ 




1S9, IBS.] 



THE PARABOLA. 



hence : 27ie area of a parallelogram circumstsribing an ellipse 
in which the aides are tangent to the ellipse at the vertices of a 
pair of conjugate diameters, is constant and equal to the 
rectangle constructed on the axes. 

For the hyperbola we Bnbstitute 
V— 16 for b, and V— lb' for b', and 
obtain precisely the same result, since 
V— 1 dropB from the equation ; hence 
the preceding conclusion is true for 
the hyperbola. 




If the major axis of an ellipse ie 30 and the minor axis is 13, find the 
conjugate diameters and the angle >9, when a ia 45° ; deduce the area of 
the circamscribed pBrallelograEn whose sides are parallel to the conjugate 
diameters and sliow that it equals the area of the rectangle on the axes. 

132. The Parabola referred to 
Oblique Axes. — Substituting the values 
of X and y from equations (d) Article 
62, in the rectangular equation of the 
corre, 

y' = 2px, 

gives, dropping the accents, 

Btn'jS.j/* + 8in*«.ir* + '2eina'8in/J.a:y 
+ 2(n8in/J— ^ coBj9)y + 2(nBina— j> cosa)a; 
+ n* — %»» 
vhich is the required equation. 

133. Parabola referred to a Diameter and a Tangent 
at its vertex. — The equation for this 
case can be deduced directly from the 
preceding one. Since the new origin 
will be on the cturve, the co'-rdinates 
of which in reference to the vertei are 
m and n, we have from the equation 
of the curve 
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Since the new axis of 2; is to be parallel to the axis ol the 
curve, we have, 

a = ; .'. sin « = 0, and cos « = L 
Because OF' is a tangent, we have, (Art 103), 

yn = p {x -^ m)y 

or y = ^(x -^m); 

n 

...tan/J = ?^=-P. 
cosp n 

or n&m0—pcos/3 = O, 

These several values substituted in the equation of the pre- 
ceding Article, reduces it to 

or, if 2p' be the coefficient of x, we have 

f = 2pxy 

which is the required equation, and is of the same form as 
when the curve is referred to its axis and a tangent at its 
vertex. 

Discussion of the equation y^ = 2p'x. 

V. For every positive value of x we have 

y = ± V2px ; 

that is : The ordinates paraRd to the tangent at the vertex of any 
diameter, are bisected by that diameter; or the curve is obliquely 
symmetrical in reference to every diameter. 

2"". For negative values of x, y is imaginary, hence : The 
curve does not ertend on the negative side of the tangent. 

3^. For two points on the curve, whose abscissas are re- 
spectively Xi and Xi, we have 
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or 



yi : y^ :\ Xi : x^\ 



that is : The squares of the ordinates to any diameter are as 
their corresponding abscissas. 

4"". The equation referred to a diameter and a tangent at 
its vertex being of the same form as the rectangular equa- 
tion previously found, it follows that the equation of the 
tangent line will be of the same form, hence, if the point of 
tangency be xy\ we have, for the equation, of the tangent. 



yy'=p{x + x'); 



and if ^ :=: 0, we have 



x= —a? ; 



that is : The snbtangent to any diameter is bisected at the vertex 
of that diameter. Also the tvx> tangents at the extremities of any 
ordinate intersect on the ajcis of x. 

134. Value of h -v^. Let F be the focus ; -4 ' the ver- 

tex of the diameter A'F' ; x' = AD, the abscissa ot A' ; y' 
= A 'Dy its ordinate ; and TA ', a tangent According to Ar- 
ticle 103, we find, 

y 

BIX? ft jf f^ ^ P . 
''• l-sinV"^ p"^ 2^^'" "2^' 

hence, solving for sin' /3, gives 

•'• i -^-^ = »' + ip. 

But TA = AJ)=x\ (Ari 104); AF=lp; TF=FA\ 
(Art 107, Eq. (6)) ; 




Fio. HO. 



.'.x'+^=TF=FA> = h^i 
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that is : The distance of the vertex of any diameter qf a pardb- 
(tUifrom thefocxis equals the quotient found by dividing the 
distance of the focus from (he principal vertex by the square <^the 
sine cfthe inclination of the tangent at the vertex of the diameter. 

136. Other relations. — ^Let EO be the directrix, and 
PP'el chord tlirough the focus^ parallel to the tangent A* T. 
Then, by the construction, TF== A 'F ', and, according to Ar- 
ticle 83, FA' :=A'E\ 

.-. TF=iFA' = EA = AF'^lJ^. 

136. Any double focal ordinate equals 2p -^ mo?fi; 
in which /i is the inclination of the ordinate to the axis of 
the curve. For, in the equation 

substitute x=z OR, (Fig. 115), = \-^^ , and we find 

y=±J^ = RP\oTRP. 
^ sin' p 

But PP' = 2y; 

which was to be proved. This value is also called the 
parameter to any diameter, Article 145. 

137. Problem. Find the point of intersection of a tan^ 

gent to the parabola unth a perpendicvlar upon the tangent from 

the focus. 

Let BP be the tangent, P the point of tan- 

gency whose cor)rdinates are x\ y\ and FB the 

perpendicular from F upon BP. The equation 

to the tangent will be, (Art 103), 

Fio. 117. y = ^,{x-\-x')\ 

y 

and of the line FB passing through the point (Jp, 0) and 
perpendicular to BP will be, (Ari 46), 
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Combiniiig tbeae eqaations gives 

The eqaatdon x = 0, bIiowb tliat the iatersection will be 
on the tangent passing through the principal vertex; and 
conversely : 

Perjiendiculars drawn to the. focal radii at their interaec- 
ium with the tangent at the principal vertex, will be tangeiU to 
the parabola. 

The condition y = ^y famishes an easy mode of drawing 
a tangent to the carve ; for the distance AB eqaals one-half 
the ordinate of the point of tangenoy. This is aabatantia l l y 
the same as in Article 108, 2°. 




Geometrical Construction of the Parabola. 

138. Oiven the focus, and the tangent at the principal vertex 
to oonstrud the parabola. Let /^ be the 
focns; draw radial lines Fl, F2, etc., and 
at their intersection with the tangent, 
1, 2, etc., draw perpendiculars to the 
radial lines. The carve drawn tangent 
to the successive lines will be a parab- 
ola. The greater the number of radial 
lines, the more accurately can the curve be 
drawn. 

Fia. 118. 

139. To construct a parabola by bisecting mAtangente. — Let 
TC and TB be the tangents. Join and B and bisect at 
A. Draw TA and bisect at £*; 

then will ^ be a x>oiDt iu the 
curve. For TA drawn from the 
intersection of the tangents to 
the middle of the chord CB, is 
a diameter, and 'J'A is a sub- 
tangent on that diameter, and 
will be bisected by the i 
aXE. Join £ and Cb 
O, draw FO and bia 
and H will be a poix 
7 
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onrre. In a Bimilar manneT any number of points nwy be 

found. 

140> By means cf envdoptng tangents. — ^Divide the tan- 
gents into the same number ot equal 
parts, and number them in reverBe 
order as shown in the figure, and 
join the corresponding numbers by 
straight lines. The eorre will be tan- 
gent to the suoceasive lines. For the 
intersection of the corresponding tan- 
gents will be on a right line and the 
tangents be equal to each other ; henoe 
the subtangents of the corresponding 

pair of tangents will be equal to each other. 

141. By means of h^eCtvag ton- 
^en/«.— Let TA and TB be two tan- 
gents. Bisect them in C and 7, and- 
bisect IG in E; then will ^ be a 
point in the cnrre, Art 139. Bi- 
sect CE at F, and CA at H, then 
will the middle point of FH at 
t/ be a point in the ourre, and so 
on. 

142. By means of inkraedmna. — 
Let TV and ri> be the tangents. 

Draw TB to the middle 
point of CD, and bisect 
it at 4; this will be one 
point of the carve. Di- 
vide 7*4 and TC into the 
same number of equal 
parts. Draw lines from 
C to the points of divisicm 
in 74, and through the 
points d, e, f, etc. lines 
parallel to TB', then will 

the intersection of CmtaaAfc at 3 be one point in the curve; 

Cmt and e& at 2 be another point, and bo on. For the 
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distances from d^ e, etc. will yary as the squares of Cd. 
Cfe, etc. 

Points may also be found by dividing 48 into the same 
number of equal parts as in 74 and drawing lines Cn^ etc. to 
intersect lines Dnti etc. ; the points of intersection will be 
points in the curve. 

143. To draw a tangent paraUd to a given line, — ^Let N be 
the given line. Draw two chords 
AB and DE parallel to A, and 
bisect them in C and F\ then will 
CFO drawn through F and C be 
a diameter. Through the vertex 
of this diameter draw OT' par- 
allel to Ny then will OT be the fxs.i». 

tangent required, (Ari 133, 1""). 

• 

144. To find the aocia o/aparabdlcu — Draw 
any two parallel chords and bisect them by a 
line OF '. This line will be a diameter. Draw 
chords perpendicular to OF', and bisect 
them by the line AX; then will AX be the 

axis of the parabola. 

Fio. m. 

Of Parameters. 

146. In the Ellipse, (Circle), and Hyperbola, the 
Parameter in respect to ant diameter is defined to be ^Ae 
third proportional of that diameter to Us conjugaie. Hence the 
parameter to the diameter 2a will be 

2a' : 26' : : 26' : parameter ; 

(267 2?^" 
.'. parameter = ^^ , = — r- • 

26^ 
In reference to the major axis, this becomes — , which is the 

a 

value of the lutus rectum, (Ari 94). 

Similarly, the parameter to the diameter 26' is 

(2ay 

w 
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146. In the Parabola the parameter in respect to 

ANY DIAMETER 18 defined to be ^Ae third proportional (^ any ab- 
acisaa to its corresponding ordinate^ the ordinate being parallel 
to the tangent at the vertex of that diameter ; hence 

parameter = ^ = - ^, (Ari 133), 

which equals the double ordinate through the foGU8» (Ari 
136). 

If the diameter is the axis of the curve, this value be- 
comes, (since p = 90°), 

2p, 
which is the latus rectum^ (Ari 96). 

Pole and Polar. 

147. The Polar of any i)oint in respect to a conic see* 
tion, is the locus of the intersection of the two tangents 
drawn at the extremities of any chord passing through the 
poini It will be shown in Article 152, that this locus is a 
straight line. Thus, if P be any point in a conic section. 




Fig. 1S5. 



MM' and NN' two chords drawn through this point, then 
will the point T, the intersection of the tangente TM and 
TM'y be one point in the polar, and T\ the intersection of 
T'N and T'N\ another point, and the line TT' passing 
through these points will be the pdar required. The chords 
MM' and iV^^^V are called chords of contact, in reference 
to the tangents drawn from their extremities. 
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148. The Pole of any right line, with respect to a 
conic section, is the ihtersection of the chords of contact in 
reference to points on the polar. Thus, P is the pole in 
reference to the polar TT\ A i)olar point, in reference to 
the pole, is the point where the diameter through the pole 
intersects the polar. The pole and pdar are reciprocal 
terms ; neither has any signification without the other. 

149. If the pole P is without the curve, the polar 
will be the chord of contact. For, if any secant PE be 
drawn, the part EE' will be 
the chord drawn through the 
pole. The intersection of the 
tangents passing through E 
and E' (but which are not 
shown in the figure) will be a 
point on the polar. If now 
the secant be turned about P, 
the points E and E ' will approach T, and also the intersec- 
tions of the tangents will continually approach the same 
point, and when E and E' are consecutive to 
Ty the tangents will intersect at that point 
Hence, T is one point For the same reason, 
T' is another point If the pcle is on the curve, 
the polar will be tangent to the curve at that 
point 

160. Equation to the Chord of Con- 
tact. — First consider the eRipae. The equation of the tan- 
gent referred to conjugate diameters, the point of tangency 
M being a?' y'; (Fig. 126), will be, (Art 130), 




Fig. 1S8, 




Fis. 1S9. 



XX 



a 



'» 






and for the point x^'y^\ or M\ 



x''x 



a 



M + J./ J 



But these tangents will intersect in some point as Ty which 
denote by x^yi; hence the coordinates of this point must 
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saidsfy the equations of both lines, and we have (he equatians 
(^ condiaon^ 






By means of these equations the point of intersection 
Xit/i may be found when the curve and the points of contact 
are known. Having found this point, let x" and y" or x' 
and y' in the last equations be changed to general variablea^ 
and we have 

which, being an equation of the first degree, is the equation 
of a right line. This line must pass through the point x'y" 
because these coordinates satisfy the equation of the line, as 
shown above ; and, for the same reason, it will also pass 
through xy' ; hence it is ccdled the equation to the chard qf 
contact. 

For the cirde^ make a' = &' = £, and we have. 



x^x 



+ 



U= 1, (2) 



for the equation of the chord of contact for the circle. 

For the hyperbcla^ we have, for the equation of the chord 
of contact. 

For the parabola^ we would find 

yiy-p\^ + ^* (4) 

If all these curves, except the parabola, are referred to 
their axes, we have a' = ay b' = h^ and in the parabola, if re- 
ferred to its axis and a tangent at its vertex, p' =■ p. The 
preceding equations, therefore, remain of the same form 



151.] POLE AND POLAR, 103 

whether the curves are referred to their axes or conjugate 
diameters. 

161. Remark. — ^The changes from variables to con- 
stants, and from constants to variables, may appear to the 
beginner arbitrary and meaningless. We will, therefore, 
add a few simple illustrations. Take a true numerical ex- 
pression, as 

9.2 + 4.3 =30; 

and changing 2 to a;, and 3 to ^, we have 

9ic4-4j^ = 30; 

which is the equation of a right line. This line will pass 
through the point (2, 3). The above numerical equation is 
of the form 

x'xi 4- y'yi = 30. 

If now, in the last equation, we make 

x' = a;, and y ' = y , 

we have XiX 4-' y^ = 30 ; 

and making ^i = 2, ^i = 3 ; 

it becomes 2x + 3y = 30 ; 

which is the equation of a right line passing through the 
point (9, 4), since these values satisfy the equation. 
If we have the two numerical equations 

9.1-4.2 = 1; 

9.2-4.4J = l; 

they may be represented by 

xix' - yiy ' = 1 ; Xyx" - y^y'' = 1 ; 

and if x' and y\ or xf' and y'' be made general variables, we 
have 

xix + yiy = 1 ; 

which is the equation of a right line passing through the 
points (1, ~ 2) and (2, — 4|), for the coordinates of both these 
points satisfy the equation. 
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In these equations the Talnes of o^ and yi haTe been 
assumed arbitrarily ; but in the equation to (he chord of cour 
tcu^, given in the preceding Article, they are determined 
by means of a certain condition (being the coordinates of the 
point of intersection of certain tangents), and this condition 
must be realized so long as Xi and tfi remain in the equation. 

1 62. Equation to the Polar.^In regard to the eUipsei 
we found, in Article 150, that the equation to the ohord €d 
contact is 

If this line passes through a fixed point P, whose coordi- 
nates are o^ ^2, we will have the equation of condition 

If now cci and yi , the coordinates of the intersection of the 
tangents, be changed to general variables, we have 

^.M_ = i. (3) 

which will be the equation to the locus of the intersection of 
the tangents drawn from the extremities of any chord pass- 
ing through the point P. It is the equation of a right line, 
and is the equation to the pciar. It is of the form of the 
equation to the tangent line. 

For the circle, the equation to the polar becomes 

^+M-i. (4) 

and for the hyperbola, 

For the parabola, when the curve is referred to a diam- 
eter and a tangent at its vertex, we would find 
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y^y=p'{x+Xi)\ (6) 

in which p=p\]i the diameter is the axis. 

If all these curves, except the parabola, are referred to 
their axes, we have 

a' = a, and V = h. 

The preceding equations show that the polar of any point 
in respect to any conic section is a right line. 

1 53. Direction of the Polar.— Comparing the equations 
of the preceding Article with those of Article 130, shows 
that: 

The pdar to any point, in respect to a conic section, is parallel 
to the system of chords bisected by that diameter which passes 
through the pcle. 

From this principle it follows directly : 

1°. That for a pde on the axis, the pdar toiU be perpendicular 
to that aosis. 

2°. For any point, the polar wiR he paraRd to the tangent at 
the extremity of the diameter passing through the point, 

164. Polar of Special Points. If the pole be at the 
centre, we have, for all but the parabola, 

x^ = 0, y,= 0; 

which substituted in equations (3) and (5) of Art 162, give 



X y 1 



which is the equation of a right line at infinity, whose direc- 
tion is indeterminate ; hence : The polar of the oefnJtre is any 
right line at infinity. 

If the pole be at the vertex of the major axis, we have, for all 
but the parabola, 

aJ2 = T a, yj = ; 

which is the equation of a line parallel to the axis of y^ and 
at a distance from it equal to a. Hence, as the pole passes 
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from tho vertex of the major axis to the centre, the polar 
passes from a distance a from the centre, to an infinite dis- 
tance. 

166. Polar to the Foctis. — For the dltpae and hyperbola, 
we have 

which in equations (3) and (5) of Article 162, give 

x = 0.y±-; 

which is the equation to a line parallel to the axis of y, 
hence : T/ie polar to either focus is a perpendictHar to the major 
aocia and cuts that axis at a distance from the cenhre equal to 
a -f- c, measured on the same side as the focus. 

The polar to the focus is, therefore, the directrix, Art 120L 

For the parabclay we have for the focus, 

^ = 2i>» y« = ; 

which in equation (6), Article 152, gives by reduction, 

x = 0.y - 4p; 

which is the equation of the directrix. Hence : The polar to 
the focus of any conic section is the directrix of the curve. 

Tangents at the extremities of a focal chord are called 
focal tangents ; hence the two preceding conclusions may be 
stated as follows : 

The locus of the intersection of the focal tangents is the direo* 
trix. 

EXAMPLES. 

1. Required the equation to the polar of the point Xg = 2, yi = 1, In 
respect to the ellipse 2y* + 'dx* = 27. 

2. Find tlic polar of the point Xt = — 1, yi = 0, in respect to the circle 
2?* + y« = 9. 

8. Find tlie equation to the polar of the point ar, = 1, yt = 0, in re- 
spect to the hyperbola 3.c* — y* = 12. 

4. Required the polar of the point Xt = 3, yj =t 0, in respect to the 
parabola y* = Ojt. 

5. Given the polar y = 2j; + 8, to find the pole in respect to the circle 
a?« -f- y« = 9. 
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6. Given the polar y = a; + 2, to find the pole in respect to the pa- 
rabola y' = 4x, 

The Hyperbola and its Asymptotes. 

166. Definition. * An Asymptote to a curve is a line 
towards which the tangent continually approaches as the 
tangent point moves away from the origin indefinitely. 

According to this definition, the curve must have an infi- 
nite branch ; hence, neither the circle nor the ellipse can 
have an asymptote. 

The parabola has an infinite branch ; but it is shown in 
Article 104, that the intercepts of the tangent increase in- 
definitely as x' increases indefinitely ; hence the tangent does 
not approach a definite position as a limit. 

But in the hyperbola, intercepts on both axes are finite 
when the abscissa of the point of tangency, x\ is infinite. 
If the origin of coordinates be at the cenia^ of the hyper- 
bola, the intercepts will be zero, when x = oo, (Art 104), 
hence the hyperbola has an asymptote passing through the 
centre. Since the curve is symmetrical in reference to the 
axis of x, it will have two asymptotes passing through the 
centre. 

Many other curves have asymptotes, but their properties 
are more conveniently investigated by higher analysis. 

157. Equations to the Asymptotes of the Hyi)er- 
bola. — The equation to the tangent line of an hyperbola is, 
(Art 102), 

Vx' V 
^ a'y' y' 

But from the equation of the curve we have, (Art 78, Eq. 

W). 

and this Talne snbstitated in the preceding equation gives, 

h 1 _^ ah 



" r-^^j ^t-^-]' 
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If x' = 00, this becomeB 

which IB the equation of the asymptotes. The plus sign 
belongs to the asymptote above, and the minus sign to that 
below the axis of ^. The asjrmptotea are equally inclined to 
the axes of the curre. 

168. Equation of Condition for ABymptoteB.— God- 

struct a rectangle on the axes, DD' and BO 
' ' s; its diagonals. Let DCA = a ; then 

DA b 

tanff= T,-T =-; 

VA a 

Pio.iM. andtan^C(7= -~^= ■~- = iaiaECA'. 
LA a 

which, compared with the coefficient of ir in equation (1), 
shows that : 

The asympMea of the hyperbola coincide unth the diagontdt 
of the redangle constructed on the axes. 

Letting these diagonals be the asymptotes, and AGO 
= p, and c = Va* + i* = CD ; we haye 



(2) 
(3) 
(*) 



b 

sinof = -, 


m,fi=-l 




—f. 


cos/5 = -; 




from which we find 






a* am* a 


-6'ooe'«=0; 




a* sin' /3 - 


-6'co8'/3 = 0; 




0* sin a sin /?— 6* COB a cosy? = — 


a' +6" 



which are the required eqaation& 
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169. Equation to the Hyi)erbola referred to its 
Asymptotes.— The equation to the hyperbola referred to 
oblique axes, the origin being at the centre, is found by 
changing I? into —V in the equation of Article 127, and 
hence, after dropping the accents, is 

(a'sin'>5 - l^ cos'/^) y'+ (a'sin'a — J^cos*a)a5^ ) _ _^in /g\ 
+ (tit* sin or sin /^ — 6* cos a cos /^) 2ajy ) 

Combining this equation with the equations of condition 
given in the preceding article, we have 

xy = i(a' + 6»), (6) 

which is the required equation. It appears that the rectan- 
gle under the coordinates is constant. Let the area of this 
rectangle be represented by 1^, then we have 

xy = i?. (7) 

in which X and y may be both positive or both negative. 

For the conjugate hyperbola , we have, (since a? or ^ becomes 

negative), 

ary=-t». (8) 

For the equilateral hyperbcia^ a — h^ and we have * 

iry = ± ha\ (9) 

In these equations a: = for y = o6, and y = for a; = oo . 

The asymptotes are sometimes called adf-conjugatea ; and 
equation (7) the equation of the hyperbola referred to its 
self-conjugates. 

160. Angle between the Asymptotes in terms of 
the eccentricity. — ^We have found for the eccentricity, (Art 
93), 



and, from Article 158, 



c 
e= - 

a 



a 
cos a = - ; 





.•.sec a = e; 
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in which a = DC A. But DCO = 2DGA ; and if DOO = <p, 

we haye 

^ = 28eo-*e. (10) 

For the equilateral hyperbola, this becomes 

^ = 2 sec- V 2 = 90% 

that is : The asymptotes of an equilateral hyperbola are mutudUy 
perpendiculir. 

161. Problem. — To firvd the area of the paraUdogram conr 
structed on the cojrdinates of any point of an hyperbola referred 
to its asymptotes. 

Let P be the point whose coordinates are x = CO^ y = 

GP, and let EGG = q^ ; then will the area 
of the required parallelogram EC OP be 

CO sin <p. OP = xy sin (p 

= i(a'+ y)8in ^. 

Construct the rectangle ADBC on the 
semi-axes ; its area wiU be a& Draw the 
Fio. 130. diagonal AB ; it will be parallel to CO and 

EP. The area of the triangle ABC will be 

lAB.CO^mCOA, 




or 
or 



\. Va^ + 6* . \ Va* + 6^ sin 9, 
i (a' + I?) sin ^ ; 



which, compared with the expression above, shows that it is 
equal to the area of the parallelogram COPE^ but it is also 
equal to one-half the area of the rectangle AI)BC\ there- 
fore 

xy sin q> = \ab ; 

that is : The area is constant and equal to one-eighth the redr 
angle on the axes. 
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162. Equation to any Chord referred to the Asymp- 
totes. — Let x'y' and x"y" be 
the extremities of the chord 
FP', then will the equation 
of the chord be, (Art 40), 

x — x x—x'* 

But the equation of the curve 
gives 



t t 



xy =x y .\y =-^i 

which, substituted in the pre- 
ceding equation, gives 




Fie. m. 



J^.t 



^y J 
^ — y' 



y-y = 



x 



7^' -Xf 



{X'-'X')\ 



or 



y' 



y-y'=-|r,(^-«^); 



(1) 



which is the required equation. It may also be written 



X'-x! 



^=L 



y 



(2) 



163. Equation to the Tangent of the Hyperbola 
referred to its Asymptotes.— Let the chord pass through 
P' continually as that point moves along the curve and 
finally becomes consecutive to P ; then, ultimately, will x' = 
x", and ?/' = y" ; and equations (1) and (2) of the preceding 
Article become 



or 



y-y'^-Kix-x!), 

X 

- + ^ = 2: 



(3) 
(4) 



either of which is the required equation. It is also the equa- 
tion of the tangent to the conjugate hyperbola. 
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164. Intercepts of the tangent referred to Asymp- 
totes. — ^In equation (4) make ^ = 0, and we haye 

CT=z2x' .\ CD = DT\ 

or : The avbtangerd is bisected by the ordinate of oonJboui. 
If a; = in equation (4), we have 

CB = y .'. CE = EB, 

or : 7^ intercept on the axis of ordinatea is biaeded by the ordi- 
note of contact. 

Also : The portion of the tangent induded between the asymp^ 
totes is bisected ai the point of conJtacL 

By comparing these results with that found in Article I6I9 
we find that : Tioioe the area of the paralldogram cofna^mded 
en the cofjrdinafes of any paint equals the area of the triangle tif 
which the tangent to the point is one side^ and the intercepts on He 
asymptotes the other two sides of the triangle. 

165. Problem. — To find the rdation of the segments NP 
and N'P' of the secant NN\ (Fig. 131), contained between the 
asymptotes and the curve. 

In equation (2) of Article 162, if a? = 0, we have, (obserr- 
ing that x'y' = x "y"), 

CN'^y = y'^y^ 
but D'N' = CN'-CD'; 

.-. D'])r' = y'' + y'-y" = y^ = DP. 

In a similar manner we may prove that 

But the triangles DPxY and D'P'N' are mutually equian- 
gular; hence 

PN=P'N ', 

or : The segments of any chord contained betioeen the curve and 
its asymptotes are equal. 
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This principle furnishes an easy mode of constructing an 
hyperbola. when the asymp- 
totes and one point of the 
curve are given. Let Tvz 
and T-1 be the asymp- 
totes, and «. any point on 
the curve. Draw radial 
lines al, a% a3, etc, and 
prolong them to Tv<i. Lay 
off v^z equal to ^^3, v^ 
= a2y etc., then will a^ 
O), etc, be points on the 
curve. 

166. Tangents at the extremities of Conjugate di- 
ameters meet on the asymptotes. — ^Let CA be any diam- 
eter, its equation, referred to the axes x and y^ will be, (Art 




Fig. 182. 



40, Eq. (/)), 



y'x - xy = 0, 



(CA) 
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in which x and y' are the coordinates of 
A. The equation of the tangent NA pass- 
ing through the same point is, (Ari 163) 
Eq. (4)), 

^,+ y, = 2. (AN) 

X y' 

To find the equation of the tangent JSiV, it is necessary 
to find the coordinates of B. The diameter CB being con^- 
jugate to CA, will be parallel to AN^ (Art 124), and hence 
its equation will be of the same form as that of (AN), but 
since it passes through the origin, its absolute term will be 
zero, hence the equation of CB will be 



X y _ 



x' y 



(CB) 



which combined with the equation of the conjugate hyper- 
bola 

ajy = - A? = - xy, 

gives, by elimination, 

x=CD = Tx\ y = DB=±y'; {B) 

which shows that DC = — Ca^ and Aa = BD. 
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The equation of the tangent ^i^T will be of the same form 
as that of NA ; hence substituting in equation {AN) the 
values of the coordinates of the point B^ as found abore, 
that is, y' = y' and a?' = — x\ we have 

-J + 5=2, (BN) 

X y 

which is the required equation. 

To find the intersection of the tangents AN and BN^ 
combine equations (^-V^) and {BN)^ and eliminate x and 
y successively, and we find 

y — 2y' = (7X, and a; = 0. 

This value of x shows that the intersection is on the axis 
of y, that is, it is. on the asymptote. 

This analysis also shows that : 

The diagonals of oC paraUdograma constrvcted on a pair €f 
conjugate diameters coincide tvith the asymptotes of the hyper" 
hoUu 

The value of y shows that the diagonal CN of the paral- 
lelogram constructed on the semi-diameters,* is double the 
ordinate aA of the extremity of the conjugate diameter A'A» 

Polar Bquations of the Conic Sections. 

167. GteneralBquations.— Let Pbe any point on the 
curve, F the focus, which is also taken as the pole, 2p the 
latm rectum, BE the directrix, e the eccentricity, p = JFP = 
the radius vector, and q? = PFA, the variable angle meas- 
ured from the nearest vertex. Then according to Article 
120, 

FP = e.BD = e(BF^FD)=e (|-i^2>). 
But FD = PF cos PFD = poo&g}, 
therefore, FP = p=ze (£— pcos 9) ; 

.•.p=,— ^ — , a) 

l+ecos^ 




Fig. 184. 
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wliich is the polar equation of any conic section^ the pole being at 
the focus and the variable angle measured from the nearest vertex. 

If (^ be measured from the remote vertex, cos ^ in the 
preceding equation becomes negative, and we have, (desig- 
nating the angle by 9'), 

p= , ^ , . (2) 

1— ecos</> 

If the angle (p be measured from a line which passes 
through the focus F and makes an angle ft with the axis AF 
of the curve, {0 being positive in reference 
to the line of reference), we have 

^'^l+ecos(<^-/:^)' ^ 

which is a more general equation of a conic ^^^ 

168. Polar Equation to the Parabola. — For this 
curve, 6=1, and if the pole be at the focus, the initial line 
coinciding with the axes, equation (1) becomes 

which is the required equation. 

169. Polar Equation to the EIIipBe.— Let the pole be 
at one of the foci, and q) measured from the nearest vertex. 
We have c < 1, and 2p = 2o(l -e"), (Art 96, Eq. .(2)), and 
equation (1) becomes 

a(l — ^) ,-. 

^ l+ecos (p ^ ' 

which is the required equation. 

170. Polar Equation to the Hyperbola. — The condi- 
tions being the same as for the ellipse, except that e > 1, we 
have 

_a(^-l)_ ^gj 

^ l+eco89> ^ ' 

for the required equation. 
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171. Discussion of Equation (4).— If <p = Of p - Ip, 
which is the distance from the focus to the vertex of the 

parabola It ^^ = 90 \ p = pf which is one-half the 

ordinate through the focus and is one-half the lotus retitum^ 

as it should be Ji ^ = 180", p = oo, hence the onrre 

does not cross the axis in that direction. .... If <^=180'*— ^ 
i being any value however small, p will have a definite 
value ; hence if a line be drawn from the focus in the oppo- 
site direction from the vertex, making any angle however 
small with the axis, it will meet the curve at some point 
• . . . If <^ = 270^ p=p, as it should; and if <^ = 360% 
P = hP* which is the same as for <^ = 0°, as it should be. 

I 

172. Discussion of Equation (B), or /q= ^ ^^ ^ ' ^ 

^ V >'> '^ 1 + e cos qf 

Jtcp=0\p=za(l -e)=a-ea=A'C'' 
FG = AF. n 9>=90% p = a(l- 
^=i?!P. For9 = cos-^(-^)« 

COS"* , we find p = a, as it should. • • • . 

P 

If (p = mi\ p=ail-^e) = FJ If ^ = 360% p = 

a (1 — e) which is the same as for ^ = 0°. 

173. Disciission of Equation (6), or p=^5i-^^j^, for 

the hyperbola. Since e>l, the numerator is essentially posi* 
tive, and the denominator will ba negative when cos q) is neg- 
ative and > 1. For cp = 0\ p = a(e - 1) = F'A' For 

rp = 90°, p = a(e» - 1) = F'P. 





When </>= cos 



i-d 



the 



radius vector becomes parallel to 
the asymptote, and the equation 
gives p = 00 ; hence the positive 
radius vector will not cut the 

curve. As ^ > cos~'( — ) the ra- 
dius vector becomes negative, and the branch P" A 
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will be described. If 9^ = 180% p=--a(e +1) 

= F' Ay and from this point the branch AP '" will be de- 
scribed until ^ = 180° + coi3"*- when the radins vector 

e 

will be parallel to the asymptote CE^ and will be infinite. 
When it passes this value it again becomes positive and 

will trace the branch P.' A ' For r/> = 270% p =a (e^-l) 

^F P' For ^ = 360% p = a(e - 1) = F'Ar 

174. Polar equation to the Ellipse, the Pole being 
at the centre. — ^The equations for transformation from rec- 
tangular to polar coordinates, the pole being at the origin, 
are, (Art 55), 

X = pcos(^ + «), y = /osin(^ -h Of); 

and if the initial line coincides with the axis of a;, these be- 
come 

x= pcosq), y = /osin^. 

These values substituted in the axial equation to the ellipse, 
(Eq. (flh), Art 69), give 

a'/o?sin'9> + V ffco^q^ = ci?V\ 

ah 
V«' sin' cp + V cos' ^ * 

which is the required equation. 

176. Polar Equation to the Hyi)erbola^ the Pole 

being at the centre. — Changing 6 to ft V— 1 in the pre- 
ceding equation, gives 

ab 

p= ± — » 

V— a'sin'^ 4- 6* cos* 9' 

which is the required equation. 
If <^ = 0°, then p= ±a; 
9 = 90% p=±bV^^; 

9 = tan -,p= 00; 
a 

the last value of g^ being the inclination of the asymptote. 
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EXAMPLES. 

1. What is the polar equation of the parabola whose rectangular 
equation is ^' = 8 :7 ? What is the length of the radius vector for qt = 0% 
45% 60% 90% 120** ? 

• 

S. Required the polar equation of an ellipse whose axes are 8 and 6 
respectively, the pole being at one of the foci. 

8. What is the polar equation of an hyperbola whose transverse axis 
is 8, and the distance between the foci is 12 ? What will be the value 
of p for <p = 0% 90% 120% 180** ? 

4. If a comet moves in a parabolic orbit having the sun at the focus, 
and is 150,000.000 miles from the sun when the radius vector makes an 
angle of 90° with the axis ; how near will it approach the sun f 

Am. 75,000,000 milea. 

[For a shorter course omit to Chapter YL] 
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GENEBAL BISOUSSION OF THE EQUATION OF THE 

SECOND DEOBEE. 

176. Bectang^ilar Equation to a Conic Section 
having any i)08ition in a plane. — ^Let P be any point on 
the arc of a conic section whose 
coordinates are OK—x^ and KP 
= y; F the focus, and CB the di- 
rectrix. Let fall the perpendicidar 
FE upon the directrix, then, ac- 
cording to Article 120, we have 
FF -r- FE = e = the eccentricity. 
It is required to find FF and FE 
in terms of x and y and known 
quantities. Let the coordinates 
of the focus be OH = m, and HF 
= n, the distance OL of the directrix from the origin be cZ, 
and the angle which the axis AF of the curve makes with 
the axis of x, which equals LOX^ be ff; then 




Fio. 188. 



DF - OK- 0H= x-m; 
FD= FH'-'DH=n-y\ 
••. FF^= {x - mf + (y- n)\ 



0) 



Draw KO parallel to CB^ and note the point J where it 
cuts FEy then 

PE==FJ+ OQ- OL = yBmJKF + xco&GOK-d 

= y sin d + ojoos d — d 
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But, according to Boscovich's definition of a Gonic^ (Art 
120), we have 

hence equation (1) becomes 

{x — my + (y — ny = e{ysin0 + x cos ff — d)^; 

expanding and reducing gives 

1-^cos'g o 2e'singoos^ l-^sin'g . 

m« + n* - e'cP m^ + n'- ^cP^ "^ m« + n« - e*(P^ 

, ^^dco&6 — m . rtC'dsinS— n . -, ^ ,c%\ 

+ 2^Mr^.-l.-^^ + 2^^^-„iz:7^y + l=0; (2) 

which is the required equation. ^ 

177. Every Equation of the Second Degree be- 
tween two variables may represent a Conic Sec- 
tion. — ^The general equation of the second degree may be 
written, (Art 92), • 

Ax" + 2Hxy + By' -h 2Gx + 2Fy + C= 0; 

but since this equation may be divided by any one of its co- 
efficients, thereby making the coefficient of that term unity, 
it will be equally general if we make C unity. Hence we 
have for the general equation, 

Aa? + 2Hxy -h By" + 2Ghc + 2Fy + 1 = 0; 

in which there are Jive arbitrary constants, independent of 
each other. In the equation of the preceding Article there 
are also Jive arbitrary constants, viz., rw, w, rf, e, and S, in- 
dependent of each other. If now the coefficients of the cor- 
responding terms of the preceding equation and of equation 
(2) of the preceding Article be placed equal to each other, 
we have 

._ l-^cos'/9 l-c'sin'^ 



e'dsin^ — n 



F= 



m^ + ti"- ^cP' 
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If any values whatever be assigned to A, B, H, G^ jP, the 
values of m, n, d, e, and (f may be found by means of these five 
equations, and the latter quantities determine the character 
and position of a conic section ; hence, Every equation of the 
aeoond degree repreaerUs some conic aedion. 

178. Gteneral Test. — Subtracting the product of A times 
J?, of the preceding Article, from the square of IT, gives 

H^-AB= 

[e*sin»<?co8«<?~(l-c»cos'<?) (l-^sin'tf)] 

1 

= [c*sin» cos' ^ -1 + (sin»d+ cos* ^ c» - e*sin* ^cos' fl 

1 

e»-l 



s> 



the denominator of which is essentially positive, and there- 
fore the sign of the second member will be the same as that 
of the numerator of the fraction. When e > 1 it will be pos- 
itive, and negative when e < 1. Hence, according to Article 
93, we have 

for the ellipse . . c < 1, and H^ — AB < ; 
for the parabola . e = 1, and J?' — AB = ; 
for the hyperbola e > 1, and H^ — AB > 0. 

The species of the locus represented by the general equa- 
tion of the second degree, therefore, depends upon the coeffi- 
cients Aj By and JT, and is an ellipse, parabola, or hyperbola 
according as -EP — AB is negative^ zero, or positive, 

179. To cause the term containing xy to disappear 
from the general equation.— The coefficient of o^ is, (Art 
177), 

tXTT- 2e^singcosg 
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wHbh will reduce to zero for = O'' or 90^ The farmer 
value makes the axis of x parallel to the axis of the curve, 
and the latter, perpendicular to it. But changing the coordi- 
nate axes cannot change the character of the locus ; hence by 
transforming the equation so that the axis of x will be paral- 
lel or perpendicular to the axis of the curve, the general 
equation becomes 

^x* + 5^ + 20x + 2Fy + 1 = 0, 

and since this transformation is always possible, this equa- 
tion includes all varieties and species of conic sections. 

Take the axis of xparaUd to the axis 
of the curve ; then 9 = 0, and the values 
of the coefficients, (Art 177), become 




A = 



1-^ 



m» + n*-c'cP' 



B=: 



m 



• + n»-e»<?- 



JT=0; 



fl^ = 



^d — m 



F= 



— n 



m 



rT7?'=7^ 



180. To cause the coefflcient of y to disappear. — ^This 
condition requires that F be zero in Article 177, 

.-. S = 0, and 71 = 0, 

which makes the axis of x coincide with the axis of the 
curve. This condition also reduces H to zero, hence the 
general equation becomes 

Aa? + Bf -h 2Gx -h 1=0; 

which involves dU varieties of conic sections. The values of 
the coefficients become 



1-e* 1 

>4— — — — -• B — 



= 



^d — m 



181. Bemark. — ^When J? and -Fare zero, no other coeffi- 
dents can geneballt be zero. The value of A cannot also, gen- 
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erall jy be zero, for if it is, e must be unity, which is tme only 
for the parabola ; B cannot be zero unless m or (2 is infinite^ 
neither of which would represent a finite curve ; and O cannot 
generally be zero, for if it were we would have d = min the 
parabola, which would cause the directrix to pass through 
the focus, a condition which is not true of the common 
parabola. 

Varieties of Conic Sections. 

182. Varieties of the Ellipse. — ^For this case we have 
to determine all the forms of led represented by the equation 
Ac'-hBy^^ 2Gx + 1 = 0, when H^ -AB <0. 

Since H is zero in this equation, we have — AB < 0, hence 
A and B must be finite and have the same signs. The ori- 
gin may be so taken that m = ^c2, in which case = 0, and 
the equation becomes 

Aai' + Bf-hl^O, (1) 

which involves all the varieties of the ellipse. 

If A and B are essentially negative, this equation be- 
comes 

Aa? + Bf= + 1, (9) 

which is the equation of the ellipse referred to its axes, 
(Art 69). If A and B are essentially positive, we have 

x=/^^, (3) 

which is imaginary and the equation represents no real 
locus, but we may say that it represents an imaginary lo- 
cus. If ^ =-B and both are negative, we have Aaf -^Ay^ =1, 
which is the equation of the circle, (Ari 57). Substituting 
m = 6^(2 in the values of A and B of Article 180, we have 

^ = "'"?d»(l-60"""?d5"' ^"" e»d*(l-€?)- ^*^ 

Substituting these values in equation (1), multiplying 
through by (1 — e*), and representing the coefficients of a? 
and ^ respectively by A' and B\ gives 
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If now the absolute term be zero, or ^ = 1, ihe eqnatioii 
reduces to the form 

A'of + By = 0, 

But an examination of equation (4) shows that 

which is zero when ^ = 1, hence the equation beoomes 

which is satisfied for ± x indeterminate and y = ; and henoe 
is the equation of the axis of x ; hence a straight line is a 
particular case of an ellipse. But when e = + 1, the locus is 
a parabola, (Art 93) ; hence the ellipse and parabola ap- 
proach the same right line as one of the limits of those curves. 
There are, therefor?, five varieties of loci embraced in the 
general equation of the second degree, which fulfil the con- 
dition IP— AB < 0, and hence are called varieties of the 
ellipse ; viz., the Ellipse proper y the Circle^ the Pointy the 
Right lAmy and an Imaginary Locus. 

183. Varieties of the Hjrperbola. — These are in- 
cluded in the equation Aar + -By* + 2Gx +1 = 0, (Art 180), 
under the condition IP — AB > 0. Since JS" — in this equa- 
tion, A and B must have contrary signs so that their pro- 
duct shall always be negative, and hence — AB be always 
positive. Taking the origin so that m-=-^d\ in which case 
G— 0, the equation becomes 

in which A and B must have the same sign, since the sign of 
one term is changed. If A and B are essentially negative, 
this equation becomes 

u4a^-5y*=+l, (1) 

which is the equation to the ordinary hyperbola (or flC-Aypcr- 



184.] EQUATION OF THE SECOND DEGREE. 125 

hda)^ (Ari 78). If A and B are essentially positive, this 
equation becomes 

which is the equation to the conjugate hyperbola (or y-hyper^ 
bola). Ji A = Bf we have 

Ax'-Ay'^ ±1; 

which is the equation to the equUaierdl hyperbola. Substi- 
tuting the value of m = ^d in the values of A and B, (Art 
180), they become the same as for the ellipse. Substi- 
tuting their values in equation (1), multiplying through by 
€?cP (1 — e*), and representing the coefficients by A' and B' 
(observing that they have contrary signs), and making (2=0, 
6 and A' will be indeterminate, and we have 

which is the equation of ttoo right lines passing through the 
origin. If rf be zero or finite, and e = ± 1, in which the 
upper sign is characteristic of the parabola, the value of A' 
for both values of e becomes zero, and the equation be- 
comes 

O.a^-By^O; 

which is satisfied for + x indeterminate and ^ = 0, and hence 
is the equation to the axis of x. This same right line is, 
therefore, a limit both of the hyperbola and parabola. Hence, 
the condition H^ — AB > 0, in the general equation of the 
second degree, gives /our varieties of loci, and are called 
varieties of the hyperbola ; viz., the Common Hyperbola, the 
Equilateral HyperboUiy Ttoo Right lAnea intersecting each other, 
and One Right Line. 

184. Varieties of the Parabola.— Resuming equation 

.4a:» + %' + 2Grr + l = 0, 
and the analytical condition for the parabola, which is 

-ff*-^LB = 0; 
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we observe that, since H is zero in the former equation, 
either A or J?, or both A and B^ must be zera 
If -4 = 0, we have 

But, for the parabola, e = 1, and the equations in Article 
180 beoome 

Substituting these values in the preceding equation and 
multiplying by m» - eP, gives 

y* +2{d — m)x + m* — d* = 0. 

The absolute term is zero when 

m' = cP; or m= ±d 

For m = + (f, the preceding equation becomes 

y» + 0.aj = 0, 

which is the equation of the axis of x. But when n» = + (2 
the directrix passes through the focus, (Arts. 176 and 179), 
and this condition reduces the parabola to a straigM line 
passing through the focus. 

11 m= — d^ the absolute term vanishes, and the coeflEL- 
cient of x becomes 4d, and the equation becomes 

tf^ + 4dx = ; or y* = — 4dx. 

If d be positive, y will be real for negative values of x, 
and imaginary for positive values. 
If c2 be negative, it may be written 

y^ — 4dx, 

which is the equation of the common parabola. 

The condition that m = — d, places the directrix as far 
from the origin in one direction as the focus is in the oppo- 
site direction, which agrees with Article 85. 
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If J5 = 6, we have the/orm 



X 






and y indeterminate ; but to make J5 = 0, m or d most be 
infinite, either of wUch reduoes A and to zero, henoe 
the preceding value of x becomes a? = oo , hence the line is 
parallel to y, but infinitely distant. 

Substituting e = 1, in the equations of Ariticle 180, we 
find that if -B = oo we have m' = d* ; .\ A = 7:; and also 

& = t: ; that is, both are indeterminate. 
li A = and B = OyWe have 

2Gx + 0.f + l=0, 

which is the equation of a right line parallel to the axis of y^ 
and at a distance from it equal to — ^j^. 
In the general equation 

Aa? + 2Bjcy + By^ + 2Gx + 2Fy + 1 = 0, 

if ^ = J? = ± IT, we have H^ — AB = (which character- 
izes the parabola), and the equation becomes 

A{x-\- yY + 2Gx + 2Fy +1 = 0. 

Making A = B= ± Hin the equations of Article 177, and 
at the same time making e = 1, we find that sin = cos ; 
.\0= 45"" ; hence the axis of the curve cuts both coordinate 
axes at an angle of 45"". Transforming the origin of coordi- 
nates to a point such that jP= 0, and (7 = 0, we find from 
the last equations of Article 177 that 

m = 91, c2 = V2 n, and ^ = od. 
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liF=^ Owe have 

vliich is the equation of two real straight lines if ^ < CP; 
of two imaginary lines if ^ > 0*, and of one real line if 

There are, therefore, Jive rarietiea of the parabola, tIk, 
the Common Parabola, the Imaginary Parabola, the Sight 
Line, two ParaUd Bight lAnea, and two Imagituxry Bight 
Lines. 

186, UluBtration. — It will be shown heret^r, (Art. 
252), that the intersection of a plane with a oone will be 
a parabola when the plane is parallel to 
an element of the oone, as LB ; an ellipse 
if the plane outs all the elements of the 
oone, aa AE; an hyperbola if it cats both 
nappes of the cone, as DA ' AH. Taking 
these for granted, we may easily iUns- 
trate all the varieties of the oonio seo- 
tions. 

If the plane of the ellipse be tamed 
antil it is perpendicnlar to the axis of the 
oone, the line of intersection will oon- 
Pin. i«). stantly be Ka ellipse, but when the plane 

becomes perpendicular to the axis the intersection will be a 
circle. If the plane pass through the apex it will cat all the 
elements, for they all pass through that point, and the intei^ 
section becomes a point. If it be turned antil it is tangent 
to the cone along AB, the intersection becomes a straight 
line, which is one of the special cases of an ellipse. If the 
apex of the cone be infinitely remote, the oone beoomes a 
cylinder, and the intersection AE is still an ellipse. 

If the plane DA 'AH pass through the vertex, it will 
intersect both nappes, but the intersection will be two 
straight lines intersecting at the apex. If the plane be tamed 
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about an axis through the vertex, the two lines approach 
the single line VB as a limit, and this is a particular case of 
the hyperbola. 

If the plane LB passes through the apex and parallel to 
an element the intersection will be a rigid lincy AB, If the 
apex of the cone be infinitely distant, the surface becomes a 
cylinder, and the intersection of a plane parallel to an 
element will be two i^ld lines unless the plane be tan- 
gent to the surface, in which case it will be limited to one 
right line. If the plane be parallel to an element, but does 
not cut the surface of the cylinder, the intersection will be 
imaginary, and will represent the two imaginary right lines. 

186. Probl«m. — P<U9 a tonie through any Jive paints in a plane, and 
thovB thai ^ly one eueh conic can he paeeed. 

Let («,, y,). («t. Vt), («3, ya), («4, ViX and {Xs, y«) be the five points. 
Subetituting these values successively in the general equation of the seoond 
degree, (Art 177), we have the five equoHons of condition 

Axi* +2EXiyi -hByi* -h 2GhBi +2^, +1 =0; 
Axt* + Zmstyt + Byt* + 20xt + 2F^t + 1 = 0; 
Axt* H- 21&,y, + Byt* H- 20x2 + 22?^, -1-1 = 0; 
Ax^* + 2Ex^y^ 4- JBy** H- 20x^ H- 21^^ +1 = 0; 
AXfi* + 2I&«yo + Bys* + 2QZi + 21^^ + 1 = 0; 

from which the value of the five arbitrary constants may be found, whieh 
values substituted in the general equation Ax* + 2Exy + By* + 6^ + ^ 
+ 1 = will g^ve the required equation. Since the unknown quantities A, 
H, etc., are of the first degree, only one set of values can be found, and 
since the five points give five conditions, they can generally be definitely 
determined. 



EXAMPLE. 



1. Determine the equation of a conic section which shall pass 
through the points (2, 1), (gj^j, ("g'^a)' (""3'""^)» 

/^, — - j ; find its species, its eccentricity, the position of its directiiZi 

and locate the curve in reference to the codrdinate axes. 
9 
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The equations of condition will be 

4i4 + 4iJ+5 + 4G^ + 22?'+ 1=0; 

d5 20 10 

-^A + -^H + 4JB + -g-C? + 42?' + 1 = ; 

4 4 14 2 

5^ + g^ + ^5-5(7-g2^4.1 = 0; 

^il+4Jr+9JB-|G'-62?'+ 1 =0; 
^. 20„ 4„ 10^ 4„ ^ ^ 

Belying these equations, give 

- « 1 ^„ 2 ^ 4 ^„ 2 
il = -l, J9=-3,2^=g,2G'=g, aJ^=-3: 

and the equation of the locus will be 

-«* + 3ay-3y' + 3a?-3y + l=0; 

in which the absolute term must remain positive since it is podtiYe in 
Article 177. 

To determine the species of this locus, we hare 

H*^AB^\-\^^\, whichis<0, 

hence the locus is an ellipse. We now have, according to Article 177, 
1 - g«cos« e l-g«sin«e 1 



e* sin cos 1 _. «• <f cos — «• 2 



!»• 



tf« rf sin — n 1 






(5) 



I^m (1) and (3) we hare 

1 -«» (1 - sin' 0) = 8 - 3««8m* 9 ; 



••• «ii»' 9 = ^^. («) 
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From (2) and (8) we have 

tf* sin 6 cos = 1 — tf« sin* 0. 
Squaring, substituting sin' from (6), we find 

tf« = 2(^2-l); • (7) 

.-. « = 0.910+. (8) 

This value of e in (6) gives 

sin = iV2+V3 = 0.9288 + ; .-. 8 = 67* 80'. (9) 

Equation (2) now gives 

m* +n«-tf«<i« = -8(l-d«sin«8) 

= -i(2-/2); (10) 



and (4) and (10) give 




d«<f cos«-m = -(2— V%)\ 


(11) 


and (5) and (10) g^ve 




tf«<fsinO-ii = i(2-V^). 

• 


(12) 


Let^ = i(2- V2)=iV2(l^-l); 




then, (Eq. (7)), «• = 2 V2A ; 




and from Eq. (9) cos = ^ V2A\ 




and, therefore, sinO — 1V5 V2 — A; 




and equations (10), (11), (12), become 




!»• + n« -2 i^^<f« = -8-4; 


(18) 


2^*<f-m=-2il; 


(14) 


2i4<2 i^2 - ^ - n = ^. 


(15) 



Eliminating d and n from these equations, we find 

(A^iV2)m* 
+ {2A* - 4^« - ^« V2A -^« + V2^)i» 

= ?^*-^il*-2i4»V2il-^«+ V2A: 
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Introducing the value of A and reducing, we find 

HI* — m = 0.68 +, nearly; 
.-. m= 1.46 -h or- 0.46+. 
These values in (14) give 

<? = 2.76 or -8.81; 
and these in (15) ^ve 



n = 1.81 or — 2.83. 



Making OH = wi =1 -46, and HF = n = 




Fig. 141. 



1.8 -f, locates the focus F^ 
and OJy'=n = + 3.8+, 
E'F' = m= - 0.46 
locates the focus F'\ 
and the line AA'Amwa 
through the foci lo- 
cates the major axis. 
It should make an an- 
gle ^G^X= 67' 80'. 

The distance OL 
=(2 = 2.7 + , parallel to 
AA\ gives the dis- 
tance of the directrix 
LB from the origin, 
and the line LB^ 
drawn through £, per- 
pendicular to AA' 
gives one directrix. 
Similarly, OL*z:zd^ 
— 8.8 +, determines 
the other directrix. 
The centre C is mid* 
way between F and 
F'y and 

^^ ^^ 



187. Another Mode of Discusaion. — ^The process of deter- 
mining the position and dimensions of a ourve by the pre- 
ceding process is often very lengthy, so that instead of re- 
sorting to it, the curve, in practice, is simply constructed by 
points. Thus in the preceding example, in which the equa- 
tion is 

^2 1,4.2 - ^ 
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we assume values for y and find x. We thus find 

if y = 0, a: = 1.86 + = OX, or - 0.53 + = OX'; 

y = 1 = Odj oj = 9 = a6, or ; 

y = 2 = Oc, a;= 1.66 + = c^, or + 1.00 = od; 

y=-l = 0/, a; = L53 4- =Aor -0.86+ =/sr; 
eta; eta; 

through which points the curve may be traced. 

A general discussion may be made without introducing 
the eccentricity. Besuming the general equation 

Aa^ + 2Hxy + Bf ^^Qx + 2i?V + 1 = 0, (1) 

and solving for y^ we have 

B B 

which generally gives two values for y^ one of which exceeds 

Hx + F 
the ordinate given by the rational part, ^-^^ , as much 

as the other is less than that part. If the rational part be 
represented by j/i, then 

Hx + F /Q\ 

y. = ^- (2) 

is the equation of a diameter. This diameter will be conju- 
gate to the diameter parallel to the axis of y. 

187a. To remove the coeflBLcients F and O fSrom the 
general equation. — Transform the axes to a new origin, the 
axes remaining parallel For this case we have, (Art 49), 

x=ixi + m, y = yi + n, (3) 

(since m and n may be either positive or negative), and sub- 
stituting these values in equation (1) we find 

Ax? + 2 JZciyi + By? + 2{Am + fife + 0)aji + 2{Bn + Hm 
+F)y^+C'=0, (4) 
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in which C is the sum of the absolute terms. Ma.lriTig the 
coefficients of oci and tfi equal to zero, we find 

BG-HF AF'-HO ,^ 

» 
from which the values of m and n maybe found, except when 
H* — AB = 0, in which case m and n are either infinite, or 
indeterminate. The finite values of m and n from equations 
(5), substituted in equation (4), give, after dropping the sub- 
scripts, 

Aa?-\-2mcy + Bf+ C" = 0; (6) 

hence, if the coefficients of the first powers of both x and y 
in the general equation can be removed at the same time, it 
can be done by changing the origin to a point whose coordi- 
nates are given by equations (5). 

If, in equation (6), we substitute — x for x^ and —y for y, 
it will remain of the same form and value ; hence the locus 
will have a oen^re and the origin of coordinates will be at that 
centre. Hence, also, for every locus of the second order 
which has a centre, the origin of cof^rdinates may be taken 
at such a point that the terms containing the first powers 
of the variable shall disappear. 

Comparing the value of H^—AB with Article 178,. we 
see that the parabola has no centre, but that the ellipse and 
hyperbola have each a centre. 

187&. To remove the term containing :r y £rom fhe 
General Equation. — Turn the new axes through an angle 
a. For this we have, (Art 54), 

» = «' cosa — y' sintr, 

y = rr' sin ex + y' cos ot ; 

and these values substituted in equation (6) give 

{A cos'a + B sia^tr + 2H sin (x cos oe)x ' ^ 

-\-{AQW?a -{-Bco&^fy- 2H sin rr cos cr)y'^ v. (7) 

+ [2{B-A) sin acosa +2Jy(cosV-8inV)]a;y + C" = ) 

Making the coefficient of xy' equal to zero, we find 
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2 sin ^r cos fy , n 2J5r /qx 

cos' tr— sin* a A — B 

and equation (7) will reduce to the form 

in which A ' represents the coefficient of o;^ ' ; and B\oly'^\ 
or, dropping the accents, it becomes , 

Aaf-^By^^C=(i. (9) 

Hence the term containing ocy in the general equation of 
the second degree may be made to disappear by turning the 
rectangular axes through an angle a^ the value of which is 
given by equation (8). 

After removing the term containing ocy^ the general equa- 
tion becomes 

A3?-^Br^-{- 2Gx +2Fy+C = 0, (10) 

and when the locus has not a centre we have H^ — AB = 0; 
and since J7is zero in the preceding equation, we must have 
either AotB equal to zero, and the equation becomes 

Aa? + 2Gx 4- 2Fy + C=0, ) 
or By' + 2Ox-{-2Fy + C=^0.) ^^^^ 

The origin of coordinates may now be changed to such a 
point as to reduce these equations to the form 

A,^-^2F,y==0,) 
or B^-h2G,x = 0.\ ^"^ 

which are the well-known equations of the parabola. 



EXAMPLES. 

1. Required the equation of the conic passing through the five points 
(0, 0), (2, 8), (8,-6), (18,-9), (82, 12), and find its species. 

Asu, y* = -X, 

8 
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2. Find the equation of a conic passing throngh (—3, »4), (1, S), 
(0, 0), (8, - 6), and (- 1, 2). 

Am, y =s ± 2«. 



8. y» - 2ay + 2«« - a* = 0, is the locos of 
what ? Does it pass through the origin t Does it 
cat both coordinate axes t 




VM.UBL 
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ADDITIONAL EXAMPLES. 

Of Points and Lines. 

1. FiKD the coSrdinates of the point which bisects the line joining 
the points whose co5rdinates are (2a, — 5), (~a, 2^). 

2. Show that the area of the triangle inclosed by the lines 



a; + 2y-5 = 0, 2aj + y-7 = 0, y-«4-l = 0, 



is?. 
2 



8. Show that if the whole area included between the lines x-^y^e^ 
and &r + ay = oft and the coordinate axes, be bisected by the line which 
joins the origin with their point of intersection, then « is a geometric 
mean between a and &. 

4. Prove that the equations to the lines bisecting the angles between 
the lines whose equations are 

12fl;+5y = 8, and 82; — 4y s= 8, 
willbe 

9fti;-27y = 70, and 21« + 77y = 1. 

5. Find the condition of perpendicularity of the straight lines repre- 
sented by the equations 

ir4.(a + 5)y + tf = 0, 

a{x + ay) + 5 (« — Jy) + <2 = 0. 

6. Find the equation. to the line passing through the origin and per- 
pendicular to the line a; + y = 2. ' 

7. Find the perpendicular distance of the point (1,-2) from the 
line a? H- y — 8 = 0. 

8. Find the equation to the line which passes through the point 
(a, 5), and through the intersection of the lines 

•^ . y 1 « y . 

a ' 5 a 



138 EXAMPLES. 

m 

0. GiTen the codrdinates of the vertices of a triangle^ to find tfao 
equation to the line which joins the middle points oi two sides. 

10. Find the tangent of the angle between the lines 

y — mx^O, and my + a; = 0, 
when referred to oblique axes. 

Am. —3 — rtan^. 

HI*— 1 

11. Show that the tangent of the angle between the two lines coa- 
tamed in the equation Ay* + Bey + Cx* = 0, is — — a-^ 

12. Show that ix* — 1^ + 9y'— 4i;+6y — 12 = represents two 
parallel right lines. 

18. Show that to* — 12j^ + 4y* — 2^ +y — 8 = does not repre- 
sent right lines, and find what value must be assigned to the coefficient 
of X in order that it may. 

14. Find the equation to the line passing through the intersection of 
X cos a + yB\n a = p, and x cos fi + y sinfl =p\ and cutting at right an- 
gles the line x cos y -^y sin y =p", 

15. The lines drawn from the angles of a triangle to the middle of 
the opposite sides meet in one point. (For a solution by QuatemionS| see 
Articles 835-7.) 

16. Show that the lines which bisect the angles of a triangle inter- 
sect in one point. (See Articles 841-8.) 

17. Show that the altitudes of a triangle meet in a point. 

18. Substitute numerical coefficients in the equation Ax* + 2Sty 
-k-By* -^ 2Gx -k- 2Fy + C/ = 0, so that the result shall represent two right 
lines. 

10. Find the polar equation to the line passing through the points 
(8, 80°), and (2, 60**). 

20. Construct the line r cos {<p — n) -h r sin (^— \n) = 2. 

21. Find the polar equation to a line perpendicular to the line j> = r 
cos (© — 60°). 

22. Construct the line 5 = 8rcos 6 — 6r sin 9. 

28. Show that the angle between the lines a = 4r cos + 8r sin 0, 
and ft = 8r cos — 4r sin G is right. 

24. Find the polar equation to a line passing through the point 
(6, 45°) and making an angle of ^ie with the initial line. 

25. Find the point of intersection of the lines p = r cos (0 — fir), and 
8r cos 8 -H 4r sin + 5 = 0. 

Of the Circle. 

26. Find the equations to the straight lines joining the centre of the 
circle a;*+ ^'=a*, with the points in which the line 2(a;+ y)=<^ meets it. 

Ana, y = i(± 1^ — 4)«. 
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27. Detennine the centre of the circle ar" + y" 4- 4aj -h 4y — 1 = 0. 

28. Find the equations of the two circles which touch the straight 
lines y± 2 = 0, and pass through the point (A^ ib). 

Am, aj« + y« - 2y (2;b ± V2ifc«-2A«)= ^(21; ± V2h^ - 2A« )•. 

20. Show that the locus of a point whose distance from a fixed line 
is equal to its distance from a fixed circle, is a parabola. 

80. Find the points of intersection of the circle «* + y* = 12, and 
the line 8a; — 2y = 6. 

31. Find the equation to the tangent of the circle «* + y* — 2 y — 
&0 = 0, passing through the origin. 

Am. 2y + 8aj = 0. 

82. Find the equation to the circle which passes through the origin 
and the intercepts a; = 4 and y = 5. 

83. Show that the portion of the line a; + y = 3a, which is between 
the codrdinate axes, is trisected at the points where it cuts the circle 
«■ + y* + a* = 2a(a? + y). 

34. A CB = 2R is the diameter of a circle, CP, CQ are perpendicular 
radii ; show that the locus of the intersection of AP and BQ is a circle 

whose centre is in the given circle, and radius is V2B, 

35. A point moves so that the sum of the squares of its distances 
from the four sides of a square is constant ; show that the locus of the 
point is a circle. 

86. Show that the locus is a circle when the point moves so that the 
sum of the squares of its distances from the sides of an equilateral tri- 
angle is constant. 

87. If a point moves so that the sum of the squares of its distances 
from any number of fixed points is constant, show that the locus will be 
a circle. 

38. Find the equation to the circle when the axes are inclined at an 
angle 09 = 120°, the intercepts being (0, h\ and (0, h), 

80. Required the radius of the circle x* +y'+2ry cos oo^hx —hy =0. 

^(h* ^ k* ~2Al;cos<») 
^^- 2 sin » 

40. Find the locus of the middle points of chords drawn from any 
point of the circle. 

41. Given the base of a triangle and the sum of the squares on its 
sides ; to find the locus of its vertex. 

42. ABC is an equilateral triangle, find the locus of a point P, such 
that PA = PB-k- PC. 

43. Find the polar equation to the circle, the initial line being a tan- 
gent. 

44. Show that the locus 

r = -4 cos (<p — a) + B cos (q> — fi) -h C cos (^ — ;^) + etc. 
is a circle. 
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45. If the centre be at the pole, show that the polar eqnatioii to the 
chord of a circle which subtends an angle 2fi at the centre ia r =: e cos /f 
sec (g) — a) when a is the angle between the initial line «nd the line from 
the centre which bisects the chord. 

46. Determine the radius and centre of the circle f* -^-^a (cos ^ + 
sin q>)T — c» = 0. 

47. A line is drawn from a fixed point 0, meeting a fixed' circle in P; 
in OP a point Q is Uken so that OP, OQ=:k* ; find the locos of Q. 

48. Find the bilinear equation to a circle, the axes bdng a pair of 
tangents and making an angle of 45'' between them. 

49. Find the equations to the common tangents of the two cirdea 

a?* + y*— « — y + 4=:0, ir*-fy* + « + jr — 4=0. 

50. If PQ be the diameter of a circle, the polar of P with respect to 
any circle that cuts the first at right angles, will pass through Q. 



Of The Ellipse. 

51. What is the eccentricity of the ellipse Ssp* + 4y* = «■ f 

52. If the normal to an ellipse at the extremity of the latus rectum 
passes through one end of the minor axis, show that the eccentricity 

will be Vi(V^- 1). 

58. If the tangent to an ellipse at the extremity of the latus rectum 
meets the minor axis produced in /T, and the normal at the same point 
meets the major axis in 6^, and if the angle between the normal and the 
major axis is cot-* «*, find CG •+- CK, C being at the centre. 

54. Find the locus of the middle point of a focal chord. 

55. Given the base of a triangle and the product of the tangenta of 
the angles at the base ; prove that the locus of the vertex is an ellipse. 

56. Show that the equation to the normal of an ellipse expressed in 

terms of the tangent of the angle which the line makes with the axis of 

a* - 6" 
a; is y=:mx~-m , — . 

57. In the ellipse «• + 4y« = 9, show that the locus of the middle 
points of all chords passing through the point (a, fa) is (9 — ^)' + 
4(y-.ia)«=K 

58. If the ordinate of a circle whose equation is »• +y* = r*'be 
increased in length by the corresponding abscissa, show that the locus 
of the extremity of the ordinate thus increased is an ellipse. 

59. Find the locus of the intersection of a normal to an ellipse and a 
perpendicular upon it from the centre. 

-4/M. (j;« + y«)» {€^y^ + 6«««) = «*««y*. 
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60. Find tho locus of the intei;section of a normal to an ellipse and a 
perpendicular upon it from one focus. 

Am. {a*y* + b*x^) (y« + «« - ex)* = e*x*y*. 

(This oarye consists of two loops one inside the other. — Ed, Timea. Re- 
print, Vol. XXIV., p. 26.) 

61. Find the locus of the intersection of a perpendicular from the 
centre upon a tangent. 

Am. p* = a* cos* g) + b* cos* gj. 

62. Show that the lengths of two conjugate semi-diameters, in terms 
of the eccentric angle, are a*=.a* cos* ^ + ft* sin* ^, and 6' * = a* 
sin* g>-\-h* cos* <p. 

63. Find the locus of the intersection of tangents drawn through 
the extremities of a pair of conjugate diameters. 

Am. a*y* + 6* «« = 2a»6« (7%<f Wktenberger, 1878, p. 40). 

64. Find the locus of the poles of the normals of an ellipse. (Re- 
print. Ed. Times, Lond., Vol. XXVI., p. 98.) 

Solution. — A solution is easily effected by means of the eccentric 
angle. The equation to the nonual may be written, (Art. 113a), 

a sec (p h cosec <z> 

^t {x\y ^i) be the pole of the normal; then, according to Article 
150, equation (1), the equation of the normal will be 

which must be identical with the preceding equation ; 

X\ a sec (p y'i h cosec <p 



• • 



a« - c« ' 6« "" c* 

Eliminating <p ^ves (dropping the subscripts), 

a^yt + 5«aj« = c*aj*y* 

which is the required equation. 

(Let the solution also b3 made by means of the rectangular equation to 
the normal.) 

65. If («,, y,) is the pole of the chord PQ, normal at P to the conic 

X* v* ^* ^ 

•^ + -jj = 1, prove that the equation to the normal at© is ^, , • — + 

ft* t/ 6* 

a*— iPi* y\ ft*aj,* + a*yi" ^ *^ ' 

[Suo.— The values of ar, and y,, are given in the preceding example. 
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The codrdinates of the point Q, found by combining the equation of 
the normal PQ with that of the ellipse, will be 

[flkj* -- ab* cosec" <p] sec tp [6c* — a*h sec <p] cosec q> 
a* sec" <p + 6* cosec q> ' a* sec* <p ^ h* cosec* ^ ' 

in which substitute the values of sec q» and cosec q} from the preceding 
example, and find 



ft"-y.* 


a* -«• 


l^xx* -f a'y^*^'^' 


~ 6«ajj • + a*y* ^^^ » 



then find the equation of the normal through this point] 

66. Show that the focal radii of any point of an ellipse, in terms of 
the eccentric angle, are r = a (1 — « cos <p) and r* = a (1 + « cos qt), 

67. Two radii vectors at right angles to each other, are drawn from 
the centre of an ellipse ; show that the locus of the intersection of tan- 
gents drawn at their extremities is an ellipse whose equation is 

68. If P be any point of an ellipse, y its ordinate, A and A* the ex- 
tremities of the major axis, show that tan APA' = j— . 

9 

69. The locus of the middle point of the normal to an ellipse, inter- 
cepted between the curve and the major axis, is an ellipse ; show that if 
the eccentricity of the given ellipse be «, that of the locus will be 



'' -[*-(!+«•)•] • 



70. Show that the equation to the locus of the middle points of all 
chords in an ellipse whose length is 22, is 



a^yt^ b*x* X* y* 



71. Find the polar equation to the ellipse, the pole being at the prin* 
cipal vertex, and the major axis being the initial line. 

72. Find the polar equation to the ellipse, the pole being at the point 
(oTn, ^o) ^^ reference to the centre, and the initial line making an angle a 
with the major axis. 

78. The polar equation to the tangent, the pole being at the left fo- 
cus, the major axis being the initial line, and (p', q>') the tangent point, la 

^ cos {q> — (p) -^ e cos q> ' 
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74. Pind the polar equation to the curve given in example 60. 

75. Given the relative values r, r\ r\ of three radii vectors dra^rn 
from the focus of an ellipse, and the angles between them ; required the 
relative value of the major axis, the eccentricity of the ellipse, and the 
position of the major axis. 

Suggestion.— Let <p be the angle between the major axis and r, 
measured from the nearest vertex, a the angle between rand r', and /Jthe 
angle between r and r '. Then equation (5), page 115, gives 

a(l - «•) 
r = 



r = 



f^' = 



1+0 cos qf * 

a(l-««) . 
1 + tfcos(^+ a)' 

1 4-«cos(<p-h fiy 



in which r, r\ r'\ a, and fl being known, a^ e, and g) may be found by 
eliminieition ; the last of which gives the position of the major axis in ref- 
erence to r. We find 






r cos q> — r cos (ip •¥ ff) 



g (r - r") -jr- r) (r - r" cos 0) 
tm<p^ f." (r - r) sin yC; - r' (r - r") sin a • 

Having found tp from the last equation, its value in the preceding 
equation gives e, and from these a may be found in terms of r. 

[Remabk. — By observing the apparent diameter of the sun on three dif- 
ferent dates, and the angles passed over between these dates, the eccentri- 
city of the earth's orbit, the position of its major axis, and the relative value 
of the major axis may be found. It is difficult to observe the diameter of 
the sun, so it is better to observe the apparent angular velocity, and use the 
principle that. The relative distances of the sun are to each other as the 
B^iare roots of the sun's apparent angular velocity.] 

The Parabola. 

76. A circle radius r touches a parabola whose latus rectum is 4p at 
the vertex, show that if it cuts the parabola, the distance from the ver- 
tex to the straight line joining the points of intersection will be fir — 4p. 

77. Find the equation to the axis of the parabola whose equation is 
(« — «)«= o(aj + y). 

78. Show that the vertex of the parabok (80 — 4y)* — 6(k» +25a* ss 



>,u (?«,-?«). 
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70. QOQ ' is a fixed chord in a parabola, P' OP another chord paral- 
lel to a given straight line. Op is taken on OP^ produced if necessary, such 
that OP, Op = OQ . OQ^ ; show that the locus oip is a parabola. 

80. A normal is drawn at the point (:r', y' ) ; find the point where it 
again cuts the parabola. 

81. Show that the equation to the parabola referred to a pair of tan- 
gents at the extrftnities of the latus rectum is ^y/* -H \/y = Vp V2 • 

82. From any point there can no more than three normals be drawn. 
88. Find the' points of intersection of the parabolas y* = 2/kb, and 

«« + 4py = 0. 

84. Through the point {x\ ^' ) on a parabola a normal is drawn; find 
the equation of a tangent parallel to the normal, and the point of contact 
of the tangent. 

85. Find the equation to the normal passing through the point of 
contact of the tangent in the preceding example. 

86. Find the locus of the middle points of focal chords to a pa- 
rabola. 

87. Show that the locus of the centre of a circle which touches a 
given line and given circle is a parabola. 

88. Find the locus of the centre of a circle inscribed in a variable 
sector of a given circle, one of the bounding radii being fixed. 

80. Find the locus of the intersection of mutually perpendicular nor 
mals to a parabola. 

(SoLxmON.— The equationa to the normals will be 

y_y' = _i.(e_«'), 



Because they are mutually perpendicular, we have 



y" = -7. a) 

and the equation to the curve gives 

2p' * ~ 2p ' 

and the equations become, by substitution, clearing of fractions, and 
multiplying the first by 2^, 

2yy'* - ^pyy'x- ^p*y* - ^p*yy\ 

2yy'^ + 2pV* =2lMy» -i>*. 
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Subtracting and solving for y\ we have 



— y±yy^ 



2{p-x) 



This gives two points from which nonuals may be drawn, and these 
normals must be mutually perpendicular, so that if one be f/ the other 
will be y" and we have from (1) 



which reduced gives 

hence the locus is a parabola having one-fourth the parameter of the given 
curve, and whose vertex is on the axis of the given curve at a distance 
from that vertex equal to three times the distance of the given focus 
from the vertex of the given curve.) 

90. Prove that the equation to the normal in terms of the tangent of 
the angle which it makes with the axis of the curve, is y = nu; — pm — 
ipm^. 

(Obs. — The preceding example may be solved by means of this equa- 
tion.) 

91. If two parabolas whose axes are mutually perpendicular inter- 
sect in four points, prove that the four points are in the circumference 
of a circle. 

92. If two parabolas, having a common vertex, and axes at right 
angles to each other, intersect in the point x'y ; then 

2p : x' :: y : 2p'. 

[Obs. — ^This property enables one to insert graphically two geometric 
means between two given lines, and for this reason has been used in solv- 
ing the celebrated problem of the Duplication of the Cube.] 

93. Parabolas have their axes parallel and all pass through two given 
points ; prove that their foci lie in a conic section. (Tait & Eelland's 
QtuUemioiu,) 

94. Prove that the locus of the poles of normals to a parabola is 
(X'k-p)y*-h^p*=0. (Educatiomd Times, Reprint, 1876, Vol^ XXVI., p. 99.) 

95. An ellipse and a parabola have a common focus, and the other 
focus of the ellipse moves on the directrix of the parabola; show that 
the points of contact of a common tangent subtend a right angle at the 
common focus. {Math. VUiUyr, 1878, p. 45.) 

10 • 



146 



EXAMPLES. 



Oetieral Equations. 




96. The equation 



»• — 



2ay + «■ — 1 = 0, 



J' 



is the locus of what cunref 



Fm. 14S. 
"Y 97. Show that the equation 



B 



y*-az!y + a:* + 2y-'2«+l = 0^ 



1^^ is the locus of a single right line. 
Y 



98. The equation 




y* — auy — »• — 2« — 2 = 0, 

is the locus of what? Does it cut either 
or both the coordinate axes? What is 
the inclination oi the diameter with the 
axis of a;? 



99. y* H- y + 1 = 0, is the locus of 
, what? 

.^ (AB is the diameter and the lines im- 

aginary.) 




X 100. Determine the character and posi- 
tion of the locus 

y* — 2aj« + 2y + 1 = 0. 
Is it symmetrical in reference to the axis of y% 



BXAMPLEa. 
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101. The equation 

y* — 2a!y + «" + « = 0, 

is the locus of what ? 

(AB is a diameter whose equation is y 



= «.) 
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102. The equation 

y* - aay 4- «• + 2y + 1 = 0, 

is the locus of what curve? Is the curve tangent 
to the axis of y% What is the slope of the di- 
ameter? 



108. The equation 

y* - 2ay + «• - 2y - 1 = 0, 
is the locus of what curve? 





Fu. IfiO. 



104. What locus is represent* 
ed by the equation 

yi - a.« 4.2aj - 2y + 1 = ? 

Does it cut the axis of y ? Does 
it cut the axis of ir? Has it a 
centre ? p,o. 151. 

105. If A 'and B are fixed points in the axes Oxy Oy^ and a, 5, are 
always taken on O^ Oy^ so that 

1 1 ... 1 1 

— jr-r vanes inversely as -^^ — 




Oa OA 



Ob OB' 



show that the locus of the intersection of Ah and J5& is a conic section 
touching OXfOyjinA, and B, 



CHAPTER YL 

LOOI IN SPACE. 

Of the Pointy Bight Line and Plane, 

188. The loci previouslj considered have been con- 
fined to one plane, and the coordinate axes have been taken 
in that plane. When loci are referred to three intersecting 
planes, they are called lod in space. 

189. Definitions. — Coordinate planes are three planes 
intersecting each other, to which loci are referred. The 
three planes will intersect in a common point, and the 
planes taken two and two will intersect in right lines passing 
through the common point. Coordinate axes are the lines of 

^ intersection of the coordinate planes, 

' as OX, or, and OZ. The origin is 

the common point of intersection of 
.v' the coordinate axes. Bedangular coor- 

dinates are those in which the coordi- 
nate axes make right angles with 
each other. All coordinates not rect- 
angular are obliqtte. The cot)rdinate 
Fio. 158. planes are assumed to be indefinite in 

extent, and divide all space into eight parts or solid angles, 
and if the axes are rectangular, the eight parts will be equal 
to each other. The plane YOX is generally assumed to be 
horizontal, and. the other two, vertical, but as they may have 
any position in space, this assumption is entirely arbitrary. 

190. Axis of a Plane. — Any line perpendicular to a 
plane may be considered as the axis of that plane. When 

148 
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the axes are rectangular, the coordinate axis OZ is the axis 
of the plane YOXy since it is perpendicular to that plane, 
and similarly for the other planes. 

191. Order of the Angles. — The angle Z-YOX, 
which is above the horizontal plane YOX^ at the right of the 
vertical plane ZO F, and in front of the vertical plane ZOX, 
is called the^^r^r^ ari^e. Similarly, 

Z'XOY' is called the 2d angle, 

Z-Y'OX'' « " 3d 

Z-X'OY " " " 4th 

-Z'-YOX " " « 5th 
and so on. 

In analysis, however, the angles are determined by the 
aigris of the coordinates. Thus, OX is plus a?, 0X\ minus a; ; 
OZ, plus Zy 0Z\ minuses ; F, plus y, and Y' ininus y. 

The Point. 

192. Coordinates of a Point. — The position of a point 
is determined by its distance from the coc'>rdinate planes 
measured on lines parallel to the coordinate axes. Itetp be 
the point Through p 



€€ 



it 



€t 
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draw pO parallel to 
the axis of d*, and let G 
be the point where it 
intersects the plane 
ZOF; then will jjG^ be 
the X' ordinate of the 
point Similarly, pE 
is the y^ordinatey and 
pD the z - ordinate. 
Three coordinates de- 
termine a point; for 
three right lines can intersect in one point only. If the co- 
ordinates are rectangular, they will be perpendicular to the 
respective planes, that i^,pO will be perpendicular to the 
plaiie ZO F, and similarly for the others. 
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The coordinates of a point may be expressed algebraio- 
allj by the equations 

and these are called equations to the point Three determi- 
nate equations of the first degree are therefore necessary and 
sufficient for determining a point in space. 
We have, for a point in the 

first angle x— 4- a, y=+6, «=+c^ 

second angle a?= 4-a, y = --b, a=+c, 

third angle «=— a>y=— 6, a=+c, 

fourth angle x= —ct^ y = + 6, «=+c, 

fifth angle x= +0^ y — +6, a = — c, 

sixth angle a?= +a, y = -^b, «= — c, 

seventh angle «=— a, y = ^ b^ «=— c, 

eighth angle x= '^a^ y= +6, «=— c 

192a. GoordincUes of particular Points. — ^For a point at the 
origin, we have 

a; = 0, y = 0, « = 0. 

For a point on the axis of x^ we have 

x= ±af y = 0, « = 0, 

and similarly for a point on any other axis. 
For a point in the plane xy^ we have 

x= ±ay y=z±b, a = 0, 

and similarly for a point in any other coordinate plane. 
192b. Equations of the Axes. — ^For the axis of a?, we have 

g = 0, y = 0, and x indeterminate. 

The value of x being indeterminate, will represent every 
point of the axis in succession. 
For the axis of y, we have 

« = 0| a; = 0| and y indeterminate; 
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and for the axis of z^ 

a? = 0, y = 0, and z indetermhuUe, 

193. Distance between two Points. — ^Let the coordi- 
nates of one point p^ be ^ , ^i , Zi , and of the other point 0, 
^ ^> ^it> ^s; then will the distance Op between the points 
be the diagonal of a parallelopiped, hence 



and 



Op = Z= V(a^ - x^f + {y, - y^« 4-(«fi - Zi)\ 
If the point (? be at the origin, then a:, = 0, ^s = 0, «| = 0, 



l=Vxr'+yi'+z,\ 



which is the distance of any point from the origin. 

194. Projections. — ^The foot of a perpendicular from 




a point npon a plane 
is the projection of the 
point on that plane. 
Thus D is the projec- 
tion of the point P 
npon the plane ocy ; E^ 
upon xz ; Gy npon zy. 
The lines PD, PE, 
PGy passing through 
the point perpendicu- 
lar to the respective 
planes are called pro- 
jecting lines, or lines of projection. 

The projection of a line is the projection of every point of 
the line. This is true of curved as well as of right lines. 
If a curved line be in the plane of two projecting lines, its 
projection will be a right line, but in other cases its projeo- 
tion will be curved. 

The Bight Line. 

19B. Equations to a Bight Line.— A line is given by 
its projections. For, if perpendiculars be erected from the 
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corresponding pointB of the pro- 
jections, they will be the project- 
ing lines. But the projecting lines 
intersect in space on the giren 
line, and hence determine ite po- 
sition. 

Let AB be the line in space. 
The projection of the point B on 
the plane xy i& D; similarly, C 
- '"■'" ig the prqection of A; and CJ) 

will be the projection of the given line on the plane a/. 
Also, AE will be its projection on zx ; and FB, ito projec- 
tion on xtf. 

Let m be the tangent of the angle which the line AE 
makes with the axis of t, and n that of CD with the sama 
axis. Also let a =■ OE the intercept of AE on the axis of x, 
and h = OD the intercept of CD on the axis of y. Then, 
according to Article 28, we have for the equation of AE^ 
x = mz + a, (1) 



and (or CD, 



z+ 6; 



(2) 



which are the required eqoations. Two equations of the 
first d^ree, each having two of the required variables, are 
necessary and sufficient for determining a right line in space. 
Tiliminating z from these equations gives 



l-VZ 



(3) 



which is tjie equation of FB, the projection of the given line 
on the plane xy. 

186. Intersection of two right linee In iqiaoe. — ^Let 

the lines be 

x= mz + a, and x = m'z +a'. 



z + b 



y = n'z + b: 



(1) 



Considering the equations as simultaneous, and eliminat- 
ing X and y, we have 
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.•. z = r and z = r. (2) 

m — m n —n' 

Eliminating z between equations (2), gives 

a' — a b' — b 



m — m n — n' 



(3) 



which establishes a relation between the constants of the 
equations, and is an equation of condition^ (Art 39). Hence 
we infer that, if the relation between the eight constants of 
equations (1) gives equation (3), the lines will intersect, but 
otherwise they will not intersect Lines in space which are 
not parallel may, therefore, have an infinite number of posi- 
tions and not intersect If equation (3) is true, either of 
equations (2) will give the ordinate z of the intersection, and 
this value in (1) gives for the other coordinates 

ma' — ma ni'— n'b 

m — m ^ n — n' 

Tim = m\ equation (3) shows that n = n\ and we have 

a; = oo; y = oo; « = oo; 

and the lines are parallel ; and the equations m = m' and 
n = n' are the equations of condition of the paraUdism of ttoo 
right lines in space. 

197. Equation to a line which passes through two 
points in space. — ^Let (x\ y\ z) be one point, and (cc", y ", «'')> 
the other. Then proceeding as in Article 40, we have 

^-«' = -i77^5 (^-«')> y-2/' = 7T-^ («-«'); (1) 

z — z z — z ^ 

which are the required equations. If the line passes through 
one point only, the equations become 

x-x =m{z'-z'), y-y'=n («-«'); (2) 

in which m and n are indeterminate. 
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198. Inclination of a line to the three Axes. — ^Draw 
a line through the origin parallel to the given line ; it will 

make the same angles with the axes 
as those of the given line. Let the 
equations of the line be 



X = mz^ y = m. (1) 

Let P be any point {x, y, z) of the 
line, and 

X^POX, T=POZ Z^POZ, r^OP. 
Then xz=it cos X\ y = r cos T; « = r cos Z. (2) 

Squaring these, and substituting in the equation 

r* = a? + y * + a?, 

gives r* = r* cos^ JC + r* cos* F + r* cos* Z\ 

.-. cos^Z+ cos*r+cos'Z=l; (3) 

by means of which, if two angles be given, the third may be 
found. 

Substituting the values of x and y from equation (1) in 
the value of r* gives 

r* = mV+ wV + a* 

••• «* = 1 ^ i = r*cbs* Z (from (2)) ; 

1 + n* + m* ^ ^ " 

.-. cosZ= ± ^ (4) 

Vl-f-w'+m«* 

Similarly 

cosZ=±--r— "^ cosr±— =J^^ ; (6) 

by means of which the required angles may be found when 
the equations to the lines are given. 

199. Angle between two lines. — The angle between 
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two lines in space, whether the lines intersect or not, is the 
same as the angle between two lines 
drawn through the origin parallel re- 
spectively to the given lines. Let AP 
be parallel to one line, and A Q parallel 
to the other, then will the angle PAQ be 
the required angle. Since the angle will 
be independent of the length of the 
lines, take each equal to unity, and 
let PQ = df And PAQ -=6. Then, from Trigonometry, we 
have 

^_ AP^-\-AQ^-d* 2-rf» 
2AP.AQ "■ 2 • 
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cos 



(1) 



Let the points P and Q be respectively {x\ y\ z') and 
(a?", y", «") ; then 



d^ = (x" -aj')« + (y" - y'Y + (a" - «')l 

But from equations (2) of Article 198, since r 
have 

x' = cos X\ y' = cosF', z ' = cosZ', ) 
x" = cos Z", y" = cos F", z" = cos Z\ ] 

These values substituted in equation (2) give 



(2) 
1, we 

(3) 



ci* = (cos'Z'+ cosT'+cos^Z') + (cos^X" + cos'r"+ cos'Z") 
-2(cosZ'cosX"+ cos Fcos F' +oosZ'oosZ"). (4) 

Beducing this by means of equation (3) of Article 198, sub- 
stituting in (1) above, and reducing gives 

cos « = cos Z' cos Z" + cos F' cos Y" + cos Z' cos Z\ (6) 

which is one form of the required value. 

Substituting in this equation the values corresponding to 
equations (4) and (5) of the preceding Article, we have 



CO8 0= ± 



fwm + un + 1 



^[(m' + »» + !) (m'» + n'» + 1)] * 



(6) 
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If the lines are mntoallj perpendicular, cos = 0, and 
we have 

mm' + Twi' + 1 = 0, 

^111011 ifl the equatioa (^condition of mvivxiiS.^ perpendiddar tuiea 
in apace. 

If the lines are parallel, cos S = l, and squ^ng both 
members, transposing and reducing, gives 

(m - m')' + (n- n')' + (mn' — m'n)' = ; 

and since each term is a square, they most separately be 
equal to zero, or 



the third of which results from the other twa This result 
agrees with that found in Article 196. 



The Plana. 

200. A Plane may be generated by a right line moring 
along another right line and remaining constantly parallel 

to its first position. Let 
ABC be a plane supposed 
to be generated by the line 
J}E moving along the line 
BC and being constantly 
parallel to AB. The equa- 
tion of every point of the 
moving line in every posi- 
tion will be the equation 
of the plane. The trace ^ 
Fia. iw. a plane is its intersection 

with one of the coordinate planes. 

201. Equation to a Plane In terms of its Biter- 
cepts. — Let a, b, c, be the intercepts on the axes o^ ^, s, re- 
spectively. The equation of the line AB will be, (Eq. (S), 
Art 29), 

^ + 1=1. 
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Let FG be the projection on the plane xy of the generating 
line DE^ and let the intercepts of this projection be a' = 00 
and V = OF, then will its equation be 

^ y 1 

But from the similar triangles BOA and OOF, we have 

a ^b 1 a 

which, substituted in the preceding equation, gives 

X y _o! 
aha 

But the ordinate of the line BE is z, and the similar tri* 
angles BOG, BGE, give 

a a — a a c 

and the preceding equation becomes 

- + ^ + - = 1, 
a c 

which is the required equation. 

202. Every Equation of the First Degree between 
three variables may represent a plane. — ^The equation 
will be in the form 

Ax + By -h Gz-^ Z) = 0, 

which becomes, by dividing through by 2>, 

But whatever be the values oi A, B, C7, A the coefficients of 
a?, y, z, may be represented by > "" a» — » ^"^^ ^® equa- 
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tion be thus reduced to that of the last equation of the pre- 
oeding Article, which equation is that of a plane. 

203. Discussion of the Equation ^x + /^^ + CSs + Z) = 0. 
Let 2 = 0, then the equation becomes Ax -f By 4- 2? = 0, 
which is the equation of the trace of the plane on the coor- 
dinate plane .ry. Similarly, Ax -{- Cfe -f Z) = is the equation 
of the trace on X2^ and By +C2 -f D = is the trace on ^2. 

If 2 = 0, and y = 0, then » = — j , which is the abscissa 

OB of the point where the plane cuts the axis of x. Similarly, 

y = — -r- gives the point A where it cuts the axis of y ; and 

« = — ^ gives the point C where it cuts the axis of z. 

If the plane does not cut the axis of 2, then the intercept 
on that axis will be infinite, or -^ = oo; .*. C= 0, and z inde- 
termmaJte^ we have 

^x + i?y + 0.2 + 2> = 

for the equation of a plane parallel to the axis of 2 and 

oblique to both the other axes. 

If the plane is also parallel to the 
axis of ^, We have 

^a; + 0.y + 0.2 + 2> = 0. 

It cannot be parallel to the three 
axes at the same time ; for the sum 
of three zeros cannot equal a finite 
quantity. 

If the plane passes through the 
origin, we have for that point a: = 0, 
y = 0, 2 = ; .'. 2? = 0, that is, the absolute term vnU be zero. 

If the plane coincides with the coordinate plane zy^ it 
will pass through the origin, hence 2? = 0, and a: = 0, and 
the equation becomes 
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O.y +0.2 = 0, 
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wUch is the equation of the coordinate plane yz. Similarly, 
for the other coordinate planes. 

204. Equation to a Plane in terms of the perpen- 
dicular from the origin upon the plane and its direc- 
tion-cosines. — Jj^ip be the perpendicular, and X, Y, Z^ the 
angles which it makes with the axes x, y, z, respectively. 
These angles will be the direction-angles^ and cos ^V, etc., the 
directicnrcosines. Also, let a, 6, c, be the intercepts of the 
plane on the axes. Then, 

acosX=j:>, 6 cos r=j:>, ccosZ=:p. (1) 

Substituting the values of a, b, c, found from these equations, 
in the last one of Article 201, gives 

X co&X + y cos r+ « cosZ=j?, (2) 

which is the required equation. 

206. To reduce Ax + By + Cz-^ D = Otothe farm last 
found. — ^Dividing this equation by 2>and the former hjp 
give 

A B C ^ ^ 

cos X cos Y cos Z ^ ^ 
X y z + 1=0; 

P P P 

.-. cosX=-^g; COB Y=-B£; cosZ=-C7^. 

Squaring and adding, gives 



Z- 



= ± 



Therefore, if the coefficients of the given equation be di- 
vided by V A* -^ B^ + C\ the resulting coefficients will be 
respectively the values of cos X, cos y, cos Z, and p. The 
sign of the radical must be such as to make p always posi- 
tive, which sign will determine the essential signs of cos X^ 
cos r, cos Z. 
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206. Intersection of Two Planes. — ^Let the equations 

to the planes be 

Ax -k- By ^- Cz +D =^0\ 

and A'x +B'y + Cz+D'^0. 

Eliminating z gives 

{AC -A 'C)x + {BC- B 'G)y + DC -D'G =0; (1) 

which is the equation of the projection of the line of inter- 
section on the coordinate plane xy. Similarly, the equation 
of the projection on the plane xzy will be 

(AB''-A'B)x + {BV -BC)z + B'D--BD' = 0\ (2) 

and on yz^ 

{A'B -AB')y ^ {A'G-AG')z ^A'D" AD' ^0. (3) 

If the planes are parallel to each other, a? = od, y = od, 

c = 00 , and the coefficients of a?, y^ z must be zero ; 

.-. AB' = A'B, AG' = A'G, BG'^B'G\ (4) 

which are the eqvotions of coTuUtion of the paraUdism of two 
pUmea. 

207. Equation to a Plane passing through three 

Points.— Let the points be (x\ y\ z\{x",y'\z"), (a;'",y"',0. 
Substitute these successively for x, y, z, in the equation 

Ax + By\- Cz-^- D = 0, 

and find the values of A^ By C, in terms of x\ x\ etc, and 
resubstitute the values of A^ By C, in the equation. lu this 
way we may find 

+ [«'(«" -«'") +«"(«'"-«') + 2'"(«'-a?")]y V = •< +(y"V -y'«">r" 

+ [a?'{y"-y"') +«"(y"' -y') +«"'(y'-y")]« * ' +(yV' -y'vy. 
for the required equation. 
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208. Xnclination of a Plane to the Coordinate 
Planes. — The angle required is the angle between two per- 
pendiculars from the origin to the respective planes. The 
angle between the given plane and the plane xy will be the 
angle between the axis of z and a perpendicular from the 
origin to the given plane. Letting Z be this angle, we have, 
(Art 205), 

Similarly, for the inclination to the planes zy and bx re- 
spectively, we have 

cosX= ± ,. .o . p, . ^,v ; cosr=± 



209. Angle between two Planes.— Let X', Y\ Z\ 

and X'\ Y'\ Z'\ be the angles between the coordinate axes 
and the respective perpendiculars from the origin upon the 
planes, and q^ the angles between the planes. Then, from 
Article 199, we have 

cos <?> = cos X' cos X" + cos Y' cos F" + cos Z' cos Z "; (1) 

in which substitute the values of cos X \ etc., (Ari 208), and 
we have 

- . AA'^BB-^CC /gx 

which is the required equation. 

If the two planes are perpendicular to each other, cos 9 
= 0, and we have 

AA' ^BB' ^ CG'^0, (3) 

which is the equation of condition for the mutual perpendicu' 
larity of ttvo planes. 

[If the two planes are parallel, cos ^ = 1 and we may find 

AB' = A'B, AO'=A'0, BO'^B'O, (4) 



as f ennd in ArUde 206. 
11 



yn 



- (5) 
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If tlib second plane is parallel to the plane xy, the angle between them 
will be the same as between the first plane and the plane 9y ; and we will 
have, (Art. 208), ^ ' = 0, ^ ' = 0, and equation (2) becomes 



Similarlj, 

B A 

as found in the preceding Article.] 

210. Equation to a Plane parallel to Ax + By ■\- Cz 
+ 2? = 0.— Itwill be of the form Ax + B'y ^ C'z -\- D'^Q. 
Snbstitate the values of A ' and C \ deduced from equation 
(4) of Article 206, and we have 

* 
or, the equcUiCTis of paraUd planea differ ardy in their abeohtie 

terms. 

211. Equations to a Plane perpendicular to ^+ ^ 
+ Cz + D = 0. — ^The equation will be of the form of A 'x 
■\-B'y-\- C'z -^ Z) '= 0. Substitute the value of A' from equa- 
tion (3) (Art 209), and we have 

-j 05 + JS y + (7 « +2) =0, 

for the required equation. But since this equation contains 
the undetermined constants B' C D\ there may be an infi- 
nite number of planes passed perpendicular to the given 

one. 

Line and Plane. 

212. To find the Point where a Line pierces a 
Plane. — ^Let Ax + By + Ci + 2> = be the plane, and x = 
mz -^a^y = nz -{- b, the line. Substitute the values of x Budy 
from the equations of the line in the equation to the plane 
and find z. This gives 

__ aA ^hBj- n 
*"" mA + nB +G' 

for the z - coordinate. 

In a similar manner the other coordinates may be found. 
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If the line is parallel to the plane, then 2 = 00, and we 
have 

m^-f w5+ (7=0 

for the equation of condition o/pardHdism of a line and plane. 

If the line coincides with the plane, it will be indetermi- 
nate and the numerator will also be zero. 

213. Conditions existing between a Plane and a 
right line perpendicular to the Plane.— Let ABC be a 
plane and DP a line per- 
pendicular to it. Every 
plane passed through DP 
will be perpendicular to 
the given plane since it 
contains a line perpen- 
dicular to that plane. 
Let any plane be passed 
through it and revolved 
about the line until it 
is perpendicular to the 
plane zx\ the trace T8 
of the plane in this posi- 
tion will be the projec- 
tion of the line on the plane zx. But since the projecting 
plane will be perpendicular both to the given plane and the 
plane zx, its trace T8y will be perpendicular to the trace AB 
of the given plane, {Elementary Geometry). Similarly, VQ 
will be perpendicular to CBy and UB to AC. Hence, — If a 
line be perpendicular to aplane^ its prqjectiona tviU he perpendicvr 
lar respectivdy to its traces. 
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Let Ax +By+ Cz + D=:0 

be the plane, and 



0) 



(2) 



the line perpendicular to the plane. Making y = in the 
equation of the plane, we have 

Ax + Cfe + 2? = 0, 



164 LOai m SPACE. pi4. 81& 

for the trace of the plane on xz. Bat the condition of per* 
pendicolarity requires^ (Art 44), 



1 + m 



(-1)-' 



.-. A^mO. (3) 

Similarlj, we wotdd find 

B^nG. (4) 

214. Equations to a Line perpendicular to a given 
Plane. — Let ^a? 4- i?y + Cfe + 2> = be the plane. The 
eqnationB of the line will be of the form 

in which snbstitate the values of m and n from the preced- 
ing Article, and we have 

» = g« + a, y = ^«+6; (5) 

which are the required equations. Since the arbitrary con- 
stants a and h remain, there may be an infinite number of 
lines perpendicular to a given plane. 

216. Equations to a Line perpendicular to a given 
Plane and passing through a given Point. — ^Let (a:', y\ «') 
be the poini The equations will be of the form 

and since the line contains the given point, we have 
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and we find 

X-X-=^(Z-Z), y-y-=^(z-z')i (6) 

wliich are the required equations. 

To find where this perpendicular pierces the plane, elimi- 
nate X and y between equations (6) and (1) and find «. Simi- 
larljy find x and y. The length of the perpendicular will be 



y. _ Ax' -h By' + C2' ^D 



216. EqtuUions to a Plane pasairig through a poifd and per-- 
pendicular to a given line. — ^Let the point be {x'^ y\ z'\ and the 
line 

The equation of the plane will be of the form 

-4aj + 5y + Ci + 2> = 0, 

and for the point, we will have 

Ax' ^By'-^-Cz' -{-D^O. 
Subtracting, we haye 

But, from Article 213, we have 

A-mC, B = nC; 
which substituted above gives 

m (a; - «') + w (y — y') + « — g' = 0, 
which is the required equation. 

217. To find the Axigle between a Line and Plane. 
It will be the angle between the line and its projection on 
the plane, and this equals the complement of the angle be- 
tween the line and a perpendicular to the plane. From the 



/n 
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origin draw a line parallel to the given one, and let its equa- 
tions be 

X = nw, y = 712, 

Draw another line from the origin, perpendicular to the 
plane Ax + By + Cs + i> = 0, and let its equations be 

X = m\ y = w'g, 

then. Article 213, equations (3) and (4), 

, A , B 

Let TJ be the required angle, then from equation (6) Article 
199, we have 

cos .p =8m V= ^[(i + ^. + „,)(^, + ^+cr»)r 

If the line is parallel to the plane, we have sin 17 = 0, 

therefore, 

mA^nB ->t (7=0, 

as before found, (Ari 212). 

Transformation of Coordinates. 

218. The sum of the projections of any number of broken 
lines joining ttvo points upon the right line joining those points, 
equals the length of the right line* 

If the projections all fall between the points, the propo- 
sition is evidently true. If any of the projections fall upon 
the prolongation of the line, there will be positive and neg- 
ative projections (the signs being determined by the sign of 
the cosine of the inclination), the algebraic sum of which 
will equal the length of the line. 

219. To transform from a given rectangular system to a sys^ 
tern of oblique pUmes. 

Let a;, y, z be the rectangular axes, x\ y\ z\ the oblique 
axes ; X, X", X"\ the angles between x and x', y', %\ respec- 
tively ; F', F", T"\ between y and the same axes; Z', Z'\ 
Z'\ between z and the same axes. 

The projection of the coordinates a;', y', z of any point 
upon the axis of x, will equal the x-dhsdssa of the point 
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For, the three oblique coordinates projected on the radius- 
vector of the point, will equal the radius-vector, and the 
projection of the radius-vector on the axis of x will equal 
the x-<Umd8sa of the point Similarly for the other axes. 
Hence we have 

a; = a; cos Z' + y' cos X" + z' cos X"\ 

y = a;'cosr' -hy'cos F" + «' cos X'", (1) 

2=x'ciOQZ' + y' cos Z' + z' cos Z'". 

If the coordinates of the new origin be a, b, c, we would 

have 

a; = a + a?' cos Z' + y' cos Z" + s' cos Z ", 

y = 6 + a?' cos 7' + y' cos F" + b cos 7'", (2) 

2 = c + a;' cos Z' + y' cos Z" + z' cos Z'". 

The angles are subject to the condition 

cos'Z' + cos* r' + cos* Z' = 1, 

cos»Z" + co8» F' + cos'Z" = 1, (3) 

cos'Z'" + cos«F'"+ cos^Z'" = 1. 

If ths angles between the oblique axes are sought, we 
have (Art 199, Eq. (5)), 

cos (x'y') = cos Z' cos Z" + cos F' cos F" -i- cos Z' cos Z'\ 
cos (y V) = cos X" cos X'" + cos Y" cos F " -f cos Z" cos Z'",(4) 
cos (a/a?0= cosZ' cosZ'"+ cos F cos F'"+ ooaZ' ooaZ'". 

Equations (3) and (4) will make known the angles between 
the oblique and the corresponding rectangular axis. 

220. Polar Coordinates.— Let be the pole ; P any 
point ; p = OP = the 

radius- vector of the s 

point; OZ the initial 
line ; ZOF the initial 
plane; OD the pro- 
jection of the radius- | 
vector ; 6 = DOX = 
one variable angle, — 
corresponding to the 
azimuth angle in as- Fio.ia. 




168 LOCI m SPACE. PML 

tronomy ; <p = PODy the other variable angle,— correspond- 
ing to the angle of elevation in geodesy, or of declination 
in astronomy. Draw DF perpendicular to OX^ and we have 

OF = x= p cos g) cos ^, 
DF = y z= p COS (p sin 0, 
PD = zz= p gin (p ; 

by means of which, rectangular coordinates may be changed 
to polar. 

221. Tofiridformvliasfor passing from a polar system to a 
redtangvlar one. 

For this we find (^, 0, and p from the preceding equations. 
We have 

3? -{- y^ -{- :^ = ff 



sma? = -; .*. cos a> = r 1 =• 

cos^ = ; or sin ^= — ^ — ; 

pco&cp pOOB<p 

from which and (p may be found in terms of x, y, and 2. 



EXAMPLES. 

1. What is the distance between two points whose codrdinates are 

a?' = - 2, y' = 1, e' = 0; and a?" = 0, y" = - 6, «" = 4 ? 

2. The equations of the projections of a straight line on the co5rdi- 
nate planes m, ys, are 

« = « + l, y = -«-2, 

« 
required its equation on the plane yx. 

Am, 2y = « — 6. 

8. Required the equations of the three projections of a straigfat line 
which passes through the two points whose coordinates are 

a^ = 2, y' = 1, «' = 0, and a?" = - 3, y" = 0, «" = - 1. 

Am. aj = 5« + 2, y = «+ 1, 5y = a; + 8. 
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4. Required the angle included {K^tween two lines whose equations 
are 

^^Se + S) iE = e+l) 

.. R- . Q ^ o^ tl^e l8t, and « > o^ the 2d. 

An$. W 58'. 

5. Required the angles which a straight line makes with the codrdi« 
nate axes, its equations being 

aj= — 2« + l, y=«+8. 

1144" 44' with X, 
65" 54' with F, 
65° 54' with Z. 

6. Having given the equations of two straight lines, 

x=z 22+1) x= e + !} ) 

y = 22 + 2 J ^^ *^® ^^ ^"^^ y = 48 + /:; • J ^^ ^^'^ ^ 

required the value of fi so that the lines shall intersect each other, and 
to find the codrdinates of the point of intersection. 

Ans. /T = - 6, «' = 9, y' = 10, e = 4. 

7. To find the equations of a line that shall pass through a point, of 
which the codrdinates are ^r' = — 2, y' = 8, «' = 5, and be perpendicular 
to the plane, of which the equation is 

2aj + 8y— «-4 = 0. 



^''*- (y=-8f + 48. 



8. To find the equation of a plane which shall pass through the three 
points, whose codrdinates are 

«'=1, y' = -2, «' = 2; ar" = 0, y" = 4, f"=-5; 

jc"' = -2, y"' = l, «'" = 0. 

An$. 9a?-hl9y-hl5f — 1 = 0. 

• 0. To find the equations of the intersection of two planes, of which 
the equations are 

8j; + 8y — 102 + 6 = 0, of the 1st, 

and 4ii; — 8y -h f + 1 = 0, of the 2d. 

( 7ic — fti + 7=0, 
^^' I 56y -48« + 21 = 0. 



170 LOCI IN SPACE, \m. 

10. To find the traces of a plap^ whose equation is 

«~9y 4-ll«— 12=0. 

11. To find the length of a line drawn from a point whose co5rdi- 

nates are a;'= 2, y' = — 3, «'= 0, and perpendicular to a plane whose eqoa* 

tion is 

ar+9y-f + 2 = 0. 

9 



Am. 



♦^146* 



12. Find the equation of a plane passing through the point a;' = 1, ^ 
s= — 8, e' = 4 and perpendicular to the line 2; = 3e — 4, y = — 2f + 5. 
18. Required the angle between the two planes 

5j; — 7y + Se+l = 0, and 2d; + y— 8« = 0. 

AnM. 100' 8-. 

14. Required the angle which the plane 5a; — 7y + 89 + 1 = 0, makes 

with the coordinate planes. 

170** 46' with XT. 
140' 12' with ZX. 
56' 48' with TZ. 

15. Find the equation of a right line which passes through the point 
(a, 5, e) and is perpendicular to each of two right lines whose directiott- 
cosines are Z, m, n ; Z', m\ n'. 



Ans. 



mn'— tn'n nl — n'l Im -^I'm' 



16. Find the equations of a line in space in terms of the direction- 
cosines of its angles with the three axes. 

17. Find the equation to a plane passing through the points (2, 8^ 4), 
(8, 4, 5), and perpendicular to the plane a; + 4y + 2^ = 1. 
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222. Deflnitioxis. — ^A line may be generated by the 
movement of a point ; a surface by the movement of a line ; 
and a volume by the movement of a surface. 

The generatrix is the moving element, whether it be a 
point, line, or surface. 

The directrix is a fixed element, about which the genera- 
trix moves. 

A surface of revolution is a surface generated by the 
revolution of a line about an axis. 

A curved surface is one firom which a curve may be cut 
by a plane. 

A single curved surface or surface of single curvature is one 
which may be generated by a right line having its consecutive 
positions in one plane ; as a cylinder, or a cone. 

A surface of double curvature is one which can be gener- 
ated by a curve only ; or one from which a right line cannot 
be cut ; as a sphere, ellipsoid, paraboloid, etc. 

A warped surface is one which may be generated by a 
right line no two consecutive positions of which are in one 
plane ; as the hyperbolic paraboloid, conoids, eta 

An hyperbolic paraboloid is a surface from which parab- 
olas may be cut by a certain system of parallel planes, 
and hyperbolas by another system of parallel planes, (Art 
236). 

A conoid may be generated by a line moving around a 
curve, while some point of the line moves to and fro along a right 
line, the generatrix remaining parallel to a plane. The plane 
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is called the plane^irecter, and is generally perpendionlar to 
the right-line directer. 

A line of single curvature is one which changes its direction 
at every point, and all of whose points are in one plane ; as 
a circle, ellipse, spiral, etc. 

A line of doulJe curvature is one which changes its direc- 
tion at every point, and all of whose points cannot lie in 
one plane ; as the thread of a screw ; a thread wound spi- 
rally around a cone, or sphere, etc. 

Of Cylindrical Surfaces. 

223. A Cylinder may be generated by a right line 
moving around a fixed curve and remaining parallel to a fixed 
line. The fixed curve is the directrix, and the moving line, 
the generatrix. 

If the generatrix is perpendicular to the plane of the di- 
rectrix, the cylinder is called right. An oblique cylinder is 
one in which the generatrix is inclined to the plane of the 
directrix. A circular cylinder is one in which any right section 
is a circle. An elliptic (n/linder is one in which any right section 
is an ellipse. Q^nerally a cylinder takes its name itom the 
character of its right sections, or by calling it an oblique cyl- 
inder with a given base, thus we may say an obUque cylinder 
with a circular base, or an oblique cylinder with an ellipti- 
cal base, etc. 

224. EquationB of a Bight Cylinder.— 1^ Let the base 

be a drde. Take the origin at the centre 
of the circle, the plane xy in the plane of 
the circle, and the axis z perpendicular to 
that plane; then will the generatrix be 
parallel to the axis of z. Let P be any 
point in the surface, and CEP any section 
parallel to the base. Let fall the perpen- 
dicular PD upon CE, the radius CE being 

parallel to the axis of x ; then will the coordinates of P be 
z= CO, x=: CD, y = DP. 

Let r = CE = CP= the radius of the base ; then 

r^=CD^-{^DP^; 

or r* = a? + y*, 



A 
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and 2 indeterminate; hence the equation of the surface will be 

2°. Let the base be an ellipae, — ^Proceeding as before, we 

find 

Va? + ay + 0.^ = a^V, 

for the equation of the surface. 

3°. Let the base be a parabola, — ^Take the origin at the ver- 
tex, the plane of the curve being in the plane xy ; then we 

find 

2^ + 0.3=2px. 

226. Equation of an Oblique Cylinder. — ^Let the di- 
rectrix be in the plane xy and represented by 

F{x,y)=0, (i) 

which is resA, function xy equal zero. It implies that x and y 
are dependent upon each other, and may be made to repre- 
sent the coordinates of any plane curve. For instance, 

for the circle, jP (a:, y) = aj* + y* — r* = ; 
for the eUipse, F {x, y) = Vsf +ay - aV= 0; 
for the parabola, F {x^y)=y^'- 2px = ; 
for the right line, F (x,y) = y'- mx — 6=0. 

For the oblique cylinder, the equation of the generatrix 
will be, (Art 195), 

a? = ms + a, y=m-hb, (2) 

from which we have , 

a = a? — rm, b = y —m; (3) 

in which a and b are the coordinates of the point where the 
generatrix pierces the plane xy. But to generate the re- 
quired cylinder, the point (a, b) must move around on the 
directrix, and its coordinates become the coordinates of the 
directrix ; hence they take the place of x and y in the equa- 
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tion of the directrix, and the functional equation of (he surf act 

heoomea 

F{a,b) = F{x-m2,y-m) = 0. (4) 

In this equation, Xy y^ z, are the coordinates of the snr&u^e 
and a, b, the values of x^ y, when 3=0. The particular 
value of F (a, b) will be determined from the character of 
the base. 

Applications. — V. Let the base be a cirde. Then will the 
equation of the base be 

F{a,b)=a'+V-r^ = 0. 

Substituting in this equation the values of a and b from 
equations (3), give 

{x — rmy + (y — my = r* ; 

which is the equation of an oblique cylinder having a circular 
base. 

If the generatrix be parallel to the axis of s, then m = 0, 
and n = Of and we have 

as previously found for the equation of a right circular cyl- 
inder. 

2°. Let the base be a parabola. Take the origin at the ver- 
tex, and we have 

F{a,b) = a^-2pb=0; 

and the equation of the surface becomes 

{x — mzy — 2p (y — nz) =z ; 

which is the equation of the surface of an oblique cylinder 
having a parabola for its base. 

3°. Let the base be an ellipse. We will have 

b' {x - mzy -ha'iy- nzy = a^V 

for the required equation. 

4°. Let the directrix be a right line. We will have, (Art 

28), 

F (a, 6) = 6 — TOia — 6i = ; 
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in which rrix and hi are used so as to distinguish them from 
the letters in the preceding equations. 

Substituting the values of a and h from equation (3), 
we have, 

(y ^nz) — mi{x — rm) — 6, = 0, 

which is the equation of a plane, (Art 202). 

Of Conical Surf (ices. 

226. A CJonical Surface may be generated by a right 
line constantly passing through a fixed point and moving 
around a fixed curve. 

The moving line is the generairix^ the fixed curve the (2i- 
redrix, and the fixed point the vertex (or apex) of the cone. 

The line will generate two parts of the surface, one part 
being on one side of the fixed point, and the other part on 
the opposite side ; each of these parts is called a nappe of 
the cone. 

A cone is described from the character of its base and 
inclination of its axis ; thus, we may have a right or oblique 
cone with any given base. A right ocme is one in which the 
line joining the apex with the centre of the base is perpen- 
dicular to the plane of the base. If the base has not a 
centre^ the cone cannot properly be called right. 

227. EquationB to the surface of a lUght Cone.— 
1°. Let the base be a drde. Take the ori- 
gin at the vertex, and the plane xy par- 
allel to the plane of the circle, then will 
the axis of z coincide with the axis of 
the cone. Let P be any point in the 
surface, and pass a plane through it 
parallel to the plane xy ; its section will 
be a circle. The coordinates of P will 
be 

x=CD, y=DP, 2= CO. 

Let h = AO = the altitude of the cone, 
AB = r = the radius of the base, and 
V = AOB^tiie angle between an ele- fm. i68. 
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ment and the axis ; then 

CP=CE=2tajiv. 

But CD^ + DP' = CP*; 

or aj* + y* = 2*tan*t;, 

which is the equation of a right cone having a drcular base. 
2^ Let the base be an eUipae, The horizontal section CE 
will be similar to the base. Let AB = a be the semi-major 
axisy b the semi-minor axis, and we have 

OA : OC :: AB : CE; 
or h : z :: a : CE= j-z = a' (say). 

Similarly, CO = -^ « = y (say). 

For the point P of the ellipse, we have 

Substituting the values of a' and b\ we have 

ay + J^x* = ^s* ; 

which is the equation of a right cone having an elliptioal 
base. 

228. Equation to the surfletce of an Oblique Cone. — 

Take the plane xy in the plane of the directrix. The equa- 
tion of the directrix will be F (a;, y) = 0. The equations of 
the right line which forms the generatrix will be of the form 

x = rm •\- a^ y = m -{-b; (1) 

but since this line must pass through a fixed point {x\ y\3\ 
its equations become 

0? ~ a:' = m (3 — s'), y ^y' = n{2'' z'\ (2) 

or a? = ms + (a;' — rm% y = W3 + (y' — ws'), (3) 
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in which the absolute terms {x — 7m')^ (y' — m')^ are the 
coordinates of the points where the generatrix pierces the 
plane xy ; their values in terms of the general variables are 

(a?'— rm') =x — 7m\ 

(y' — m') = y — m ) ^ ^ 

But m and n will constantly vary, and should be ex- 
pressed in terms of the general variables. Substituting 
their values from equations (2), and representing the left 
members of (4) respectively by Mx and i^y, gives 



Mg = {x' — mz') = 



x'z —as' 



N,=(y'^n3') =.y:i^ 



z — z 



I 



(6) 



and the general equation of the surface becomes 

FiM.,N,)^F{^^y:ipf)=^. (6) 

\ Z ~— S Z "^<5 / 

APPLICATION& — ^1^. Ld the haae he an eUipae. The coordi- 
nates of the base being Jf^ and Np, its equation will be 

in which substituting the values of Jf^ and Np from equaticm 
(5) gives 

for the general equation of an oblique cone having an ellip- 
tical base. 

2"". Ld the cone he right. The vertex will be vertically 
over the origin, and we have 

• «'=0, y' = 0, «' = *, 
13 
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and the preceding equation becomes 



or 






(8) 



which will become the same as the last equation of the pre- 
ceding Article if the origin be transferred to the vertex. 

3"". Let the base be a cirde and the cone right Then will a 
= & in the preceding equation^ and we have 

h\a?+f) = {2 — hya^ (9) 

for the equation of the surface. 

4°. Let the directrix be a right line. The equation of the 
directrix will be 

F{M^, N^) ^Ny-n^M^- h,=0. 

Substitute the values of N^ and M^ from equation (6) and 
we have 

y'z — z'y — Ml (x'z — z'x) = ft^ (2 — 2'), 

which is the eqwaiicm of a jjlane, (Art 202). 

Surfaces of Revolution. 

229. The Sphere is a surface every point of whicB is 

equally distant from a point within 
called the centre. It may be generated 
by the revolution of a semicircle about 
a diameter. Let r be the radius of 
the sphere. The origin being at the 
centre, the distance of any point P from 

the centre will be, (Art 193),V'o^TfT¥, 
but this equals the radius; hence the 




Fio. 164. 

required equation is 



a? + y* + 2* = r*. 

If the coordinates of the centre be a, 6, c, the equation 

will be 

(a - xY +{b - yf + {o^zy =r». 
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230. General Equation. — ^When a surface is generated by 
the revolution of a plane curve, 
let the axis of ^ coincide with the 
axis of revolution, and the plane 
of the generatrix be in the plane 
sx. Every point of the curve 
will describe a circle having its 
centre on the axis of z. The 
length of the radius of this circle 
will generally depend upon the 
ordinate z, which may be expressed in the form 

from which p may be found when the equation of the gen- 
eratrix is known. But we also know, (Art. 67), that 

p= Vs^ + y*; (2) 

.'.a» + y»=(/{2)y, (3) 

which may be called the functional equation of any surface of 
revolution. 

To apply this method to the sphere, the equation of the 
generatrix will be 

... /o^=(/(3))« = r»-2*, 

and equation (3) becomes 

a? + y* + 2* = r*, (4) 

as before found. 

Of Ellipsoids. 

231. The Prolate Ellipsoid may be generated by the 
revolution of a semi-ellipse about its 
major axis. Let the semi-major axis 
of the generating curve be b^ the semi- 
minor, a. Let P be any point of the gen- 
erating curve, Pf the radius of the circle 
which it describes ; then will the equa- 
tion of the generatrix be 
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Hence equation (3) of the preceding Article, gives 



(5) 



which is the equation of the surface of the prolate ellipsoicL 

232. The Oblate Ellipsoid may be generated by the 
revolution of an ellipse about its minor axis. Let the axis 
of 2 be the axis of revolution. Then proceeding as before, 
we have 






(6) 



233. The Ellipsoid of the most general character is a 
surface such that all sections of it by a plane are ellipses 
It may be conceived to be generated by an ellipse revolving 
about one axis while the other axis increases or diminishes 
in such a way as to generate an ellipse during the revolution, 
and at the same time the generating curve be an ellipse in 
all positions. 

Let the semi axes of the ellipsoid be a^b^c; then the 
equation of the surface will be 



^a + u-h J — A. 



V ^ & 



(7) 



Of Paraboloids. 

234. The Paraboloid of Revolution may be generated 

by the revolution of the parabola about 
ite axis. To find the equation of the 
surface, let the axis of a? be the axis of 
revolution, and P any point in the sur- 
face. If the plane of the generating 
curve be in the plane zx, its equation 
will be 3* = 2px. Let PD be perpen- 
dicular to EB ; then 
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-EB=PJ8= V^po. 
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Bnt PB* = BD* + DP* = s^ + y'i 

which is the equation of tha sorfaoe of a paraboloid of reTO- 
IntioD when reTolved abont the axis of x, 

236. Elliptical Paraboloid. — Let the generatrix be a 
parabola and the directrix an ellipse, the parameter of the 
parabola being supposed to Tory constantly, so that the gen- 
erating arc may constantly pass throngh a point on the 
ellipse. The surface thus generated ia an dKpHcalparaioloid. 

Take the centre of 
the ellipse on the axis of 
X, and its plane parallel 
to the plane sy. Let P 
be any point on the snr- 
&oe whose coi'irdinates 
are x, y, £, the origin be- 
ing at the vertex of the 
parabola, and 2p the pa- 
rameter of the parabola 
POC. Draw PD perpendicular to GD, then we hare 




PC*=:2pX, 

i^ + y» = 2pc, 



a) 



whiob vonld be the leqnired equation, promded thatp varied 
according to the required law. To find p in tenna of general 
Tariablea: Let b,=AC', at = B'C, h=OG', O the point 
where the arc OP intersects the ellipse, and whose coordi- 
nates are Xi, yi, Si, and 2pi the parameter of the parabola 
£"0B'. Then 



a,'=2j),4; aC"=i 



= y' + «i'; 



(2) 
(8) 
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The equation of the ellipse gives 
which, substituted in the preceding equation, gives 



w 



(6) 



Since this equation does not contain ar, it will be true for 
all corresponding values of y and z. Hence, dropping the 
subscripts to z and y and substituting in equation (1), gives 



OiV + ftiV = 2pi Va;, 



(6) 



for the required eqnaidon. Letting ^pj>i = d*, and dividing 
through by Otbidi, it may be put under the form 






(7) 



in which a', V^ d, are used for the new denominators of s?, j^, 
», respectively. 

236. The Hyperbolic Paraboloid may be generated by 

the movement of a parabola whose 
parameter so varies that its arc 
shall follow the opposite branches 
of an hyperbola, the vertex re- 
maining at the same point. Let 
the origin be at the vertex of the 
parabola, the plane zy be parallel 
to the plane of the hyperbola, and 
the axis of x pass through the cen- 
tre of the hyperbola. If the equa- 
tion to the hyperbola be a^z-^^ 
Wy\ = (h%^f we would find, in the 
Fio. 109. same manner as shown in the pre- 
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ceding Article, that the equation of the surface would be 

but if the equation of the hyperbola be a^z^ — bih/t= — 
ai%^ (which is the conjugate of the preceding one), then we 
would find 

for the required equation. 

237. Problem. — Beqtdred the equation of the mtrfact genr 
erated by a right line moving paraUd to a plane and along any 
other tvxy right lines. 

Let one of the lines, as AB^ lie in the plane xy^ and 
the other in the plane xz. Take the origin on the line OC. 
Let the equation of the line OC be 



of AB^ y^mx-^bf 

and let the generating line CE 
be constantly parallel to the 
plane zy, then will its projec- 
tion, EFy on the plane xy be 
parallel to the axis of y. Let 
P be any point in the surface 
whose coordinates are x = OF^ 
y = FD,z = DP. Then will 
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and 



EF = mx + bf 
CF=nx. 



or 



We have ED : DP v. EF x FC; 

mx + b — y : z :: mx + b : nx\ 



►•. nma?-{-bnx—nxy — mzx—bz=^0. 
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which is the required equation, and is an equation of the 
second degree between three variables. The character of 
the surface is not readily seen from this equation, but by a 
transformation of coordinates it may be reduced to the form 

and hence it is an hyperbolic paraboloid, (Art 236). It is a 
warped surface, (Art 222). The same surface would be gen- 
erated by the line 6> (7 moving on OA and CE in such a man- 
ner as to divide those Lines proportionally. 



Of Hyperbohida. 

888. If the hyperbola EA revolves about its conjugate 

axis NO^ the surface gen- 
erated will be continuous, 
and is called 8,11 hyper- 
boloid of revolution of 
one nappe. 

The equation of the 
hyperbohi is 




Tta. vn. 



NE* = 



0*3* + a«y 



Bat 



NE* = N]J= NM* +MI} = a?-\-y'i 



V 



or, dividing by c?, we have 






a) 



which is the equation of the hyperboloid of revolution of 
one nappe. 

239. If the hyperbola revolves about the axis of x, two 
surfaces will be generated, one by the right branch of the 
curve, and the other by the left. This is called an hyperbo- 
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hid of two nappes. Its equation is 

a' V V ^' ^ ^ 

In these equations the negative signs apply to those axes 
which do not intersect the surface. 

240. Elliptical Hyperboloid. — ^If the arc of the hyper- 
bola be made to follow an elliptical directrix, the surface 
generated will be an elliptical hyperboloid. Its equation 
will be of the form 

when the surface is of one nappe ; and 

when of two nappes. 

Observe that the character of these surfaces may be de- 
termined by finding the character of the curve of intersec- 
tion of the coordinate planes with the respective surfaces. 
Thus, in equation (1) if 2 = 0, we have re* + y* = a*, which is 
the equation of a circle. If a? = 0, we have Vi^ — aV =a*y, 
which is the curve of intersection of the plane yz with the 
surface, and is an hyperbola. 

In equation (4), if z = 0, we have the equation of an hyper- 
bola, which is the intersection of the plane xy with the sur- 
face. Similarly, if ^ = 0, we have the equation of the inter- 
section of the sur&rce by the plane xz, which is also an 
hyperbola. If a; = 0, the curve is imaginary, or the plane yz 
does not cut the surface. The surface represented by equa- 
tion (3) is cut by all the coordinate planes. 

241. Problem.— To. /£nd the surface generated by any line 
revolving about another line. Take the axis of z as the direc- 
trix, and the axis of x perpendicular both to the directrix 
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and the generatrix, and passing through the point where the 
plane xz cats the given line. Then 
will the projection of the generatrix 
on the plane xz be parallel to the 
axia of z, and the projection on ty 
will pass through tiie origin. The 
line will make a constant angle, COZ, 
with the axis of z, and the point A 
Fis. lis. will deeoribe the arc of a oirole. Let 

tan COZ=l, and OA = d; then will the sqoare of the distanoa 

of any point D from the axis of e be 

cz* + ciy, 

or, Pe* + (P; 

hence we have x* + y* = Pi? + cP, (1) 

or, dividing hy rP it may be written in the form 



which is the equation of an hyperboloid of revolution of one 
nappe, (Art. 238). Hence, an 
hjperboloid of one nappe is a 
warped surface. 

[This pioblem tdaj be oolved In » 
more geaeral waj. Let the eqiuUou 
of the generetriz be 




¥a. » = 



(8) 



la which a vai. h ue the ooOrdiuLtca 
of the points where the genentrlx 
piercee the plene xy. The loena of thia 
p(^t will be a elide, heooe we have 



;• + 6* = »-» = {«-m*)» + (»-»!•>•. (4) 

Fia. 171. 

to this eqnaUon m ukd n ue TuUblu, hat they mnet be sabjecled to the • 
eondlttoD that the angle which the generatrix makes with the uds of • la 
), (Art. 198), 
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and equation (4) becomes 

r» = «• + y« — 2(mc . a; + nc. y) + dV. ((J) 

Sabfititating the Talnes of mc and iw from equations (8), we find 

0> + y* = 2((M? + Jy) - r«+d»s« ; (7) 

in which substitate from (8) the valnes 

t 

ax = avM + a', &y = &ns + &% (8) * 

and we find «» 4- y» = 2(a»» + &»)• + r* + d's*. (9) 

Here are four arUtrary constants a, &, m, n, between which two condi- 
tions have been fixed ; we may therefore make an arbitrary assumption and 
leave them stUl indeterminate. Asunming that the origin of coordinates is 
fixed by the condition 

am + 5» = 0, (10) 

we finally have «» 4- y* = r* + d^s", (11) 

which is of the same form as equation (1). 
If s = 0, we have 

«* + y* = r», 

which is the equation of the curve of intersection of the plane Ty with the 
surface^ which curve is a circle. 
If a; = 0, we have 

y» - dH^ = r» ; 

which is the equation of an hyperbola, and is the equation of the curve of 
intersection of the plane ye with the surface. Similarly, the intersection of 
the plane xz with the surface is an equal hyperbola. The condition of 
equation (10) places the origin so that the surface will be symmetrical in 
reference to the axes. All horizontal sections are circles, and that part 
of the surface whose section is least is called the gorge. In equation (11) 
the origin is at the centre of the gorge. In equation (0) the origin may be 
anywhere on the axis of e. 

If the directrix were an ellipse the surface generated by the line would 
be an eUipHeai hjfperboMd of one nappe; and similarly for other direc- 
trices.] 

Of Intersections. 

242. Problem. — To find tJie interaecHon of a plane and 
sphere. 

The equation of the sphere is 

iB«+y« + «> = r*. (1) 
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Let the cutting plane be parallel to the plane ocy^ then, in 
the equation of the plane 

Ax +By + Cz^D = 0, (2) 

will A and B be zero, and we will have 

D 

which, substituted in the equation of the sphere, gives 

which is the equation of a circle. It is real when ^,is less 

than r^, and imaginary if it is greater that r'. It will be 
greatest when i? = ; but when D is zero the plane passes 
through the centre of the sphere, as shown by equation (2), 
since, in that case, equation (2) has no absolute term, and the 
origin is at the centre. 

In a similar manner we find that the intersection of the 
sphere by any plane parallel to the coordinate planes is a 
circle. 

Generally, substitute the value of z from equation (2) in 
equation (1), and we have 

which is the projection of the curve on the plane ocy ; and is 
an ellipse, (Art 178). But in order to determine the charac- 
ter of the curve, we must find its equation in its own plane, 
that is in the plane the equation of which is given by equa- 
tion (2). This process will be explained in Article 249. 

243. To find the intersection of a plane with an hyperbolic 
parabcloid. 

The equation of the hyperbolic paraboloid is, (Art 236), 

4-?$-_j=o. a) 

a^ Ir a 
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Let the plane be parallel to the plane zy, then will its 
equation be 

Ax + i? = 0, y and z indeterminate ; 

D 

..X- ^, 

and this value reduces the preceding equation to the follow- 
ing; 

a' VdA' 

which is the equation to an hyperbola, (Ari 78), hence, AU 
sections of an hyperbolic paraboloid made by a plane perpendicu- 
lar to the axis of the paraJbcHic sections^ are hyperbolas. 

Let the plane be parallel to the plane ocz^ then will the 
equation of the plane be 

5y + i?=0, xBJidiZ indeterminate; 

D 

4 

and this value in the equation of the surface gives 

:? X D'' 



which is the equation of a parabola, (Art 88). 

Let the cutting plane be parallel to xy, and the equation 
of the plane be 

z = g, X and y indeterminate. 

This value in equation (1) gives 

V^^'d'^a'' 
which is imaginary if ^>^> and a real parabola i^ 3 < ^ • 
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244. Surfaces of the Second Order are those whose 
equations are of the second degree. It will be obsenred 
that all the curved surfaces discussed in this chapter are of 
the second order. 

245. The intersection of a surface of the second or- 
der by a Plane is a Conic Section. — ^For the equittion to 
the curve of intersection is found by eliminating one of the 
variables between the equations of the plane and surface. 
But the equation of the surface is of the second degree, and 
of the plane, of the first degree ; hence, according to the 
principles of algebra, the resulting equation will be of the 
second degree, and hence will be the equation of a conic, 
(Art 177). The curve thus found is the projection of the 
required curve on one of the coordinate planes, but by trans- 
forming the coordinates so as to represent the equation of 
the curve in its own plane, the degree of the equation is 
not changed, (Arts. 187a and 1876). 

246. Intersection of two surfaces of the second or- 
der. — ^Proceeding as before to eliminate the variables from 
the equations to the surfaces, the resulting equations will be 
the equations of the projections of the curves of intersec- 
tion on the respective planes. If the intersection be a pUme 
curvCf its equation may be found in its own plane. GfeneraUy, 
however, the curve of intersection of surfaces of the second 
order will be a curve of double curvature, (Art 222), in 
which case its character can be determined only by consid- 
ering its three projections. 

247. Intersection of a sphere and ellipsoid of revdvtiovu 
Let the equations be 

Eliminating z gives 

{a-h)a? + (o - 6)y» = rf - 6r», 
which is the equation of a circle whose radios is 



s/' 



d-ht* 
a— b 
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EliTniTiating x gives 

which gives a point on the axis of z. If the intersection of 
the two surfaces be not a point, the preceding equation will 
be the equation of a line and may be written 



which is the equation to the trace of a plane on yz parallel 
to the plane xy. The line of intersection is therefore a plane 
curve, and is a circle. 

248. IrUerafdion of a sphere and hyperbolic parabcioicL 
Let the equations be 

a* + J/* + 2? = r*, aa? — by^ — cz^d. 
Eliminating x gives 

(a + b)y^ + CM? + C2 = ar* — d, 

which is the equation of an eUipse, the centre being on the 

axis of z at a distance from the origin equal to — ^. It is 

Act 

the projection of the curve on the plane yz. 
Eliminating y gives 

(a + b)a? + &8* — C2 = 6r* + d, 

which is also the equation of an ellipse and is the projection 
of the curve on xz. 

Eliminating z gives an equation of the form 

Aix^ + 5aY + Cy* + Da?-\- Ff+ jP= 0, 

which is the equation to the projection of the curve on the 
plane xy. This is a curve of the fourth order, and, not being 
plane, has no special name. 
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249. Intersection of a Plane and Cone.— Take a 

right cone haying a circular base ; its equation will be, 
(Art 227), 

a? + y^=s? tanV, (1) 

the origin being at the apex. Transfer the origin to 0, a 
point on the axis of z, the distance ZO being c ; then will the 
equation become 

aP+y'={z-cytaji^v. (2) 

Let the secant plane embrace the axis of y, then will it 
be perpendicular to the plane orz^ and BO will be its trace 

z on that plane. Let the angle be- 

tween the secant plane and the axis 
of 2 be u = BOZ. Then will the 
equation of the secant plane be 
(Art 203), 

O.y + x= z tan v. (3) 

Eliminating z between equations 
(2) and (3), we have 

Pio. 174. \ / \ n 

y^co^v + (cot^ V — coi? u)oi? + 2ca;cottt = c*, (4) 

for the equation of the projection on the plane xy of the 
curve of intersection. To find the equation of the curve in 
its own plane, let P be any point of the curve whose coor- 
dinates are 




OD = x = X cosec v, DP =:y =y. 



(5) 



Substitute the values of x and y from these equations in 
the preceding equation, and dropping the accents we have 

y'*' cot- V + sin- u (cot' v — cot* it) ^ + 2ca? cos u = c\ 

This is an equation of the second degree between two 
variables ; and, by comparing it with the general form given 
in Article 177, gives 
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-4 = 8in'w(cot't; — cot*w); 5 = cot*i;; ^7=0; 
fl^=cco8w; jP^O; and C= — (?. 

Hence, according to Article 178, the curve of intersection 
will be (since J7is zero) 

an ellipse if . . . (oo^ v — oo^ u) is positive; 

a parabola if . . (cot? v — oof «) = ; 

an hyperbola if (cof v — cot' u) is negative. 

This expression will be positive when cot u < cot v^ or 
u>v\ that is, 

When the secant plane makes a greater angle with the aods of 
the cone than the dements do, the intersection is an dlipse, (Art. 
185). 

The expression will be zero when u^v\ hence, 

When the s&xint plane is pardUd to an dement of the cone^ the 
curve of intersection wiU be a parabola. 

The expression will be negative when u <v; hence, 

When the secant plane makes a less angle tvith the axis of the 
cone than the dements do, the curve of intersection unR be an hy- 
perboicL 

If the secant plane is perpendicular to the axis of the 
cone, u will be 90°. The coeflBcient of a* is 

sin' w cot'v — cos' u, 

or for u = 90'', it becomes 

cofr, 
and the equation of the curve becomes 

y* + a? = c^tan' v, 

which is the equation of a circle. 

250. To find the intersection of a plane with a right cone 

having an dlipticoll base. 

The equation of the curve will be of the second degree, 

and hence the curve will be a conic 
18 
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251. To firvi iJie intersection of a pUme with a right cone 
having an hyperbola/or its base. 

The equation of the curve of intersection will be of the 
second degree, but if the intersection be an ellipse it will not 
be re-entrant 

Similarly, the intersection of a plane with a cone having 
a parabola for a base will be a conic. 

252. To find the intersection of a right oofne having cm dUp^ 
tioal base toith an dlipsoicL 

Let the equations be, 

of the cone, aa^ 4- 6y' = ca* ; 

of the ellipsoid, OiO? + bjt^ + Ciz" = d^ 

Eliminating z gives 

(aiC + aci)oi? + (biC 4- bc^y^ = cd, 

which is the equation of an ellipse. In a similar manner 
find the equations of the curve on the other planes. It may 
not be a plane curve. 

Discussion of the General Equation of the Second Degree having 

Three Variables. 

253. A full discussion is not here attempted ; but some 
of the steps are indicated by which a more complete discus- 
sion may be made. The general equation is of the form : 

Ax^ +2Hxy-hBy* +2Eyz-\-m^ + %Ltai 4- 2Gx + 2^+22>e+C7= 0. (1) 

This equation may be divided through by C (or any 
other coefficient) and be equally general, after which there 
will be nine arbitrary constants. This equation is called 
The Quadbic. Hence, in general, a quadric may be passed 
through nine points not in the same plane. 

254. The extent and character of a surface may be de- 
termined by intersecting it with planes and determining the 
extent and character of the intersections. Intersecting a 
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Quadric by a plane will give an equation of the second de- 
gree ; hence every plane section of a Quadric is a Conic 

If the Quadric be cut by two planes parallel to ccy, whose 
equations are z= k and z = ku the curves of intersection 
will be found by eliminating z from equation (1). The two 
resulting equations will contain the same values of A, ff, 
and B ; hence parallel sections of a Quadric are similar Conies. 

266. Transform the coordinates by changing the direc- 
tion of the axes, the origin remaining the same. For this 
purpose use the equations, (Art 219), 

« = x' cos X' + y' cos X" + z' cos X'", 
y = x' cosT' -^ y' cos 7" + «' cos T"\ 
« = a;' cos Z' ■{■ y cos Z" + «' cos Z'". 

These values in equation (1) reduce it to the form 
u4'aj« +2jy'a?y+5'y« ^%Kyz -hE'z* -^2Lex+2Gx+2F'y-\-2D'§+l= 0, (2) 

in which the coefficients are functions of the angles. There 
being nine arbitrary constants, we may make nine equations 
of condition among these coefficients. Let the new axes be 
at right angles to each other ; this gives the following six 
equations, (Ari 219), 

cos X' cosX" + cos T' cos 7" + cos Z' cos Z" = 0, 
cos X' cos X'" + cos F cos F" + cos Z' cos Z'" = 0, 
cos X" cosX' ' + cos F'cos F" + cos Z'qos Z"' =0; 

cos' X' + cos* F + cos* Z' = 1, 
cos* X" 4- cos* Y" + cos* Z" = 1, 
cos* X'" 4- cos* T" + cos* Z'" = 1. 

We may make three more equations of condition; hence 
we may have 

H' = 0; K' = 0; i' = 0; 

and the equation reduces, after dropping the accents, to the 

form 

Ax* + By* + jE5i» + 2Gx + 2F^ 4- 2JDi + 0= 0. (8) 



h>L. 
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266. "-To transform toparaUd aaxs. 

Make x:=a + a/^ y = b + y\ » = c + «', 

in equafdon (3). There being three new arbitrary constants, 
a, bf c, such values may be assigned to them as will make the 
coefficients of the first powers of x, y, 2, each equal to zera 
These values will be 

O . F D 

which will be real and finite unless A, B, or E is zero; that 
is, they will be real when the equation contains the second 
powers of all three variables. When such is the case the 
equation becomes 

Ja?-hBf+E:f-^C=0. (4) 

In this equation, if — x be substituted for x^—y for y^ 
and — z for 2, neither the form nor value of the equation 
wiU be changed; hence, every line drawn throngh the origin 
and terminated by the surface is bisected at the origin. 
The origin, therefore, is at the centre of the surface. Such 
quadrics are called centbal quadbic& 

257. The C£in?BAL Quadhic. — ^When the equation of the 
central quadric is reduced to the form 

AQi?^By'^E7?^C=Q\ (5) 

the axes are called Principal AxeSy and the sections made by 
the coordinate planes. Principal Planes. It has been shown 
that this transformation is always possible for central quad- 
rics ; hence, conversely, Every central quadric has at least one 
set of three conjugate planes and three diameters which are muiU' 
aUy perpendicular. 

If Af Bf and E are positive, and C negative, we have 

Aa? + Bjf + E:?= G\ 

which is the general equation of the ^ipso^^ (Art 233). 
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If ^ = ^, it is the equation of the dlipsoid of revcltUian. 

If A= B = E^itia the equation of the sphere. 

If C= 0, then for a real locus a? = 0, y = 0, « = 0, which 
are the equations of a point If x^ y, z^ are not zero, it is 
the equation to an imaginary dlipsoioL 

If (7 is positive, the surfeice is imaginary. 

Again, if two of the coefficients A^ B, E^ are positive 
and one negative, let A and B be positive and E and C neg- 
ative ; then we have 

As^ ^By'-ET?^ C; 

which is the equation of an dliptiocd hyperboUndf (Art 240). 

If ^ = ^, it is the equation of an hyperboloid of revcltUion 
of one nappe. 

If A = B = E,itiB the equation of the equilateral hyper- 
boloid of revdtdion of one nappe. 

If (7 = 0, it is the equation of the surface of a right cone^ 
(Art 227). 

If (7 be positive, the equation becomes 

''Aa?^Bf + E:?=C, 

which is the equation of the hyperbdcid qf two nappes. If A^ 
= £, it is an hyperboloid of revolution, and if A = B = Ef 
it is an equilateral hyperboloid of revolution of two nappea 

268. Suppose that one of the coefficients A^ B^ E, as A^ 
is zero in equation (3). Again transform the ori^. and de- 
termine the values of the new constants by making the co- 
efficients of z and y, and the absolute term, separately equal 
to zero, and we will find 

Bf-^Ef + 20x=zO; 
which is the equation of a parabdbicL It is a N0N-0E3ITBAL 

QUADBIO. 

If B and E are positive and negative, it will be an eStp- 
tic paraboloid, (Art 235). li B = E and negative, it is a 
paraboloid of revolution, (Art 234). 

If £ is negative and E positive, or the reverse, it is an 
hyperbolic paraicioidf (Art 236). 
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269. The preceding transformation is impossible if all 
the terms containing x are zero ; — ^that is, if ^ = 0, and O 
= 0. These reduce equation (3) to 

Bf + E^ + 2Fy + 22fe+ (7=0, 

which is the equation of a cylindrical surface whose axis is 
parallel to the axis of x and whose base is a circle, ellipse, 
or hyperbola, depending upon the relative values and signs 
of B and E. 

260. If ^ = and ^ = 0, equation (3) becomes 

E:? + 20x + 2Fy + 2Z?2 + (7 = 0. 

Intersecting this surface by planes parallel to xy^ the equa- 
tion of one of which will be z = i, we have 

2ac+2i?V=^(8ay), 

which is the equation of a straight line. Hence the ele- 
ments are parallel straight lines, parallel to the plane xy. 
Making x = 0, we have 

which is a parabola, and is the intersection of the plane zy 
with the surface. Similarly, making ^ = 0, we have 

E^+2Gx+^Dz+C = Qy 

which is also the equation of a parabola, and is the intersec- 
tion of the plane zx with the surface. The surface, there- 
fore, is a cylinder having a parabolic base. 

Of Tangent Planes, 

261. To find tJie eqiujJtion of a plane tangent to a central 
quadric. 

The general equation of the surface is 

Ja?-\-By'-\-Ez' + C=0. (1) 
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Let the point of tangency be (x\ y\ «'), and we have the 
equation of condition 

Ax^ + By"" + iJs'* +C = 0, (2) 

which subtracted from the preceding equation gives 

A{;jf ~ x^) + B{f - y' ») + E{^ - 2'^ = 0. (3) 

The equation of a plane passing through the point of 
tangency is 

a(a; - a?) + % - y') + c(2-«') = 0, (4) 

in which such values must be substituted for a, &, c, as will 
make the plane tangent to the surface. 

If two lines be passed through the point tangent to the 
surface, the plane of these lines will be the tangent plane 
required. Let a plane be passed through the tangent point 
parallel io ocz; it will cut a section from the quadric and a 
secant to the section from the cutting plane. The equation 
of the plane will be 

which substituted in equations (3) and (4) will give 

^(a; + x')(x-a?') + JS?(2 + 20(2-«') = 0, 

and a{x — x*) -¥ c{z — t!) =^0. 

The value of {x — x*) from the last equation substituted in 
the preceding gives 

A X -\' x' 

E z + z' 

Let the secant turn about (x', z) until the point (a?, z) co- 
incides with {x\ z')f then will the secant become a tangent, 

and we have 

Ax' 
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Similarlji we may find 

and these yalues substituted in equation (4), and the result 
reduced bj means of equation (2), give 

Axx' +Byy' -^ Ezz' -¥ C=0, 

for the required equation. 

262. To find the equation of a plane tangent to a novircentral 
quadric 

The equation of the surface is 

Bfi-I^ + ZGx^O. 

Proceeding as before, we find 

Byy' + Ezz'+ G(x + ajO = 0, 
for the required equation. 

Of Normals to Quadrics. 

263. A normal is a line perpendictdar to a tangent plane at 
the point of contact. Hence, the equations of the normal for 
central quadric are, (Art 214), 

, Ax' , ,. , By' , rK 

x^x^-^{z^z\ y^y ^^{z^z\ 

and for paraboloids, are 

« - »' = ;Ei'^^ "■ *^' y "J'' = :rf" (* " *'^- 

[For a f artber discussion of Qoadrics, see Salmon's Oeometry of Three 
DimentioM,] 
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EXAMPLES. 

1. Determine the class of surfaces to which the following qoadiics 
belong: 

?«• + 6y« + 6«« — 4y« — 4zy = 6, 
8a?' — 4y« + a«« — ajy + 2y«— &a= 12, 
8jb« — 2y« — a» H- 4aj = 5, 
2aj« + 8y« + 4b* = 0. 

2. Tangent planes at the extremities of any diameter are parallel. 

8. In any central quadric the sum of the squares of three conjugate 
diameters is constant. 

4. The locus of the intersection of three planes tangent to an ellip- 
soid which are mutually perpendicular, is the sphere 

«■ + y* + «• = «• + 5* + c*. 



CHAPTER VnL 

LOOI OF HIGHEB OBDEBS. 

S64. Definitions. — Higher plane curves inolnde all loci 
whose equations cannot be reduced to the first or second 
degree. In earlier works upon this subject they were 
divided into the two classes. Algebraic and Transcendental; 
which classification would be proper if bilinear coordinates 
only were used ; but in Modem Geometry there are numer- 
ous systems of coordinates, and the same curve may be ex- 
pressed algebraically in one system, or transcendentally in 
another. Thus, for example, the circle is expressed alge- 
braically by the equation 

and transcendentally by the equation 



sin f = a cos [V— 1 (log r + 6)], 

in which r denotes the radius vector of the curve, e the angle 
between r and the tangent at the point, a and b constants. 
(See Math. Monthly, 1858, pp. 11 and 58.) 

When curves are classed as transcendental, it is implied 
that their equations involve trigonometrical, circular, loga- 
rithmic, or exponential quantities. Algebraic curves are 
such as may be expressed by algebraic quantities. They are 
classed according to the degree of the tequation ; thus, an 
equation of the second degree represents a curve of the sec- 
ond order ; of the third degree, the third order ; and of the 
nth degree, the nth order. 
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The number of higher plane curves is unlimited. It is 
known that there are at least eighty species of lines of the 
third order, and more than 6000 species of the fourth order. 
Only a few of the higher curves, and those most noted, will 
here be considered. 

Of Spirals. 

S66. A Spiral is a curve which may be generated by a 
point moving uniformly around a fixed point and whose dis- 
tance from the fixed point varies according to an assigned 
law. 

The fixed point is called the 
pole of the spiraL 

A spire, or whorl, is a portion 
of the spiral generated during 
one revolution of the generating 
poini Thus LMNE is one-half 
of a spire. 

The foeasurvng circle is one de- 
scribed with a radius unity, hav- 
ing the pole as the centre. Thus, 
if 05 be a unit radius, then will the circle BCD, etc., be the 
measuring circle. 

The radius vector is the distance from the pole to any 
point of the curve, as OL, OM, etc. 

266. The Spiral of Archimedes is a curve which maybe 
generated by a point moving 
uniformly along the radius 
vector while that radius has 
an uniform rotary motion. 

To construct it, divide 
the measuring circle BCD^ 
etc., into equal parts, BG = 
CD = DE, etc., and draw 
radial lines OB, C, eta, and 
let OX be the polar axis (or 
initial line). Assume OJ (or find it from given conditions), 
and make 0K= 20J, OL = dOJ, eta, then will J, K, i, eta, 
be points in the spiraL 



Fio. 176. 
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To find the equation to the locus, let be the variable 
angle, measured by the arc BCD^ etc., r the radius vector, 
a the ratio of the radius vector to the variable angle ; then, 
according to the definition, we have 

r = ad, (1) 

which is the required equation. 

If the radius vector OR dA the end of the first spire be 
taken as unity, we have 

2?r 
and equation (1) becomes 

If = 0, r = 0» hence the curve passes throngli the pole. If G be neg- 
ative, r will be negative, and the locus will be the same as for B positive. 
r increases directly with from sero to infinity. 

For one whorl r^ = 1, 

for two whorls r^ = 2 ; 

.". r, — r, =l = r, ; 

and generally, the radial distance between any two oonsecative whorls is 
constant, and equals the radius at the end of the first whorL 

Example. — A string is wound spirally around a cone, extending from 
the apex to the base, dividing the slant height into n equal parts, the radius 
of the base being B, and the slant height I, The cone is placed on a plane 
and rolled in such a way as to unwind the string, the string remaining on 
the plane as it is unwound ; required the equation of the curve of the string. 

267. The Beciprocal or Hjrperbolic Spiral is a curve 

in which the radius vector va- 
ries inversely as the measur- 
ing arc. 

Its equation is 




a 



0) 



If the radius at the end 
of one whorl is unity, we 
have 
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a 



^=2T'-*-"=2''' 



and the equation becomes 



r = 



2ff 

e 



(2) 



If 6 = 0, r = 00. AaO increasee, r diminishes, and when 6 = 2ie, r = 1, 
so that the radios vector passes from 1 to od in one whorl. If r = 0, = qd, 
hence there are an infinite number of whorls between the pole and the measur- 
ing circle. 

The two preceding spirals are special cases of the curve 



r = a!Q^, 



in which n may be +1 or —1. 



268. The Logarithmic or Equiangular Spiral is de- 
fined by the equation 

ad = 1(^ r, or r = c^ ; 
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from which it follows that the 
logarithm of the radius vector is 
proportional to the measuring 
arc. 

If r= 1= OB, 0=0 ; hence if r 
= 1 be initial, the measuring arc 
will begin at B on the polar axis. 

If r = 0, 0= — oo; hence, be- 
tween the pole and r = 1, there 
will be an infinite number of whorls. 

The curve may also cross the polar axes an infinite number 
of times for values of r greater than unity ; for r will be 
real for values of ^ = 2;r, 47r, Gtt, etc. 

To construct the curve make the measuring arcs BG = 
CD = DE, etc., and lay off OL, OM, ONj etc., in geometrical 

., . . Oif ON . 
progression ; that is, jp=- = j^ , etc 

This curve is called equiangular because the tangent at 
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any point makes a constant angle with the radius vector at 
that poini* 

269. The Involute of a Circle is the locus of any 
1^ IK>int of a line as it rolls uiK>n a circle. 

Thus, let p be any point of the line Ap^ then if 
Ap be rolled upon the curve, P will describe 
the arc pB^ and if it continues to roll in that 
dii'ection, it will describe a second branch of 
the curve. The axcpB is the involute of the 
circle whose centre is and radius OA. The 
same curve may be described by the end of 
a string as it is unwound from the circle. In a similar man- 
ner the involute of any other curve may be described. 

To find an equation to the involute of the circle, let r = 
OAy p= Op = the radius vector, Ap = arcAB = rd ; then 
since Ap is tangent to the circle, the right triangle pAO 
gives 

p? = r» + (r^« = r»(l + ^), 

which is the required equation in one form ; but the system 
to which it is referred is peculiar. To find the equation 
referred to rectangular coordinates, take the origin at the 
centre 0, the axis of x passing through the point B and 
positive from towards B^ and 6 positive from B. Then 
we may find from the figure that 

x = r cos d -\' rd sin 6^ 
y = r sin — rd cos ; 

* [Differentiating the equation to the curve, gives 

— = ae^ =ar : 
dB * 

dr 
,\ ^-=^ = a = a e&ruiant. 
rd9 

Bat the first member is the tangent of the angle between the normal and 
the radios vector ; hence the curve cuts the radius vector at a eomtant angle. 

Example. — An equiangular spiral whose equation is aO = log r, rolls on 
a straight line ; required the locus of the pole. 

Am. A right line cutting t?^c given line at an angle tohoee tangent i$ a.] 
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and if B oonld be eliminated from these three equations we 
should find the rectangular equation to the locus; but if 
eliminated the result would contain circular functions, and, 
therefore, the equation would be transcendental 

(i2em.— The involute is often used in the construction of teeth in gearing. 
The length of the involute of the circle is given by the expression Bp = 

^ r6» ; and the area ABp = 1 r«0'.) 

270. The litnns is a curve defined bj the equation 

If p = 0, = OD ; 

if = 0, p = OD. 

The equation may be written 




P=± 



n 



Fie. 180. 



hence there are two equal values of p corresponding to each value of 6, one 
of which is podtive and the other negrative. 
If p = 1 when = 2;r, then 



1 = 



V2jr 



; .-. a = V2;r, 



and the equation becomes 

p«S = 2jr. 

It is found by higher analysis that the initial line OX is an asymptote 
to the curve. 

271. Parabolic SpiraL— If the axis of a parabola whose equation is 
y* ■=. 2px, be wrapped around the 
circumference of a circle, and the 
corresponding ordinates of the pa- 
rabola be laid off on the radius pro- 
longed, the locus wiU be a parabo- 
lic spiral. Let p = CB, r =CA 
=the radius of the circle, then wiU 
the ordinate y be 

y = P - n 



and the corresponding abscissa, 

and these in the equation of the parabola give 

(p-r)«=2fi)0. 
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which is the required equation. Let p = nr, then the eqiulion hecomes 

(n-l)«r = 2p9. 



If n = 0, p = 0, and ^ = "HT > which being real shows that the locos 

through the centre of the circle. As n increases 6 decreases until 
n = 1, for which value = 0, and p = r. This is the initial point of the 
cnrre, from wliich point increases as p increases. If n (or r) be n^Ative, 

6 incr ea s es , and when p = — r we have i» = — 1, and = -— , at which point 

the locus again crosses the drcumf erenoe, and 9 will increase as r increases 
negatively. 



fonn 



Trigonometrical Curves. 

S7S. Trigonometrical curves axe such as involye a trigo- 
nometrical expres- 
sion in the equations 
of the curve. 

S73. The Sinu- 
Boid is a curve whose 
equation is of the 




y=asin^, 



a) 



in which a and b are constants. If a and h are each unitj, 
the equation becomes 



y = sin a*, 



(2) 



which is called the equation of sines, and the correspond- 
ing curve is called the carve of sines. 
To construct the sinusoid, let 



X 
X 
X 



eta 



A\y then y 
A% y 

Ad, y 



asin-jV^i 

asin-^;r; 
eta 
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Erecting ordinates at the points 1, 2, 3, etc., equal to the 
corresponding values of y, gives points in the curve. 

274. BsMABK. — The sinnsoidis used In Physics to express certain laws 
of motion. It expresses the law of moyement of the vibration of perfectly 
elastic solids ; of the vibratory movement of a particle acted upon by a force 
which varies directly as the distance from the origin ; approximately, the 
vibratory movement of a pendulum ; and exactly the law of vibration of 
the so-caUed mathematical pendulum. 

276. The curve of Tangents is expressed by the equation 

|f= tanjB. 
If » = 4jr,y = <», 

SB = 0, ^, 2«, etc, y = 0. 

The curve begins at the origin A The or- 
dinate DC, whose abscissa is i^, is an asymptote 
to the curve. EF is another asymptote, etc. 
The curve has an infinite number of branches. Pie. 188. 

276. The curve of Secants is expressed by the equation 

y = 8ec«. 

If aj = 0,y = l=-41. 

If a; =r iir, y = oo, and DC is an asymptote, 
ffimilarly, FE, at a distance \it from the origin is an 
asymptote. If a? = w, then y = — 1 ; if a? = 2*, 
then y = 1 = BV. This curve also has an infinite 
number of branches. 

277. In a similar manner curves may be found 
for each of the remaining five trigonometrical func- 
tions. Circular functions give coireeponding curves. 
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Logarithmic Curves. 

278. A Logarithmic Curve is one in which the abscissa 
is the logarithm of the ordinate, or the ordinate is the loga- 
rithm of the abscissa. Its equation is 



x=\o%y. 



If a be the 
14 



base of the system of logarithms, its eqna- 
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which is the required equation. Let p = nr, then the equation becomes 

(n-l)«r = 2p9. 



If n rr 0» p = 0, and = -^ , which being real shows that the locos 

through the centre of the circle. As n increases G decreases until 

n = 1, for which value = 0, and p=:r. This is the initial point of the 

cnire, from which point increases as p increases. If n (or r) be n^atiye, 

dr 
G incr ea s es , and when p = — r we have n = — 1, and = -— , at which point 

the locus again crosses the drcumf erenoe, and will increase as r increases 
n^gatiyelj. 



fonn 



Trigonometrical Curves. 

S7S. Trigonometrical curVes axe such as inyolve a trigo- 
nometrical expres- 
sion in the equations 
of the curve. 

S73. The Sinu- 
Boid is aourve whose 
equation is of the 




y = asin^, 



a) 



in which a and b are constants. If a and b are each unity, 
the equation becomes 



y = sin ir, 



(2) 



which is called the equation of sines, and the correspond- 
ing curve is called the curve of sines. 
To construct the sinusoid, let 



X 

X 
X 



ijsbrc 
^bn 

etc 



A\^ then y 
A% y 

^3, y 



asin-jV^; 
asin^^^r; 

a sin -jV ^ f 
etc. 
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Erecting ordinates at the points 1, 2, 3, etc, equal to the 
corresponding values of y^ gives points in the curve. 

274. Remark. — The sinusoid is used In PLtsIcs to express certain laws 
of motion. It expresses the law of movement of the vibration of perfectly 
elastic solids ; of the vibratory movement of a particle acted upon by a force 
which varies directly as the distance from the origin ; approximately, the 
vibratory movement of a pendulum ; and exactly the law of vibration of 
the so-called mathematical pendulum. 

276. The oimre of Tangents is expressed by the equation 

|f= tanjB. 
If « = i^, y = aD, 

SB = 0, ^, 2jr, etc, y = 0, 

The curve begins at the origin^. The or- 
dinate DC, whose abscissa is i^, is an asymptote 
to the curve. EF is another asymptote, etc. 
The curve has an infinite number of branches. Pio. 188. 

276. The curve of Secants Is expressed by the equation 

y = 8eCJB. 

If « = 0,y = l=-41. 

If jr = ijr, y = a), andDC Is an asymptote. 
Similarly, FE, at a distance \it from the origin is an 
asymptote. If a? = w, then y = — 1 ; if a? = 2;r, 
then y = 1 = Bi', This curve also has an infinite 
number of branches. 

277. In a similar manner curves may be found 
for each of the remaining five trigonometrical func- 
tions. Circular functions give coireeponding curves. 
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Logarithmic Curves. 

278. A Logaritlimic Curve is one in which the abscissa 
is the logarithm of the ordinate, or the ordinate is the loga- 
rithm of the abscissa. Its equation is 

x-\ogy. 

If a be the base of the system of logarithms, its equa- 
ls 



OF TR0CB0ID8. 
hipleineDtoftheHMAntiMimo/GPtotlLeftzJBof X. Also 

a 

areBA=areBP; .: ^ = — fl; 



ineliiiation nfCP = p — i = 
6 eqaatiooB to the curro become 

» = (B - f ) Bin S - ft sla ^^ fl . 



91. The Eypooyolold is the path traced b^ a point on the eltoamfer- 
J of the genenting drcle rolling od the conoave arc of the fixed circle. 
ir&eDDe the equatioiu of the carre are formed bj m uti ng fr = r in eqiu- 

■ (7). They we 



y = (JI-r)Edne-rabi' 

The cnire ii repreMoted bj the full line p*— '"g through A. 
392. Foot Oniped Bypocydold.— Let r = iR, then will the corre 
ODaiatof fourbianches, and form fonrctupa. 
: ii? In equations (8), we have 

7 = SfCoee + rcoB8e, 
y^SralnS -rainSe. $) 

From TrigoDometrj we have 



Bin 80 = 8Blne-4Biii>e, 

which substituted giro Tio. IM 

' a = £ooa*0, 

y = JiBin>6; 

.-. fl!* = £*co8'ei **=B*Bin»S. 

Adding, obserrlng that eln' S -I- cos* = 1, we have 

(r*+yJ = B*, (10) 

which la the equation to the cnrre. 

Rkhahkb, — Hyper is from the Greek and meana otbt or above; and 
Bypo, nndei. The h7percjcl<M and hTpocyclold are often used in the theo- 
retkal conatmctlon of the teeth of gear wheels. In the hTperejoloId, If the 
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E tion may be written 



If«=o 

x=2=A2, 
etc 



y =«*• 



we find y=l =AB ; 
etc 



aj=-l=-t4, '• 



(( 



-a -I A I 

Fio. 186. 



3 



aj= — 00, 



•* " y=0. 



The ordinate at the origin will always be unity of the 
scale on which the locus is constructed, but the other ordi- 
nates will depend upon the value of the bfise of the system. 
The curve extends indefinitely in both directions from the 
origin, and the axis of a; is an asymptote to the curve on the 
negative side of the origin. 

If the base is unity, the locus will be parallel to the axis 
of x, and the ordinates cannot express a aeries of numbers; 
hence the base of a system of logarithms cannot be unity. 



Of Parabolas. 

279. All curves expressed by the equation 

are called parabolas. The values of n and m may be fractional 
or entire, and positive or negative ; but we shall here con- 
sider m as positive. 

li x = 0^ y =0, hence all these curves pass through the 
origin. 

280. The Common Parabola. — ^Making n = ^, we have 

y' = m V, 

which is the equation of the common parabola, m^ being the 
parameter, (Art. 86). 
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281. The Cubical Parabola. — ^Making ti = 3, we have 

y — ma?^ 

whicli is called the equation to the cu- 
biccd parabola. It extends indefinitely 
to the right of the origin and above 
the axis of x^ and to the left of the 
origin and below the axis of x ; and is 
convex to that axis. 
If » = J we have 

which is the equation of a cubical parabola convex to the 
axis of y. 

282. The Semi-Cubical Parabola. — Making n=i, we 
have 

y = TUX*, ^ '^^ 

which is called the equation to the aemt- 
cubical parabola. It extends indefinitely 
to the right of the origin and above and 
below the axis of x. It is convex to that 
axis, and symmetrical in reference to ii 
If 71 = I, we have 

y» = m»x, 




Fw. 187. 



which is a semi-cubical parabola, convex to the axis of y. 
283. The Biquadratic Parabola is given by the equa- 



tion 



y — mxi*^ or y*= m*a?, 



and is deduced from the general equation, (Art. 279), by 
making n = 4, or n = |. These curves, in their general 
shape, resemble the common parabola, the former being ooy^ 
cave to the axis of y, and the latter concave to the axis of x. 

Of Trochoids. 

284. A Trochoid is the locus of a point in a circle roll- 
ing upon a line. The generating point may be within the 
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hence the abedfisa of P wUl be 

x-=.{fi-\'T) oobO — r cob — — 0, 

R->tT 

and similarlj, y = (U + r) sin — r sin — - — 0, 

which are the eqaations of the cunre in tenni^ of the angnlar morement of 
the line of centres. If R and r are incommensurable, the cnrve will have 
an infinite number of branches, but if thej are commensorable, the carve 
will repeat itself. When they are coramensarable 9 maj be eliminated, and 
a single algebraic equation found for the locus. 

269. The H3rpertrochoid is the path traced by awy point on the radius 
of the generating circle as it rolls on the canvex are of a fixed circle. 




Fio. 198. 



Let h be the distance of the generating point from the centre of the gen- 
erating curve, andtlie other notation as in the preceding Article; then we find 

flj = (5 + r)cosO— 6cos — — 



0, 



y = (JR 4- r) sin G — & sin 



jB + r 



0. 



W 



for the equations of the curve. 
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290. TheHjrpotrochoid is the path 
traced by any paint in the radius of the 
generating circle rolling on the concave 
arc of another curve. 

Let R = OA •=. the radius of the gen- 
erating circle, r = GB = the radius of 
the moving circle, 6 — CP = the dia- 
tance of the generating point P from 
the centre (7 (P being on the dotted line), 
6 = BOA, (p = BCP = the angle through 
which the generating circle has revolved 
from the initial point ; then will g) -=* 
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+ supplement of the indination of CP to the axis of x. Also 

areBA=areBP; .•.^ = — 0; 

T 

B — r 
ineUiitUion of CP = 9) — = — — $ • 

and the eqnatione to the curvo become 

» = (jB — r)co80 + &C08 — ^— , 



r 
B-r 



y = (i? — r) sin — 6 sin — - 



e. 



O 



291. The Hypocyoloid is the jmth traced bj a point on the drcnrnfer- 
ence of the generating circle rolling on the concave arc of the fixed circle. 

Hence the equations of the carve .are formed bj Tnnlfing 6 = r in equa- 
tions (7). Thej are 

B-r 



« = (-B — r)oosO-freo8 



©, 



B-r 

f = (-B — r)sinO — rsin ^ . 



(8) 



The curve is represented bj the full line passing through A. 

292. Four Ousped H3rpooycloid. — Let r = iB, then will the curve 
consist of four branches, and form four cusps. 
Making r = iBin. equations (8), we have 

« = 8roosO + rco8 89, 

y = 8r sin G - r sin 86. (9) 

From Trigonometry we have 

oos86 =4cos*G — 8coeO, 

sin86 = 8sinG-4sin>e, 

which substituted give 

y = 22sin»©; 

.-. «* = -B* COS* ; y* = 5*sin« 0. 
Adding, observing that sin' B + cos' G = 1, we have 

x^+y^ = BK 
which is the equation to the curve. 




Fio. IM. 



(10) 



Reicarkb. — ffffper is from the Greek and means over or above ; and 
Hypo, under. The hypercjcloid and hypocycloid are often used in the theo- 
retical construction of the teeth of gear wheels. In the hjpercycloid, if the 
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radios of the fixed circle be infinite, the curve becomes a qrcloid. If tlie 
radios of the generating circle be infinite, the hypercyclmd becomes an in- 
volute. If the diameter of the generating circle eqoals the radios of the 
fixed circle, the hTpocjcloid becomes a straight line and will be the diame- 
ter of the fixed circle, and any trochoid will be an ellipse. If the radios of 
the generating circle eqoals the diameter of the fixed circle, and the gener- 
ating circle be conceived to roll within the fixed one, the centre of the gen- 
erating circle will describe the circomference of the fixed one, and any 
point on the radios will describe a carve called the LimaQon (see next Article), 
and anj point on the circomference a Cardioid, If the diameter of the 
generating circle eqoals that of the fixed one, and rolls ootside the fixed 
one, anj point on the radios of the generating circle will describe a Limagon, 
and anj point on the circomference a Cardiaid, 

Several interesting problems involve the foor cosp hypoejcloid : 

If the back of a chimney be vertical and the fioor be horizontal, and 
the edge of the front piece be x feet from the back, and ff feet from the 
floor ; then the length of the longest rod that can be ron sqoarelj.op the 

chimney will be the valoe of 22 in Eqoation (10), that is, ^ = {z^ + y^) . 

If a smooth bar rests on a corve and against a vertical wall, the bar will 
be in eqoilibriom in all positions if the corvo be a certain hypocydoid. 

The length of the tangent of a foor cosp hypocydoid limited by the 
axes is constant, and eqoals the radios of the directrix. 

293. The Lima^on may be defined as in the preceding Remaiks. Bot 
it was originally defined as follows : If a secant be drawn throogh a fixed 
point on a circle, and eqoal distances be laid off both ways on this secant 
from the other point where the secant cots the circle, the locos is a Lima^on. 

Taking the pole a^ the fixed point, r the radios of the circle, the initial 
Une passing throogh the centre, and b the constant distance, then will the 
polar eqoation be 

p = fircoaB ±b, 

and the rectangolar eqoation 

(«• + y«)» - (4r!» + 6) (a?» + y«) + 4r»«» = 0. 

294. The Oardioid is aparticolar case of the LimaQon, in which 6 = 9r« 
The polar eqoation is 

p = 2r(cosO ± 1), 
and the rectangolar eqoation 

(«• + y«)« - 4ra?(aj« -h y«) - 4r«y» = 0. 



The Conchoid of Nicomedes. 

296. If a line OP be drawn through a fixed point 
across a fixed line CXat Fy and a constant distance FP be laid 
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o£f on the line both ways from the point Fy the locus of the 

point P is called the Conchoid 

of Nicomedes. The fixed point 

is the joofe, XCX the direc" 

trixy and BC the parameter ot 

the curve. 

9 

296. To find the equa- 
tion of the Conchoid, let P 
be any point, BOP= q>y OC = 
Oy CB = b= FPy and p = OP = the radius vector ; then for 
the polar equation we have, 

OP = OF-^FP, 

or p = a sec (p ±b. (1) 

For the redangvlar equation, let x = 02>, and y = 2>P, 
then 




p 
seca> = -, 



a?-\-y'=:ff, 



which substituted in (1) give 

(a? + y')(y-ay = Vy\ (2) 

If the origin be transferred to C, we will have (writing 
y + a f or y) 

^y'^ia + yYiV'-f), (3) 

which is the required equation* 

These equations give 
both branches of the curve. 
The branch nearest the 
pole is called the inferior 
hrarvchy and the more re- 
mote portion the superior 
oranch. 

If 6 > a there will be a loop inclosing the pole. 



If a = &, there will be a 
cusp at the pole. ^ 
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If 6 > a the lower 
branch will be more or 
less ronnded when it 
crosses, the axis of y. 



Fio. 196. 




297. To Trisect an Angle.— Let EOC he the angle. 

Take the directrix ^C^of the Conchoid 
perpendicular to 0(7 at any poini 
Construct a conchoid having its pole 
at 0, and parameter b equal to 20 E. 
Draw EP parallel to OC, P being 
the point where it intersects the con- 
choid, and draw OP ; then will POO 
= \EOC. ¥oT, it e=EPO = POO, 
then EP =^b COB = 20E cos S ; and 
r». 199. the triangle EOP gives 

EP sin (p b cos ^ « ^ 

.*• sin <p = 2 sin 9 cos 6^ = sin 2^ 
or q>z=20; 

.\ e = ^<p = \E00, 

which was to be proved. Bisecting EOP by well-known 
methods, the angle becomes trisected. 

298. Remark. — Among the noted problems of the ancient mathemati- 
, clans were the Trisection of an Angle and the Duplication of the Cube. The 
geometrical construction of these problems is beyond the reach of element- 
ary geometry, since it inyolves curves of a higher order than the circle. 
Both these problems involve the solution of a cubic equation, and both may 
be made to depend upon the construction of two mean proportionals be- 
tween two given straight lines. This has been accomplished in various 
ways by means of higher plane curves, many of which were invented for 
this purpose. The Conchoid was invented by one Nicomedes, a Greek 
mathematician, for trisecting an angle. The Cissoid of Diocles was in- 
vented by the Greek geometer Diocles, for the purpose of solving these 
problems 
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The Oissoid. 

S89. Let be the centre of a circle, AB a diameter. 
Erect a pair of ordinates DE, D 'E ', eqai- 
diatant &om the centre, and from A draw 
a secant AE through the extremity E 
of one ordinate ; its intersection P ' with 
the other ordinate determines a point in 
the required locus. Similarly the inter- 
section of AE' and DE at P determines 
another point. The locna thos oonstmcted 
is called the Otaaoid of Diodes. 

300. Rectangular Equation of the 
CiBSoid. — Let P' be any point of the 
curve, AD' = x, DP' = y, AO = r ; 
then 

AD : DE .'. AD' : DP', 




2r — a : ^/(2r—x)x :: x : y; 



y-=-. 



which is the required equation. 



SOI. Polar Equation to the ClBSoicL— Take the origin 

a,iA,AF' = p, P'AX= 6', then 



y = P am u, x = p cos ff, 
vhich sabstitated in equation (1) will give 
/) = 2r sin 9 tan ^, 



(2) 



for the required equation. The carve has two infinite 
branches and is synunetrical in reference to the axis of x. 
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[Sir Isaac Newton gave the following mechanical constniction for this 

curve. Let be the centre of the circle, AO = AD its 
radios, and 00 a line perpendicular to OA. Take a 
rectangular ruler DEC whose leg EO equals OD. Let 
the end C slide along OL while EF constantly passes 
through the point D, then will P the middle point of 
EC describe a cissoid. 

The locus of the vertex of a common parabola 
rolling upon an equal parabola is a cissoid.] 

302. To insert two mean proportumals between two, given 
lines. 

Let a and h be the given quantities. With a = AC sa a 

radius describe a semi-circumfer- 
ence, and construct the correspond- 
ing cissoid AQD. At the centre of 
the circle, erect an ordinate CE = h 
and join E and J?, noting the point 
O where it crosses the cissoid. 
Draw OA and note the point F 
where it crosses CE\ then will CF 
be one of the mean proportionals. 
' Let fall a perpendicular GH 
upon the diameter AB (not shown 
in the figure), then will x = AH, and y = GH, and the similar 
triangles ACFsnd AHG, and BHG and BGE, give 




a CF J 2a — a; y 

- = , and =f, 

X y ah 



which combined with the equation of the curve will give 

CF=\^. 

By exchanging the quantities a and h in the construction, 

we would find the value of Vofi', and the required propor- 
tion will be 

a : A/a*6 : : \/a6* : 6. 

303. Duplication of the Cube. — To find the edge of a 
cube whose vdume shall be dovUe that of a given cube. Let a be 
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the length of one edge of the given cube^ and making h 
in the preceding Article, we have 



= 2a 



i/^T 



which is the required length. 

To find a cube whose volume is n times that of a given 
cube, make 6 = na, and we find 

for the length of one edge. 



Quadratrix of Dinostratus. 

304. If an ordinate DP moves uniformly along the di- 
ameter of the circle AB^ while the ra- 
dius rotates uniformly from B iio A, 
both beginning at the same time at B^ 
their intersection P will be the locus 
of the Quadratrioc. 

305. Equation of the Quadra- ^'o- ^ 
trix.— Let r = (7J? = the radius, 6 =PCB, x = CD, y = DP. 
Then from the definition we have 




2^ _ 



e 



r — X 



, y = xiaji0; 



.-. y = a;tan(r-a?)^, 

which is the equation of the curve. If x = 0, 2^ = 0xoo; 
which, by the principles of vanishing fractions, is found to 

be — ; hence 

7C 



_2/ 
CE 



= TT. 



[Rexabx. — This curve was invented bj Dinostratus for the purpose of 
finding the area of the circle (hence the name QuadrcUrix), and also for 
dividing an angle into anj number of equal parts. Thus, to trisect the 
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angle PCD, trisect DB and erect oidinates at the points of diyiaion ; tlien 
will the radial lines from C to the points of intersection of the oidinates 
with the qnadratrix trisect the angle. 

If the law of oonstmction for BEA he continued ontdde the drde the 
curve will become an asymptote to the dotted lines, and another branch, 
shown by the full lines outside the dotted ones, may be described, and so on 
indefinitely.] 

Witch of AgniH. 

306. To construct the Witoh of Agnisi, let AB be the diameter of a 

circle perpendicular to AX, draw a tan- 
gent to the circle at B (not shown in 
the figure) ; it will be parallel to AX, 
and through any point F of the drde 
I draw a secant AF and prolong it to 
meet the tangent through B ; project 
the intersection thus found on the ordi- 
Fia. 201. nate EF prolonged, the point P thus 

found will be a point of the locus. To find iU equation let « = AD, y= DP, 
then we will find 

x*jf = 4r«(2r — y). 




Ovals. 

307. An Oval is a reentrant curve in which the distances of any point 
from two fixed i)oints have a constant relation. The fixed points are called 
the foci. The term is also applied to figures made with arcs of drdes, 
which resemble the ellipse in form. 

308. The Cartesian O^al is one in which a fixed multiple of one radius 

vector of any point differs from the 
other by a constant quantity. 

To find it* equation, let P be 
any point in the locus, F and F' the 
foci, fj and p the radii vectors, k the 
fixed multiple, and d the constant 
difference; iben, from the definition, 
we have 




p—kp'= ±d. 



(1) 



Let the distance between the 
^o. 206. foci be FF' = c ; take the pole at 

Pand the variable angle PFF' = q>, then from the figure we have 



'1 



p* + c' — 2ep cos qi. 



(2) 
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Eliminating p' giyes 

(*• - 1) p« - 2 ((*«co8<?>Tcf)p H- c"*" - d» = 0, (8) 

which is of the form 

p'-f 2(-4H-6cos9))/9-f (7=0, (4) 

and is the required equation. Equation (8) shows that there are two ovals 
answering the required condition, as shown in the figure. 

Rehabkb — This oval was first investigated by Descartes, hence its 
name. It has been shown that this curve has a tlilrd focus F" outside of 
both the ovals. (See BeprirU of Solutions from the EducaHonal limea. 
Vol. XXV. , p. 68.) If A; = — 1 and d is positive, the locus becomes a single 
curve and is an ellipse. 

If A; = 1 and d, positive, it is an hyperbola. 

If (2 = cA;, we have, (Eqs. (8) and (4)), 

p-^2{A-¥ J?CO8^)=0, 

which is the equation of the lima^on, (Art. 208). 

If A; = 1 and d = eit becomes the equation of the cardioid, Art. 204 
[Mechanical Canstrv^ction. — ^The following mode of constructing the Car- 
tesian is giyen by Prof. Hammond, of Bath, England. Wind a string 

around two concentric wheels and let it pass around 

smooth pins A and B, and be joined at P. A pencil 

point at P will trace a Cartesian when the wheels C 

and D are turned on their common axis. To prove 

this, differentiate equation (1), and thus find dp = kdp\ 

which gives the relation between the rates of change of 

the radii. But from the figure we see that the rate of 

increase of BP is to the rate of decrease of AP, as the 

diameter of 2>, is to the diameter of 0. The last ratio 

being constant, may be represented by — A; ; which 

shows that the locus is a Cartesian, the fod being at A 

and B. If the circles C and D, are equal, or A; = — 1, 

the locus is an ellipse. If the circles are of the same size, or both threads 

are wound the same way about D, in which case A; = 1, the locus will be an 

hyperbola. {Am. Jour. Math. 1878, p. 288.)] 

Pbob. — Prove that the locus of the triple foci of a series of Cartesian 
Ovals passing through five points is an equilateral hyperbola. (Reprint 
Ed. Times, Lond.. Vol. XVII., p. 24, 1877.) 

309. The Oassian Oval is the locus of a point the product of whose 
distances from two fixed points Is con- 
stant. 

Let P be any point, Pand P' the 
fixed points called /(^rt, the middle 
point of FF', X = OD, y = DP, OF=e, 
m* the constant product of the radii. 

We have from the definition pp = 
m', and from the figure 
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p« = (a?-c)«+ y«; p'>=(«-hc)«+y*. 
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These equations give 

which is the rectangular equation to the curve. 

Changing to polar coordinates, being the pole, r = OP the radios 
tor, we have 

r* +2c«(l-2co8«e)r»=m*-o*, (6) 

which is the required equation. 

310. Z«amnisoata of Bernoulli — ^This is a special case of the Gaasiaa 

in which m = e, and hence the reeU 
angular equation is 

(«• + y«)« ~2(j«(»" ~y») = a (7) 

The polar equation is 

r« = 2<J« cos 20. .(8) 

®**** IfO=0,wehaYer = 6V3^which 

call a, and the equation will become 

r«=a"co820, (9) 

which is the more usual form. The cuire crosses itself at the origin. 

P It m <e the Cassian does not cat 

the axis of y, and the locus diyides itself 
into two distinct ovals. 





FIG.S09. 
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311. A Catenary is the curve 
sumed bj a perfectly flexible chain 
when suspended at its ends. If the origin be at 
the centre of the curve, x horizontal and y verti« 
cal, the equation is 



in which e is the base of the Napierian system of logarithms and a the 
ratio of the weight per unit of length to twice the tension at the lowest 
I)oint. (See the Author's Anaiyt. Mech,, p. 184.) 

[The following are eome of the propertiei> of the catenary: 

The directrix is aline parallel to the axis of ar, and below the Tertex a distance equal 

9a 

If a common parabola be rolled on a fixed line, the locns of the f ocns will be a catenary; — 
also the envelope of the directrix will be a catenary eymmetrical with the former In refer- 
ence to the fixed line. (Reprint, Ed. Times, Vol. XXV., p. 83.) 
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The radins of cnrvatore at any point of the catenary equals (In len^h) the normal 
limited by the directrix. 

The tension at any point equals the weight of the chain whose length is the ordinate 
of the point from the directrix. 

If an indefinite number of strings (without weight) be suspended from the catenary and 
terminated by a horizontal line, and the catenary be then drawn out to a horizontal line, the 
locus of the lower ends of the strings will be a parabola. 

The centre of gravity of the catenary Is lower than for any other curve of the same 
length terminated by the fixed points A and B.] 



Miscellaneous. 

312. Onrves of Piinnit. — ^If a point moves along any path and another 
point is made to move directly towards it according to any law, the path of 
the latter is called a curve of purnUt, 

PnoBLEM.— A fox runs uniformly along the 
straight line .4X, and when the fox is at A a 
dog 8tart8 at C and runs at an uniform rate 
toward«i the fox ; reqnired the eqnationof the path 
described by the dog, and the distance run by 
each. 

At any instant let the dog be at P and the 
fox at A\ then will PA' be a tangent to the 
curve. This is a curve in which the length of 
arc CP bears a constant ratio to the distance AA'. 
Let AA' -» 
FluxUms), 




A D 



A' 



B 



Fio. Sll. 
CP= n, and CA = a,x = ADy y = Z>P, then it may be foimd that (^mpmCB 



,i+« 



Sx = 



(l + «) 



ay-* 

1 - n 



+ 8 



an 



1 - n« » 



which is the rectangular equation to the curve. When the dog overtakes the fox, we have 



y = ; .'. a; = 



on 



1 — n 



s » 



which will be the distance run by the fox ; hence the distance run by the dog will be ^ 

There are numerous ewrvtt qfpurtuU dependhig upon the laws to which the moving bodies 
are subjected, and the path described by the leading body. 

313. The Foliiim of Desoaries is expressed by the equation 



It has an asymptote whose equation is 
« + y + a = 0. 



314. Discontinaotis Ourves.— The equations of ^^- *^- 

some carves give real values for certain values of one of the variables and 

15 
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ImagtnflTy values for other values, and when the imaglnaiy parts fall b»> 
tween real portions, the locus is called diicanHnuaus, 

. 316. The locus whose equation is 





V / 


.c' 




.B' 


v*^ 


.A' 


^^^ y 





G 



y = ax* ± VxfAn bx 

is an example of a discontinuous curve, in which one portion of the locus is 

represented by points only. Thus, for negaitiTe 
values of x, the radical is imaginary for all 
values of x except when sin (—bx) \a zero. 
When that is zero y is real and gives the iso- 
lated points A', B', C, etc., all of whicfi are 
located on the curve whose equation is j^ = ax*. 
All positive values of x, {bx being less than a 
^*»' 2^*- multiple of ^tc) give real values for y, and the 

locus will be a series of ovals symmetrical in reference to the positiYe 

branch of the parabola y = ax^, 

316. The locus y = i^i sin x — 1 * V^cos x — 1, is another example. 
If a; > and < SO"* both radicals are imaginary and hence p will be reaL 
For X > 80^ and <150\ the first is real and the second imaginary, and hence 
y, imaginary ; and so on throughout the circumference and multiples of the 
circumference. 

317. If the locus be referred to polar coordinates, the same condition 
may exist, as may be seen from the equation 



p = V2 -- 8 sin 4<p. 

318. A Lozodromlo Curve is one that cuts the meridians of a sphere 
at a constant angle. It is found, by higher analysis, that the equation of 
a loxodromic of 4fV is 

« = log tan (45** + Jy), 

in which y is the latitude and x the longitude, the origin being on the 
equator. 

[Rexark.— If a ship shnnid start at the equator and sail contlnnally nsrth-east at a finite 
rate, it would reach the north pole in a finite time. It would go around the pole an Inflintte 
number of times, but the length of the path would be finite. When it passed 800 degrees of 
longitude, its latitude would be 90^ 53% or it would be within about 8 miles of the pole.] 

319. The Logocyolic Curve is one whose polar equation is 

p = aaecB {1 ± sin 6), 
in which a is the value of ptorO = 0. The rectangular equation is 

(a?* + y*) (X — 2a) + a*x = 0. 

The locus of the foci of all elliptic sections whose planes pass through 
a tangent to a circular cylinder parallel to the base is a logocyclic curve. 
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320. An Helix is a curve which cuts the rectilinear ele- 
ments of a cylinder at a constant angle. 

To find ite equations, let the axis of z coincide with the 
axis of the cylinder, x and y, horizontal, ff, the variable angle 
measured from the axis of x, r, the radius of the base, and 
q) the angle between the helix and the rectilinear elements ; 
then we find 

x = r cos S, y = r sin S, « = r 5 cot 9?, 

which are the required equations. If c be the slope of the 
helix ; that is, the tangent of the angle which the helix at a 
unit's distance from the axis makes with the base, then 

and the values of x and y remain the same. 

321. A Conoid is a surface generated by a right line 
remaining constantly parallel to a plane and moving on two 
other lines one or both of which is curved. The plane is 
called A plane-direder. It is a warped surface. 

322. Problem. — To find the equcUion to a conoid in which 
one directrix is an ellipse and the other a right Une^ the right line 
being parallel to the major cuds of the eHipae and perpendicular to 
the plane-d>irecter. 

Let the axis of x 
coincide with the ma- 
jor axis of the ellipse, 
and the plane yz be the 
plane -directer passing 
through the principal 
vertex of the ellipse; 
BE the generating line, 
P, any point in the sur- 
face, h = CB, the alti- 
tude ; X = AC, y = CD, 
and z = DP. The equa- 
tion to the ellipse gives, 
(Art 72), 

V 
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EC* = ^, (2aaj - a?), 
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and the similar triangles EDP and ECB give 

ED : EC :: DP : CB, 
or EC-y : EC :: z : h; 

hence hY= {h-zyEC^; 

.-. a%V = b\h - zy {2ax - a?), 
which is the required equation. 

EXAMPLES. 

1. Find the curve of intersection of a plane with the conoid. 

2. Show tliat a plane section parallel to the curyed directrix is a 
curve of the same class. 
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CHAPTER L 

ADDITION AKD SUBTBAGTIOK OF YEOTOBa 

Definitions. 

323. Quatemions is a system of analytical geometry^ 
invented by Sir William Bowan Hamilton about the year 
1843. He gave to the system the above name because it in- 
volves, in its fundamental expressions, four arbitrary units 
(from the Latin word quaJtemiOy meaning a set of four.)* 

324. A Vector implies the transferrence of a point a 
given distance in a given direction. Thus, if a point be trans- 
ferred from Ato B, the length and direction of AB being 

known, any quantity which will rep- a b 

resent this action is a vector. There- ^ ° 

fore, in this system, a vector is the repre- — — p 

serUative of transferrence through a given 

distance in a given direction. Oeometrically it is represented 
by a right line whose direction is parallel to the transferrence, 
and whose length equals the distance through which the 
point has been carried. Analytically it is represented by 
some letter of the Greek alphabet, a, /^, y, etc. 

326. The Sign of a Vector. — ^If the transferrence be 
considered as positive in one direction, a transferrence in the 
opposite direction will be negative. Either direction may 
be assumed, arbitrarily, as positive. Thus, if AB be posi- 

* Hamilton's Lectures, Preface, pp. (46), (62) ; also pp. 89, 109, 112, 128, 
449. 
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tive BA will be negative, the letters being arranged in the 
order of the transferrence, Ali signifying a transferrence 
from A towards B, This principle will be observed in this 
system. 

326. Equal Vectors are such as are parallel and equal 

in length. Thus if AB, CD, 
Cap and EI^ are parallel and equal 

A a^ L I in lengthy we write 



hL 




AB=CD=EF. 



^'^^ ^^' Equal vectors are added the 

same as similar quantities in algebra ; hence we have, for 

^i?+ CI) + EF=dAB. 



this case. 



If HO is parallel to AB and equal in length to SAB, we 

have 

AB+CD + EF= HO = ZAB, 

or AB+ CJD -h EF+ 0H= 0. 

327. Parallel Vectors are Multiples of each other. 

This follows directly from the preceding Article. Since 
they are parallel, we have, in comparing one vector with 
another, only to compare their lengths. If ^y be a vector, 
then will na be a parallel vector n times as long. In the tri- 
g angle CDE, if JDE is parallel to AB 

and n times as long, and if vector 
AB be n , then will vector DE be nor. 
Generally, we have 




a + la-tma + eic = (1-hZ+m+eta) a. 

£ in which /, m, etc., may be positive 
or negative, entire or fractional 
^**- ^^- Similarly, in Fig. 216, il HA = 

/?, BG = 1/3, DE = — Ti/?, etc., we have 

/? 4 Z/? — n/J + etc = (1 + Z - n + etc)/?. 

Vectors not parallel must not be represented by the same 
letter. 
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328. A Unit Vector is one wTiose length is unity , its di- 
rection being given or assumed. The length of the unit will 
be the same for all the vectors in any particular problem. 
Unit vectors are generally represented by the same Greek 
letters as the entire vector, in which case they are especially 
designated as such ; thus, let a^ y5, y^ etc, be unit vectors, 
but we will, at present, distinguish them by subscripts, thus, 
^\9 f^ii Yu etc., are unit vectors, of which a, /^, y^ etc, are the 
entire corresponding vectors, and we may have 

a = Z^i, 13 = x^i^ etc, 

and similarly for the others. 

329. A Tensor* is the numerical fcutor by which a imit 
vector is multiplied to produce the real vector. Thus, 7, m, 
7?, etc, in the preceding expressions, are tensors. Tensors 
were represented by Hamilton, in general discussions, by the 
letter T\ thus, Ta^ Tp^ etc, and are read, 'tensor <t, tensor 
P^ etc This notation is still retained in many cases. 
Thus, we have • 

a^Ta («'i), P = T0 (A), etc 

(Rbmabk«— The definition of the other terms, Scalab and Verbob, 
will be given in the second chapter. A Quaternion, strictlj speaking, in- 
volves all four units, and hence the analysis of this chapter, involving, as 
it does, onlj two of the required units, is at best a restricted and partial 
case of the more general analysis. Still, the principles here developed are 
a necessary part of the subject.) 

Vector Equations. 

330. Let ABO be a triangle, the direction and length of 
AB being represented by vector a^ 
of BC^hj vector A, of ACy by vec- 
tor y. The transferrence of a point 
from A to //, followed by a trans- 
ferrence from B to Cf gives the 
same result as a transferrence di- 
rectly from A to C. This is expressed in the form of an 
equation, thus 

^ + >g = r, 0)_ 

• * Literally, that fthich iCretehe$. 
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The symbols + and = have not the same meaning here 
as in algebra. The addition is not numerical, neither is the 
equality a numerical one ; still, their meaning here is not op- 
po8ed to that in algebra. They are used in an enlarged sense. 
The expression may be read ' a transferrence expressed by 
vector ^r, followed by a transferrence expressed by vector /^, 
is equivalent to a transferrence expressed by vector y.^ In 
this sense the expression may be called b wctor-equaJtion^ and 
read in the usual way, thus, ' a plus ft equals ^.' If the vec- 
tors are parallel, they will be represented by multiples of 
the same vector, and the equation will express a numerical 
equality, (326). 

331. Law of Signs. — ^A separate vector may be posi- 

Q tive in either direction along 
the line, (326). When they are 
connected with each other the 
sign depends upon the order of 
the transferrence. Thus, if the 
transferrence be from A to B^ 
thence from B to C^ thence from (7 to J, and all these direc- 
tions be considered positive, we have 

a+ /3 + r=0. (2) 

But if we make AB, BC, positive, and also AC positive 
/ram A, then will CA be negative ; in which case we have 

« + /?-r = 0, (3) 

which is the same as transposing y in equation (1) to the 

first member ; hence, The rule/or the transposition of terms in 

a vector equation in regard to signs, is the same ew for algebraic 

equations. 

If the transferrence be positive, and from B to A, and A 

to C, the result will be the same ^s from B to C, and we 

have 

a + y = /3. 

Or, if the transferrence had continued from C towards J?, 
BC being positive, we would have 

a -{-y — /3 = 0. 
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The transferrence may begin at any angle of the triangle. 

[Ob8. — This freedom in regard to signs may, at first, seem to lead to 
uncertainty in regard to the result ; but it is only necessary to observe that 
the result must be interpreted in accordance with the original assumptions. 

If the right member consists of one term only, it may be considered as 
a measure of the result, while the left member may be considered aa the ex- 
pressian of an operation J] 

332. Unless otherwise stated the yectors/rom the initial 
point will be considered positive ; huJt the directions may be 
assumed arbitrarily. 

EXAMPLES. 

If vectors AB=a, BC = /3, CD = r^ 

AD = Sy excepting that the positive signs 
are not necessarily in the order of the let- 
ters here given; interpret the following 
vector equations ; that is, give the order of 
the transferrence, the position of the point 
after transferrence, and the direction in 
which the vector is positive. 

a = y '\-d — p 
a-h fl + r + ^=0 

= 8 + y -h fi-¥a 
a-h P-\- r = 8 
AH'\-EO = AO 

AO^AD + DG" OG. 

333. The sign of a vector in one direction being fixed, 
the other vectors paral- 
lel and in the same di- 
rection shoidd have the 
same sign. Thus if BD be 
positive from B towards 
D ; then should DE and 
EA also be positive. This 
principle, if observed, will 
prevent confosion in re- B 
gard to signs. ^'"'^ 

FI0.S81. 
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Exercise. — Let o^i, A, Xi be unit vectors, and ma^i, nA, 
lyx , the sides of the triangle. Draw radial vectors (7i>, CE^ 
from C ; and let x = BD, y = DE, z = EA ; it is required to 
show that lyi = faa^ + nft^ by passing from the triangle BCD 
to DCE, and thence to EGA. 

We have, (330), 

for triangle BCD xyi = ma^ + (71), 

DEC yn = --CD + CE, 
EGA zyi = -• CE + n/3^. 

Adding we have 

(x + y + s)yi = mai + n/S^ . 

But a? + y +s = Z; 

.'. ly^=imai -^-nfiu 
as required. 

Let the reader deduce the same result by taking D as the 
initial point. 

334. Proposition.— If 2a + 2/3 = 0, then will JSa = 0, 
and 2/3 = 0. 

For the vectors being entirely independent of each other, 
either sum may be zero independently of the other. 

We may also show it directly from Article 326; thus, no 
amount of transferrence along vectors a will a£fect A hence ^ 
if thefr sum is zero, each must separately be zero. This 
may be illustrated by the figure. We have 

J " f AB + CD+EF'h GH=0=2a, 

H? "^ 3rf -/ -7^ HA'\-BC+DE+ FG = 0=z2/3, 

t U — F 

Pig. 222. and 2a +2/3 = 0, 

from which we see that each may be independently equal to 
zero. The expressions developed become 

{l-\-m + n+p + etc.)a = 0, 

(a + 6-f-c + d+ eto.)/3 = 0. 
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This principle is similar to that of indeterminate coeffi- 
cients in Algebra. 

APPLICATIONS. 

1. The corresponding sides of mvtuaUy equiangvh/r triangles 
are proportional 

Let ^1, ^if yi, be unit vectors; c 

vector BC = mac^ , vector CA = w/?i , 
vector BA = lyi . (Observe that a is 
opposite A, fty opposite jB, and j/, op- 
posite (7, corresponding to similar 
notation in trigonometry.) Then, 
since the sides of the triangle CDB 
are parallel to ABC^ we will have 

Fie. 8S8. 

EC-aa^, GD = hpu ED = cyi. 

From the triangle ABC we have, (SSO), 

ma^ + n^i=:lyi, (1) 

and from CDE aa^ + 6A = cyi. (2) 

Multiplying the first equation by c; the second by I; and 
taking the difference, gives 

{cm — Idjati + (c» — ?6) A = 0. 
Hence, according to Article 334 ^^ hskYe 

cm — to = 0, 

en — lb =0; 

cm_ fci 

and droppini? the common factors c and Z» and multiplying 
by ., and ^ding by A gives ^ 

and, substituting lines for the corresponding vectors, we have 

CB_CE 
CA" CD' 
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or CB : CA :: CE : CD, 

which was to be proved. 

Similarly, eliminating a^ from equations (1) and (2) will 
give 

CA : AB :: CD : DK 

2. ]^ the opposite sides of a qvadrtlaterdl are paraRd^ {heg 
equal each other in lengths 

The term vector being understood, it is generally omitted 

a _B ^ speaking of a line. Thus, instead 

of saying 'vector CD = a,' we simply 
say ' let CD = a.' 
^ o Let CD = n', CA = /3 ; then since 

Fio. 234. AB is parallel to CD it will equal ma; 

and similarly DB = n/?. 

Calling CD positive, BA will be negative. We have 

vector CD + vector DB + vector BA + vector AC =^ 0^ 
or a + n/3 — ma — y^ = ; 

or (l-7ii)a- (l-n)/?=0, 

which, according to Article 334, gives 

.*. m = 1, and n = 1 ; 
therefore AB = CD, CA = DB, 

which was to be proved. 

3. ]^ the lengths of the opposite sides of a quadrilateral are 
equal, they tvHl be parallel. 

g Let the unit vectors along CA, CD, 

DB, AB, be A , ^, , yi , ^i , respective- 
ly ; then will the sides as vectors be 

CD = mai , CA = n/3i , 
AB=mdu DB=:nyu 



7 
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and we have, (330), 



or 



mai -f- nyi — mS^ — nfii = 0, 
(«i - c^Om + (xi - A)»* = 0- 



But since m and n are mutually independent, we have 

^1 = ^1 , r 1 = A ; 

hence the opposite sides are parallel and the figure is a paral- 
lelogram. 

4 The diagonaJs 
of a puraUdogram 
mutuoUy bisect each 
other. 
Let 

AB=: DC=Of, 



AD=BC = /3; 



A 




a unit vector along AE= S^ , and along BD= yi. Then, 
(327), 





AE-xS^ 


, EC = yS^, 




BE= uyi 


, ED = vyi. 


We have. 


(330), 






AE=^ 


AB + BE, 


or 


xdi = 


a+uy^; 


also 


y^i== 


vyi + a. 



Subtracting, {x — y)<^i = (w — v)yi , 
or (a?- y)^i - {u'-v)yi = ; 

.% (334), a? = y, w = v, 



or 



AE^EC, BE^ED, 



which was to be proved. 
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5. The lines joining the middle points of the opposite sides of 
ANY qvadrilaief'al mutvaUy bisect each other. 

The proposition will be proved 
to be trae whether the lines all lie 
in one plane or not If they do not, 
the surface will be warped, (222), 
and is sometimes called a surface 
gauche^ a French word signifying 
ttoisted. 

Let three vectors, AB^ AC^ AD^ 
co-initial at Ay be drawn in any direction and of any length, 
and their extremities joined by the lines BCy CD, making a 
quadrilateral A BCD. (Vector AC is not shown in the fig- 
ure.) The three vectors here given will always determine 
the figure, and by using them, instead of the four sides as 
vectors, the solution is simplified, and a more symmetrical 
expression found for the result 

Let Ali = oTy AC= /3y AD = y, all positive from A ; E, 
Oy Fy Hy middle points of the respective sides, and the 
middle point of OH'y we are to prove that it is also the 
middle point of EF. 

We have AD + DC= ACy 



or 



and 
also. 



or 



and 



then, 



y^DC^P'y 

.'. DC=/3-yy 

DO = h(fi-r); 

AH-i- HG = AD-hDO, 

= i{oi^/3 + y). 



a) 
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Let the middle point of EF be 0', then 

AO'=AE+EO' 

= ^Y + iEF. (2) 

To find EF, we have 

AE + EF = AB + BF\ 

.'. EF=a + ^£C-hr> 
and ^EF=ha-iy+k-BC, (3) 

To find BG, we have 

AB+BC=AC, 
or BC= /3-a, 

and i5C=i (/?-«), (4) 

which in (3) gives 

and this in (2) gives 

AO' = ki^ + fi+y\ (5) 

which being identical with equation (1) shows that the points 
and 0' coincide ; hence the lines EF and HG mutuallj 
bisect. The point is called the mean point of the poly- 
gon. 

It will be observed that the mode of solution consists, 
chiefly, in reaching the same point by two different routes. 

335. The mean point of a polygon is a point to which 
the vector is the average of the vectors to all the angles 
of the polygon. The initial point may be chosen arbitra- 
rily. 

The mean point coincides with the centre of gravity of a 
system of equal partideSi one particle being at each angle 
of the polygon. 
16 
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6. The mmn point of a quadrUatei^al is at the middle point 
of the line joining the points of bisection of 

the diagonals. 

Using the notation of the preced- 
ing example, and letting be the mid- 
dle point of PQ^ we haye. 




B 
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AO^zAP-^-PO 

^IP^hPQ 

= i(« + /» + r); 

hence the point of this figure coincides with of the pie- 
ceding figure. 

An interpretation of this result gives a geometrical 
method of finding the mean point, for 4^0 is one side of a 
polygon of which the other sides are a, fi, y. 

* A little practice will enable the stadent to make these sabstitatioiiB 
withoat formally writing the equation, and determining the value of the 
unknown quantity. In this case the equation would be 

AP+Pq=AB-\-Bqi 
.'. PQ^AB + BQ-AP, 

which compared with the figure shows that the terms to be substitated will 
be the remaining sides of the polygon APQB, and that the signs of the vec- 
tors will be determined by passing backwards around the polygon. Thus, 
instead of passing around in the direction from P towards Q, go in the oppo- 
site direction. Ab AP was considered positive from A towards P, it will 
be negative from P towards A, and we have — AP, Similarly, + AB and 
-f- BQ. The order of the sides (or terms) is immaterial, thus we may have 
+ BQ — AP -h AB. It would be well for the student to mark on the 
figure tho positive directions of the vectors, as soon as the direction has 
been fixed, as shown in Fig. 232. 
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Constmct a polygon whose successive sides are a, /?, y, 
and join AD\ Then 
we have, (330)i J^ 

and ^y^ / 

o .5„ v/1 f^ 

AO=i{a + p + y); /\ X'^ 

.-. Ao = \AD. / r>j%? 

The order of the ^/_ 

sides, as shown by ^ * ^ 

the equation, is im- Fio.aaa. 

material, hence the successive sides may be ^, y, /?, or ;^y a, 
/?. It is not necessary for them to be iJl in one plane. 

To find the mean point we simply add the vectors and 
divide by the number of angles of the polygon. 

EXAMPLKS. 

1. ProTe that the mean point of a triangle is in a lino joining the 
vertex with the centre of the base, and at two-thirds its length from the 
vertex. (It will be at the same point as the centre of gravity of three 
equal particles, one at each angle of the triangle.; • 

2. Take the initial point on the diagonal of a square prolonged, and 
show that the mean point of the square is at the middle point of the di- 
agonal of the square. 

(Obs. — ^Let the adjacent sides of the square be a, fi, and the vectors to 
the four angles be y, 5, e, u, then if ^ be the vector to the nearest angle, 
prove that AO (the mean vector) equals 8 + Vjx. -h fi.) 

3. If the initial point be at the middle of the base of a triangle, 
prove that the vector to the mean point is one-third the vector to the 
opposite angle. 

(Obs.— These examples should be solved hj writing the equations, and 
not deduced from the value of ^0 given above.) 

4. In a regular pyramid having a rectangle for the base, equal heavy 
particles are placed one at each comer of the base and vertex of the pynh 
mid ; show that the centre of gravity of the five particles will be OH IIm 
altitude, and at f its length from the vertex. 
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Medial Vectors. 

886. A medial vector is one drawn from the common 

point of two given vectors to the 
middle of the line joining the ex- 
tremities of the given vectors. 

Thus if OA and OC are given 
vectors, and OB a Une drawn from 
to B, the middle of ACt then will 
0^ be the medial vector. 

887. ProblemL.— To Jind an eah 
pression/or a medial vector. 

Let a and y be the given vectorsi 
^°' ^^' and /i the medial^ all positive from 

the initial point. We have 






OB=OA + AB 


or 


/3 = a -{-AB; 


also 


OB + BC=^OC, 


or 


fi = r''BC; 


adding gives 


/3= h(^ -^y)f ^i^oe AB 



= BC, (1) 

which is the required value. 

The rules for signs apply to this expression the same as 
for other cases. If >/ be positive totvarda the origin, we have 



fi = h(«-r)i 



(2) 



and if a and y are both positive tonxxrda the origin, and ft 
positive /rom it^ we have 

or -/?=i(nr + ;.); (3) 

and if a and y are both positive /ram the origin and /5 i>06i- 
tive totvarda it, we have 

^/3 = l(a + y) 
or i3=^^{a-^y\ (4) 

which are the same as the two preceding equations. 
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APPUCATIOKS. 

1. (yne-hdf the diagonal of a parandogrwm whose adjcuxfnJt 
sides are a and ft is 
the medial of those 
sides. 

In the parallelo- 
gram ABCD we are 
to show that one- 
half of A C is the me- ^^ 
dial of AB and AD. 

Let AD = p z= 
BC, and AB = a ; then 




Fig. sn. 



AC=a-\-/3; 
.\AE=IAC, 

« 

hence, according to equation (1), AE is the medial ol AB 
and ADy and ^ is in the line BD. Similarly, BE = ^ BD is 
the medial of BA and BC. This is another mode of prov- 
ing that the diagonals of a parallelogram are mutually bi- 
sected. 

2. Tike medioHs of a triangle meet in a point and muttiaUy tri- 
sect each other. 

(The medials are the lines from 
the angles to the middle of the oppo- 
site sides.) 

Let AMy BN, CL, be drawn 
from the angles to the middle 
of the opposite sides, and take a 
the vectors all positive in a 
left-handed direction starting 
from Ay in the triangles ^^(7, AOCy AON, as indicated by 
the arrow-heads. The lines ,AM and BN will intersect 
at some point, as 0; draw from the line OC^ then if OC 




B 
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and the medial LC coincide, the three medials will all meet 
inO. 

e,OJV=ne. 

Wehave AB + BC -\- CA = 0, 

or ;/ + ar4-/? = 0; (1) 

also, AB-^-BO-AO^^O, 

or X + «-*=0; (2) 

also, OM-\-MC+ CN^ NO^O, 

or fiwy+ ia + i>5-n£ = 0. (3) 

From (1) and (2), <y + a + /?-e = 0; (4/ 

from twice (3) subtract (4), 

(2m-l)(y-(2n-l)e = 0; 
therefore, (334), 2m = 1, and 2n = 1 , 
or ^0 = 20itf^and B0=20N, 

or ^laf = 30ilf and 5iV^= 30^^; 

hence AM and ^^V trisect each other. (Equation (4) may 'be 
deduced directly from the quadrilateral AOBCA.) 

Next we have 

AO-\-OC+CA = 0, 
or 6+ Oa+/? = 0; 

= -/?-|^^ 
because ^If is medial, = — /? — I ^HX"^/^ 

from(l), =-/»-i(-a-2/J) 

But because CL is medial, we have 
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or i(7=.H«-/^); 

therefore^ (327)i CL and CO are parallel, and because they 
have the point C common they coincide ; and the medial CL 
passes through ; and since CO = § CL it is trisected at 0. 

(Obs. — In order to find the numerical values of the tensors we find an 
equation between two vectors and apply Article 884.) 

EXAMPLES. 

1. lice, P, y, make a closed triangle, and S is medial between a and 
X) find its value in terms of a and fl, 

2. If p = Ha + y)lB the medial of a and y, all being positive from 
the origin; if the vectors be prolonged, the negative vectors being 
equal to the positive ones, and the medial positive from the origin; 
show that the medial in one of the supplementary angles will be /9'= 
i (a —x)j and in the other fl" = \ (—a +x), 

8. Of three co-initial vectors a, /3, y, find the medial of the medials 
of a, /tf, and y5, y, 

4. Given three co-initial vectors a^ fi^ y\ if the extremity of the 
medial of a nnd fi be joined by a straight line to the extremity of the 
medial of fi and y ; show that it will be parallel to the line joining the 
extremities of a and y. 

CO'planar Vectors. 

838. Any three co-planar vectors which g^ive the 
relation 

may be rqpreaented by the sidea of a triangle. 

For a line may be drawn equal and parallel to aor, and 

'through either extremity of it a line, equal and parallel to 

bp. Join the extremities of these lines, and call the closing 

side c'y\ Consider them all as positive as we pass around 

the triangle in the direction of + aa and + b/3, and we havei 

(880), 

aa + 6/? + c>' = 0, 

subtracting from the given equation gives 

cy — o'y' = 0, 
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or 






hence, (327)9 the closing side will be parallel to the third 
vector, and the relation cy = c'/ shows that they will be of 
the same length, which was to be proved. 

389. Three non-planar vectors, cannot give the rela- 
tion anr -\- b/3 -{- cy = 0, unless aa = 0, 6/^ = 0, cy = 0. 

For a closed triangle cannot be made from the three vec- 
tors ; hence, each term must be separately equal to zero. It 
does not, however, follow that each vector is zero, for the co- 
efficients, a, &, c, may be the algebraic sum of several num- 
bers ;as, a=m + 7i4-j:> + etc = 0. 

It follows from the above that if the sum of three vectors 
is 2sero, they must be co-planar. 

340. If three co-initial vectors grive the relations 




and 



aa + b/i -\-cy = 0, (1) 
a + 6 + c = 0, (2) 



they imU termhiate in a right line. 

Multiplying the second equation 
by y and subtracting from the first, 
^ will give 

Fig. 888. 

or a— y= — {P — y)* (3) 

But from the figure, we have 

a = y 4- (7-4, 
and /3=y-\-CB; 

.\ a-^ y= CA, 

which in (3) gives 

CA = ^-CB; 
a 
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hence, (327)f CA and CB are parallel, and since they have a 
point C common, they coincide ; hence they terminate in the 
same right line. 

(Obs. — Since CA and CB are co initial it would at first appear that they 
ought to have the same sign in the result. But an examination of equa- 
tion (2) shows that one or two of the coefficients must be negative while the 
other two or one is positive. If a and h have contrary signs then we have 

h 
CA = — CB. The first equation shows that the three vectozs, aa, b/3, ey, 

taken in suocession, will make a closed triangle.) 




APPLICATIOKS. 

1. The eoctremities of two adjacent mdeaof a paraUdogram 
and the middle poird of the 
diagonal bettveen those aides 
are in a right line. 

Let AB = a, AD = 
/3= BC, AE = ^ AC 

We have 

AC=AB-^BC, 
or 26 = a + /}; 

But the coefficients of c^, ^, y^, give 

2-1-1 = 0; 

hence, (340), the extremities J?, 27, and E of the vectors 
are in a right line. This, then, is another mode of prov- 
ing that the diagonal BD bisects AC. Similarly, AC bi- 
sects BD. 

2. Hie medials of a triangle meet inane point. 

This has already been solved, (387, 2), but we here pre- 
sent another demonstration. In Fig. 232, we will show that 



^ 
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the extremities of the vectors AL^ AO^ AC^ are in a right 
line. If they are in a right line, we must find values for a, 
6, c, which will satisfy the equations 

aAL-hbAO H-cJ(7 = 0, (1) 

a + 6 + c = 0. (2) 

Substituting the values AL^ ^y, AO = Hy — fi), AC 
= - /?, gives 

or (3a + 2b)y - (26 + 6c) ft = 0. (3) 

But /} and y being independent we must have 

3a + 2&=0, 
26 + 6c=0; 

from which we have 

a=-|6,andc=-i6; (4) 

or they are indeterminate. Substituting these values in the 
second equation, gives 

which reduces identically to zero ; hence every value of b 
will reduce (1) and (2) to zero, and the points A 0, (7, are in 
a right line. Making b- — 8 in (4), gives a = 2, and c=l, 
and (1) and (2) become 

2AL-QA0 -^AC=0, 
2-3+1 = 0. 

8. The aUUttdes of a triangle meet in a ccmmcmpoint. 

(The altitudes are the perpendiculars from the angles upon the opxx>8ite 
sides.) 
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Let AEy BFy CPy be the respective perpendiculars, the 
lengths of the sides be 2 = ^ £, q 

m = BC, n= CAf y^, a^^ Pi, 
unit vectors along the corre- 
sponding sides. Let the direc- 
tions be positive as indicated 
in Fig. 232 ; then we have 

a = mofi , /3 = n/3iy y = ly^. 



LetJO=i)(yi, OC = qe^, 
BO = r>ii. As lines we 
have 



CP = n sin A^ 
BF=l sin J., 




17, 
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AP = n cos -4, 
AF= I cos J.; 



and as vectors 



PC=n sin^. ^i, AP =^ n oo&A.yi, 
BF= / sin J. . //i, FA=looaA./}i. 



We have from A APC\ 



or 



AP-\-PC+CA = 0, 

n cos A.yx + w sin J. • fi + n/?i 



= 0; 



fi = 



_ A 4- COS ^ ■ Ki . 

sin A * 



and from A ABF 



Mi = 



sinJ. ' 



B 



From ABOCAf we have 
in which substituting the values of f i and /<i , collecting termSt 



^M 
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and making the coefficients of yi and Pi separately equal to 
zero, we find 

Z — ncos^ 
sin J. 

n — l cos A 

?= = — 4 • 

^ sin A 

The triangle ABO gives 

P^\ = In + r^ix 

_ , (n cos ^ — ?) (>/'i + cos -4 . /?i) 

= ^^-r[{neo^A'-1)ftx-^{n-lco^A)yx\ (1) 
Bin ^"i. 

We now find that P, 0, (7, are in a right line, for if in 
the equation 

aAP + hAO -^cAC^Q, (2) 

we substitute the value of ^ from equation (l), and re- 
duce, we find 

__ cos A {n cos A — l) -!^ 
n sin'^d 

Zcos -4 — n, 
n sin' A 

.'. an- 6 -f c = 0; 

which was to be proved; therefore the altitudes of a triangle 
meet in a common poini 

(It will be found best to get the value of vector AOin terms of the ad- 
jacent vectors, y and fi, and the included angle A, as has been done in the 
preceding solution.) 

EXAMPLES. 

1. Three co-initial vectors 2a, 3y5, cy^ terminate in a right line ; 
finde. 
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2. Three co-initial vectors 7a, — 4)8, 3a, are connected by the rela- 
tion 2)8 = d/tf — a ; do they terminate in a right line ? 

8. The perpendiculars to the sides of a triangle from the middle 
points meet in one point. (The point will be the centre of the cireum- 
scribed circle.) 

Let FO" be perpendicular to ABbX. its middle point, EO" perpendic- 
ular to AC at its middle point; then if 
a line from 0"! to the middle point of 
BC is perpendicular to that side, the 
problem is true. We have to prove 
that vector 0"'D is a multiple of the 
vector from A perpendicular to CJ?, 
the value of which is given by equa- 
tion (1) in the third problem above. 

4. To find vector A O" drawn from 
the angle A to the centre of the cir- a 
cumscribed cirele. 

Solution. — Letting the signs of the Fio. 886. 

vectors be represented as in Fig. 232, we have from the preceding figure, 

Vector QC = — n cos -4 . ^^^ — nfiy^ , 
Vector BE' = — lco8 A, fli -ly^, 
(where BE' is an altitude from B), The polygon AFO"EA gives 

AF + FO" + O'E + JF^ = 0, 

or i ^r 1 — ^ (/^i + cos -4 . Xi) — yi (Ti + cos -4 . fix) + {nP^ = 0. 

Expanding, collecting terms, and equating to zero, separately the 
coefiScients of fix and ^i, we find 




x=. 



n— Zcos^ 

■L • 

2n sin' A * 



Then 



•, FO'^ - 



(n — Z cos A) {nfii -h n cos A,Y\) 
2n sin' A 



AO' =AF^Fa" 

(n — Z cos A) (nfii + n cos A . Xi) 



= iiri- 



2/1 sin' A 



= 2^^^[ilcoa A" n) fi, + (I- n cos A)rj], 



which is the quantity sought. 
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5. If the sides of two polygons are parallel and lie in the same di- 
rection, their sides are proportional. 

6. If the corresponding vertices of two triangles are in lines radiat- 
ing from a point, the corresponding sides prolonged will meet in a right 
line. (This is solved by Transversals, further on.) 



Angle-Bisectors. 

841. A line which bisects an angle of a triangle is called 
an angMnsedor. 

842. Problem.~2b/nd the vector of an anglerbiaector. 

Let CB be », CA, fi, and 
(72>, the vector which bisects 
their angle, be 6. Take GF 
= ari , a unit vector, CE = 
/?i, and complete the rhom- 
bus CEGF, then will ^fl^ = 
«! , and FG = Pi ; and all be- 
ing positive /rom (7, we have 




B 



or 



CG^CF+FG, 
CG^a^^ fix. 



But the bisecting line CD may be of any length ; hence 
we have 

CD = xCG, 

<j=a^(«i + A), a) 



or 



in which x is indeterminate. This is a general expression 
for the reqtiired vector. If, however, the vector CD is lim- 
ited by the line which joins the extremities of two given 
vectors, its value becomes determinate. For we have 



or 



CA -\-AB^CB = 0, 
nfii + lyx — mai = 0, 
max — nfii 



• • 



ri = 



I 
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Also tf = a? (aj + A) ^CA^- AD 

= npx + yyi 

Substituting yi, = nfii + y (wiari — nA) 

reducing, ^n(?^y)_^.+mya.. 

transposing. 






. .•. (334), to-my = 0, 

to-n(Z-y) = 0; 



from which we find 



» = -^. (3) 

Substituting the value of a: in (1) gives 

^^_jn7i_ ^ (4) 

which is the definite value of the vector which bisects the 
angle between ma^ and npx $ ^^^ limited by the line joining 
their extremities. 



APPLICATIONS. 

1. The medial to the base of an isosodes triangle is an angle- 
bisector. 

Since the triangle is isosceles, m = ti. The medial to the 
base will be, (336), 

tf = i {max + nA) 

(since m:=n)y = J m (ori + A). (6) 
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The angle-bisector is given by equation (4) by wiA-lHug 
m = n, and hence is 

which l)eing the same as (5) shows that the medial bisects 
the vertical angle. 

2. The angle which bisects the vertical angle of an iaosodes 
triangle, bisects the base. 

When CD bisects the angle C, the value of AD is given 
by equation (3), which gives, when m^n^ 

that is, AD = ^AB^ which was to be proved. 

3. Any angle-bisector of a triangle divides the opposite ai 
into parts proportional to the adjacent sides. 

When CD bisects C, we have found, (Eq. (3) ), 



m +n ' 



.'.DB=l-y= "^ 



m + n* 



Dividing, we have 

AD _n CA 
DB "m" CB' 

which was to be proved. 

4 To find the conditions which tmH cause the diagonal <^ a 
paraUdogram to bisect the angles through which it passes. 

We have a = 
mo'i, p=:mftx ; and 



A 




and if 6 bisects the 
angle, we have 

d = aj(ai-|./?,); 
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therefore we must have 

xai + xfii = moti + nfiit 
or (a? — m)rt'j -f (;r — n) /^^ = ; 

.'. (334), x = m^ and a? = w^ 
or m = n, 

that is, the adjacent sides must be equal, and hence the figure 
must be a rhombus. 

5. The angle-Maectora of a triangle meet in a point 
Let AMy BN, CL^ bisect the respective angles A^ B^ C; 
then considering the vectors ^ 

positive in the directions indi- 
cated in Fig. 232, we have 

AM=x{ri--/3,\ 

BN=y{a,-y,\ 

— LC = 5r (/?i — fl'i). 

^if and' J?iV intersect in ; ^ '^ ^ — -^^ B 

draw (70; then if CO is a 

multiple of CX, the latter will 

pass through 0. AO will be a multiple of AM^ and BO ol 

BN, hence 

^0 = «(/!- A), 

BO = v{a,^y,). 

We have from the triangle ABC, 

lyi + ma^ + nA = ; 

... n = -^^^4^. a) 

Also A0+ 0C+ CA=:0, 

or tt(n- A)+ OC + nA = 0; 

.♦. CO = nA + M (yi - A) 
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- / — moTi — nA ^ \ 
= n/3,+ uy J --/^ij 

= y [ (Zn — nw — Zm) A — wtwTi]. (2) 



A 
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Also OC + C5 + 50 = 0, 

or OC — moTi + V {a^ — Xi) = ; 

.*. CO = — ma^ + t; (oTi — yi) 

= y [ (to + ^v — «iZ) ^1 + nvl3{\. (3> 

Making these values of CO equal, and resolying accord- 
ing to Article 334, we have 







Iv 


-\-mv " 


•ml 


+mM = 0, 








nv —In 


+nt* + Zu= 0; 


from which 


we 


find 














11 = 


"r 


I 




+ wn- n 


»k 






t; = 


m:?- 


• 



l-\-m-\-n* 
Substituting the value of i^ in equation (2) gives 

77171 



C0 = , """' (A-^i) 



mn ^y 
C7i; 



s (? + m -f n) 



hence, (827), CO and (7£ are parallel and, having the point 
C common, they coincide. 

The point is the centre of the inscribed circle. 



EXAMPLES. 

1. Prove that the line which bisects the external angle of a triangle 
divides the opposite side (prolonged) into segments proportional to the 
sides about the angle bisected. 

2. In Fig. 239, if Mm be drawn parallel to BN^ show that it bisects 
CO. 

3. If a line be drawn from L parallel to BO it will bisect AO, Let 
n be the point of bisection, sliow that mn will be parallel to A C. 

4- The centre of the circumscribed circle, the common point of the 
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altitudes, and the common point of the medials of a triangle, are in a right 
line. 

SoLimON. — ^We have the following valaee for the sectors from A to 
the several points : 

Fig.286, AO'"^ 2^72[(^cos^-n)/J,4-(;-ncofl^)ri] 

cos A 
Pig. 286, -4O=-jr^7^[(ncofl^-0/i;i+(n-;cos^)ri] 

Plg.339, AO'^\{lr,-nfi{), 

Snbstitnting y for {I cos A — n), and s for (l— n cos A) ; then, accord- 
ing to Article 286« we most have 

a hcosA ^ c 

2 sin» A ^y^' + *^') +-5^i^( -'^^ -y^»> + 8('^i-nA) = a 

which reduced gives a=2b, and c = — 3& ; 

.-.2-40 ' +^0-a.lO''=0. 

2+l-8=a 

Hence the three points O, ", '", lie in one straight line. 

Transversals. 

343. A Transversal is a right line which cuts a system 
of lines. 

The transyersal of a triangle is a line which cuts the three . 
sides, the sides being considered as prolonged indefinitely. 
The transversal may cut all the sides on the prolonged parts. 

A segment of a side is the distance from the point where 
it is cut by the transversal to an angle of the triangle, meas- 
ured along the side. 

APPUOATIOHB. 

1. A transversal divides the sides into segments such that the 
product of three non- C 

conterminous segments 
equals the product of 
the other three segments. 

Let BN = IAN, 
BM = mMC, CL = 
nLAj MC^ oty LA = 
(i,AN=y. 

We have from the 
triangle ABC, ^^^ 

(l-Z)K + (l + m)a + (l + tt)/? = 0; (1) 
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triangle ifCZ, a-^n/3^ML = 0; (2) 

triangle ^iVZ, . JVZ + /? + y = 0; (3) 

also NL = xML. (4) 

Filiminating between equations (1), (2), (3), and (4) giyes, 
(334), 

BN BM CL 



•• AN ^ MG'LA' 
or BN.MC.LA = AN. BM. CL, 

which was to be proved. 

344. Conversely. — J^ three points he taken on the sides (jf 
a triangle^ one being taken on a side prolonged^ or on aU three 
prolonged^ dividing tJie sides into parts such that the product 
of three nonroonJterminous parts equals the prodtict of the other 
three, the points tviU be in a right line, 

346. The three angle-transversals of a triangle through a 
common point, divide the sides so that the produd of three non- 
conterminous segments equals the product of the other three aeg-. 
ments. 

(The point may be within or without the 

triangle.) 

Let 

AO = x6, OC = ye, BO = ^/z, 
and 
LB = lAB, MC = mBC, AN= nAC. 

From the triangle AOC we will 
«get 

Fio.SMl. xS + y€ -h fi = 0; 

but since 6 = y -h (1— m)ry, e z= a -{-ly, fi = — a^ y, 
we have x{y -{- {1 — m) n) -{- y{oe -{-ly) ^ a — y = 0, 
or xy -{- x{l — m)ix + yc^t -f lyy — or — ;/ = ; 

.-. a: (1 - m) + y — 1 = = a? + ?y — 1, 

which gives mx = {l — l)y. (1) 

Similarly from the triangle BOC vre will obtain 

Zy = (1 - 70 s, (2) 
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and from BOA ris = (1 — wi) a?. (3) 

Multiplying these three equations together and dividing 
through by xyz^ gives 

lmn= (1 - (1 - ^) (1 - w). 

Substituting the proper values and reducing we finally 

have 

LB.MC.NA= AL.BM. CN, 

which was to be proved. 

346. Conversely. — If a point he taken on each of the sides 
of a triangle, or on one side and two prolonged, such that the pro- 
duct of three nonrconterminous segments equals the product of the 
other three, then toiU the angle-transversals to those points pass 
through a common point. * 

347. The coordinates used in quaternions are the lines 
of the figure, and such auxiliary lines as are necessary in 
order to solve the problem. There is not a set of fixed lines 
used as axes, as in the Cartesian system. 

348. Remark. — Several of the eolations given in this chapter, are much 

longer than by other well-known methods ; and the reader may be inclined 
to saj that if this feature is characteristic of the system, it must be chiefly 
valuable for its novelty rather than for its use. But the merits of any sys- 
tem of analysis should not be judged from its ability to solve elementary 
problems, whether the solutions be long or short. The most powerful analy- 
sis generally appears to a disadvantage when applied to such problems. 
Were the processes of the Calculus exhibited to the student in solving such 
problems only as : The shortest distance between two i>oints is a straight 
line ; The evolute of a circle is a point ; The shortest distance between two 
points on the surface of a sphere is the arc of a great circle ; the student 
might infer that it was a cumbersome and tedious process of proidng what 
could very easily be learned by very simple means, instead of the most i>ow- 
erful system of analysis ever devised. One merit, at least, is apparent in 
the preceding solutions ; it furnishes an uniform method for the solution of 
this class of problems. 

Solutions by Means of Transversah. 

349. By discussing a general proi)erty, all the particulars contained in 

it may be deduced. We here present a solution of several of the pioUems 
already given, by deducing them from the proi>osition contained In Ard^ 
cle 848. 

1. To prove the proponHon eonUdned in ArMe 84S. 
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Let be the point through which 
the angle-trmnsvenalfl are drawn. Let 
BF be a tranaTersal to the triangle 
ACP, then we have, (343), 

PB . OC ,FA^AB,PO, CFi 

and triangle CPB, tnuoBrenal AE, 
gives 

AB, EC.OP^AP.BE. Oa 

B Moltipljing together and cancel- 

ling common factors gives 



Fio.248. 




PB . EG . FA=^ AP . BE . OF, 
which was to be proved. 

2. The mediaU of a triangle meet in a point 

For we have 
C ' 

AL = LB, 
BM=MC, 

CN=NA; 

and mnltipljing together gives 

AL.BM. CN==LB, MC . NA, 

I 

which, according to Article 846, shows that 
the lines AM, BN, CL, meet in a point. 

8. The angMnaeetore of a triangle meet in a point. 
We have 

CB _LB AC^_ MC AB NA 

CA^ AL* AB- BM ' BO " CN ' 
and, mnltipljing together, we get 

AL . BM. ON- LB . MC. NA ; 

which, according to Article 846, is the 
C required result. 

4. The altitudei of a triangle meet in 
a point. 

From the similar right tiiang^les 
CPB, AEB, we have 

CP : PB :: AE : BE 
Similarly. BF: FA :: CP : PA, 
also AE : EC :: BF : FV; 




B 
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multipl3ring and dropping common fac- 
tors, we find 

PB.EC.FA = BE. OF. AI^ ; 
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f« 



f< 



hence, (346), they have a common 

point 0, 

N 

5. Jff the corresponding ver- 
tices of two triangles are in lines 
radiating from a point, the cor- 
responding sides prolonged toiU 
meet in a right Une. 

Let ABC, ABC be two 
triangles having their vertices in 
lines radiating from 0, then will 
the intersections of AB, A'B' ; 

BC, B 'C ; AC, A 'C\ be in the 
lineJTZ. 

We have from 

triangle 0C4, secant (7-4'.... OC . CM. AA' = CC . AM,OA\ 
OCB, " C'B'.... CC \BL.OB' = OC'.CL .BB\ 
OBA, " B A... .BB' , AN. OA' = OB'.BN. AA\ 

Mnltipljing together and cancelling common terms, gives 

CM.BL.AN-AM. CL.BN; 

hence, (344), N, M, L, are in a right line. 

360. A complete quadrilateral is a four- E 

sided figure in which each side cuts all the 
others, the sides being prolonged indefinite- 
ly. Thus, ABGD is a complete qoadrilateral, 
the side BC catting the other sides in B, C, 
E; AB in the points B, A, F; AD in A,I), 
E; and CD in C, D, F. A line which is not a 
side, joining any two angles of a quadrilateral, 
is a diagonal. There are three diagonals, AC, 

BD, EF. There are also three quadrilate- 
rals in the complete figure ; the common con- 
vex ABCD, the uni-ooncave EDFB ; and the 
bi-concave EDFADC, composed of two oppo- 
site triangles. 




EXAMPLE. 



The middle points £, if, Ny of the diagonals of a complete qnadii- 
lateral are in a right line. 



:Ji 
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KULTIPLIOATION AND DITIBION 07 TEOTOB& 

[Bemabk. — ^The first time that a student reads the following chapter, 
he will naturally be led to ask, What right has one to make such assump- 
tions. What led Hamilton to think of it, and, Of what use oftn it be ? We 
cannot answer the first question more concisely, and, at the same time, 
oomprehensivelj, than in Hamilton's words. He says \ *' If the knowledge 
previoudy acquired, by any suitably performed analyeii, be q/terwardi 
nnUably applied, by the SyrUhesie answenng to thai Analysis, it uiU eondud 
to a suitable result. Or that whatever has been found by Analysis may 
afterwards be used by Synthesis ; and that the thing which is repro- 
duced by this synthetic process, will be the same with that which had been 
submitted to analysis previously. "^Hamilton's Lectures on Quaternions, 
p. 83.) 

As a partial answer to the second, we will give, in an Appendix, a brief 
sketch of the history of the invention. It is unnecessary to answer the 
third, for the reader will soon see how the method can be used in the solu- 
tion of problems. The problems here solved are simple, and are intended 
only to familiarize the reader with the use of the symbols, and not as a teit 
of the merits of the system.] 



Divinon of Vectors. 

,tion. — Conceive three rectangular unit vec- 
tors, i, J, k, radiating from a common 
point 0. Let i be positive to the right 

/ J- of 0, j positive upward, and k posi- 
tive in front of the plane of if\ and the 
X, opposite directions negative. Let a 
left-handed rotation be positive ; thus 
if one is looking along the positive 
vector k toward the origin, then will 
the rotation of i upward toward j be 

264 
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positive, and in the opposite direction, negative. Similarly, 
the positive rotation of j will be toward the front of the 
plane, and that of k will be downward. 

I 

352. Operation. — Conceive that J is attached to t so that 
as i is turned,./ may be turned in either direction about i as 
an axis. Let j be turned through a quadrant in a positive 
direction ; it will fall upon A;, and the line which originally 
coincided with vector J will now coincide with vector i, and 
is thus said to produce h The whole operation is thus ex- 
pressed : i operating on j produces i*, whare vector i is 
spoken of as the operator. This statement is written 

and is read, " vector i equals vector j divided into vector t," 
or, more simply, " i equals j divided into i," or, " i equals h 
divided by./." This is a vector equation. 

In the same manner i operating upon k produces — / ; and 
upon - ./ produces - h and so on, as shown by the figure. 

If i operates twice successively upon./, thereby turning it 
positively through two quadrants, it will bring it into the 
position of —j. Successive operations of a unit vector upon 
a perpendicular one will be indicated by a repetition of the 
vector in the form of multiplication, or by means of an expo- 
nent. Thus the two successive quadrantal rotations above 
described will be written : 

i.f = n = t« = -=/=-l, (2) 

and, three successive quadrantal rotations will be written: 

3 

Generally, if the rotation be through t successive quad- 
rantal rotations producing some vector )^, whose position 
can be definitely designated only when the numericoil value 
of t is known, we have, according to the above plan : 

V = 4. (3) 
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The analjsis indicated by Equation (8) may be so extended as to make lit 
General Equation. Tbos, while the base % is a unit vector, it may be 
positive or negative ; for if the rotation of j about + » be positive, we have 
only to rotate negatively about — t to produce the same result. Again, the 
exponent t may be pot only entire, and podti'oe or negaHve, bikt also fno- 
tional. 

Thus, if vectors OB and OA are equal in length and perpendicular to 
vector f, the arc BA be represented by t where t is a fractional part of a quad* 

rant (say one-third of a quadrant, or i^ = i), 
then if vector OB be revolved in a positive di- 
rection about + « to coincide with vector OA^ 
we have, according to the notation of Equatioa 
(8), 

OB 

^ If — t be the axis of rotation, then will 

the direction of rotation of OB Into OA be 
negative, that is, t will be negative, and we 
have 

F».«8a. (_0-. = ^; .,#=(_^-.. 

If OA be revolved about + t to coincide with OB, t will be negative; and 
if about — i, t will be positive, hence 

The two preceding equations show that the value of an expression is not 
changed by changing the signs of both the base and the arc i in the expo- 
nent. Employing in this science the algebraic notation for the reciprocal, 
we have 

»-'=-^ = (-♦)'. (4) 

' In the expression — «!, the minus sign applies to the entire exp r es si on, so 
that we have the identical equation 

-♦' = -(♦0. 

In this case the effect of the negtitive sign is to reverse the result pro- 
duced by f. Thus, if »' = OA •<- OB as given above, then will — ? = 
— {OA -f- OB) be equivalent to revolving OB into the position of OA, and 
then reversing the result, producing — OA. But this is the same as re- 
volving OB at once into the position of — OA, or of — OB into OA, the 
angle of which is 2 + / ; or if the rotation be about — i, the positive angle 
will be 2 — < ; hence 

^^ OB" OB -"ZToF"" -V »; . 

If OA were the divisor, we would have 

-»•-' = - — = -i- = »»-» 00 
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If the angle AOB be degrees, then t = ^ +\n (where { n represents 
00'') and (8) becomes 

\ .-=: -7- • 

3 
On the same plan, successlTe rotations equal respecUvely to a;, y, e, eto.» 
is the same as one rotation equal to the sum of ^ + y + s + etc., or 

*«. ir . i«. etc. = iC«^r+«+«H.), 
where tbe exponents follow the algebraic law. 

From the above it appears that in Equation (3) the vec- 
tors t, J, Py may be positive or negative, thatj and fi maj be 
of any length, provided only that their lengths are equal 

353. If the vectors of the divisor and dividend are of 
unequal lengths, let nr and /3 be unit vectors in a plane per- 
pendicular to the axis t, a and b their lengths respectively, 
and c = b -T-a; then if ^ be the angle between a and /3, we 

have 

b/5 b /3 ^ 



ci- = — = - . ^— ; (6) 



^ _ ^ 

aa a a 



where the operation is conceived to be that of turning the 
vector aa about the axis i through an angle t, to coincide 
in direction with /3 ; then comparing the length of bd with 
that of act. The latter consists of an algebraic division of b 
by a. 

K c = d*, we have 

354. The Versor. — ^A versor, literally, implies that 
which turns about, and refers to the agent producing the ro- 
tation. In this system, the entire expression i\ where i is a 
unit vector, and t an exponent, entire or fractional, positive 
or negative, is called a versor ; and, when operating as a jwo- 
tient upon a perpendictdar line^ its effect is to turn that line through 
t quadrants. If ^ = 1, the rotation will be through one quad- 
rant ; hence, every unit vector, as a versor ^ turns a perpen- 
dicular line through a quadrant, and is called a qvadrardci 

versor. According to Equation (3) -^ represents a versor, /5 
Budj being unit vectors perpendicular to i. 
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An operator Js conceived to be an agent which changes the direction of a 
line, by rotating it ; or its length, hj stretching it. A versor as an operator 
rotates a line, and a tensor elongates it. In division, we conceive that the 
versor operates upon the divisor line, turning it into the direction of the 
dividend line, after which the tensor of the quotient stretches the divisor 
line to the length of the diiddend line. 

Multiplication of Vectors. 

355. Equation (3) may be written : 

t^j = A (8) 

where the versor is the multiplier, the vector operated upon 
is the multiplicand, and is perpendicular to the axis of the 
versor, and the vector produced is the product, also perpen- 
dicular to the axis of the versor. This mode of transforma- 
tion from division to multiplication corresponds to that of 
clearing an algebraic equation of fractions, but it will soon 
be shown that the order of the factors given above must be 
particularly observed. 

Equation (8) is read "i* multiplied into^," or, "j multiplied 
by t* = /^ " ; but in no case is it read " i* multiplied by J." 

If, in tlic preceding discossion of the division of tuiU vectors, miUtiplicand 
be substituted for divisor, and product for dividend, it^will be applicable to 
this form of multiplication. If the lengths of the vectors are unequal, the 
multiplicand is revolved about the axis of the versor to coincide in direction 
with that of the product, and the multiplicand is then stretched tlie amount 
required by the multiplier, thus producing the product. Thus, from Equa- 
tion (6), we have 

ei^. aa = hfi. 

This is not an ordinary algebraic * multiplication ; it is a vector mvUipU- 
cation. We are not, therefore, at liberty to apply it to the rules of ordinary 
algebra, but must develop the rules which govern the operations in accord- 
ance with the principles upon which it is founded. 

356. The non-commutative principle. — Suppose that 

j operates upon t, turning the latter left-handed so as to 
cause it to fall on — i ; then we have (Fig. 247), 

ji = - fc 

♦ Ordinary algebra treats of operations upon literal numbers. The ana- 
lytical part of quaternions is considered as an algebra. Prof. Benjamin 
Pierce, of Harvard College, discovered 162 systems of algebra (see John- 
son's Eneyclopoidia, Article QuALiTATrvE Algebra). 
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If i operates onj, we have 

ij = *, 

which shows that in the multiplication of rectangular vec- 
tors, reversing the order of the factors changes the sign of 
the result This is one of the most peculiar principles of 
-fchis system. In algebra the factors are interchangeable, thus 
ctb = fta, 3 X 4 = 4 X 8, and for this reason are said to be 
commtUaJtive^ but in quaternions we have for rectangular vec- 
'ftors ij = — jt, and the factors are nonr-commutative. 

The plus and minus signs are also commutative. Thus 
«(— y) = — ij. For if in Fig. 247, — i operate upon j, it 
^i^rill produce — k, which is the same as i (— j).* 

857. The associative principle consists in grouping 
-the factors in different ways, thus, 

ijk = ij'k = ijk. i 

If the cydiccd order of the factors be pre- / \ 

served, the products will be equal ; thus we 

have u 

ijk =jki= kij. 

FI0.2U8. 

But if the cyclical order be deranged, the sign of the 
product will be changed, thus 

ijk = - ikj = - kji = -jik, 

a result which follows directly from the preceding Article. 

EXAMPLES. 
Show, from the figure, that the following equations are correct : 

1. ji=-k, J(^k) = -i, j{-i) = k, jk=L 

2. iW=i, *7 = -». H-^=-h k{--j) = i. 
8. -v = -ifc, H-k) = j, ^i(-j) = k, -ik=j. 
4. -/»=*, -j*=-*, _j(-.i)=_A;, -j{-k)z=i. 

6. V*= »■*=/ = *•=-!. 

* There are, however, many cases in algehraic analysis where the ele- 
menu in the expression are non-commutative. Thus a*, log^ x, log sin x^ 
are not equal respectively to ar*, log* 2, sin log x. 
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368. The square of any vector equals minus the square 
of a line qf equal length, 

Let a be the length of the vector, then if t be a unit vec- 
tor, the entire vector will be at, and we have (since t* = — 1, 

(362)), 

(at) (at*) = aV = — o?, 

which was to be proved. This famishes a convenient 
method of changing vectors to lines. 

369. The reciprocal of a unit vector equals minus the 
same vector. 

Equation (2), (362), gives 

-n = l; .-. -t=l=^-^ (9) 

That is, KpomJl^t qoadrantal rotation about — » as an axis, is equiyalent to 
a negative quadrantal rotation about + i ; but the latter is called the recip- 
rocal of the former. 

It was obsenred (364) that fi-i-j represents a versor, and (366) that the 
▼ersor as a factor is the multiplier. These principles lead to another mode 
of changing division into multiplication ; thus, multiplying both members 
ofCS^iTUoj^ gives 

But, since/ = — 1> this becomes 

*'(.-l)= -i' = /5[;= -/?(-j)= - /J. 1 (by (9)) = - ^ ; 

Here we have another peculiar result, that while p operating on J as a 
divisor produces fi, by turning the former through an angle t, by operating 
upon the multiplier — /^ it produces j, by turning the former through an 
angle equal to 2 — ^ ; that is, the supplement of the angle t of the versor. 

We further observe that ff -i-j bsb, versor, operating as a factor upon j, 
produces /? ; hence, its equal, — ftj, must produce the same result. We have 

— fij . j, which, by the associative principle, becomes — fi ,jj = — fS ,j* = 

- /J (- 1) = /J, as it should. 

Again, if /? be rotated about — t, the positive angle will be t, and its 
supplement will be 2 — t, hence, according to the preceding principle, we 
write at once, fSj = (— i*'*) , and this compared with Equation (10) gives 

- i' = (- i)«-' . 

The fact that the versor, when operating upon the multiplicand, is made 
the multiplier, or is the first one of the two factors, determines the proper 
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order of the factors, so that cancellation may be performed as if it were 
algehraic Thus we have (Equation (8) 



xvhich is the same as if j were cancelled in the second member by a stroke 
inclined thus /. If written j'^, the result will not, in general, be ft, and 
CJie/s cannot be cancelled. 

360. From Equation (2), (362), we have 

t» = -l = (^l)i; 

one-half the exponents of both terms, we have 

t = (- 1)», 



r, if we employ the radical sign as in ordinary algebra, this 
:aQ:iay be^ written 

said the same result may be found for every vector which 
^>perates to turn a line through a quadrant The expression 

-\/— 1, separated from «, j", or any other axis, may be consid- 
ered as an indeterminate vector-unit, or an unit-vector with 
'Mndeterminale direction.* 

The symbol V— 1 in this system is, therefore, an analyti- 
^sal expression for the turning of a line through a quadrant 
skbout an axis perpendicular to the line. 

This is of the same form as the even root of negative unity 
Sn algebra^ but the significations of the two are very differ- 

^nit The V— 1 in algebra is impossible. It results from 
^Em attempt to find a number whose square is minus one ; but 
'the above symbol results from expressing by an exponent a 
Jaxi which has no representation in ordinary algebra, com- 
l}ined with the laws already assigned to the multiplication 
of vectors.^ The result was reached by first causing two 

• Hamilton's Leeture$, p. 178. 

f Hamflton's Lectures, p. 635. 

X There are several instances in which the same notation is employed, 
Vming yerj different meaninijfs. Thus, sin-^ ;v does not mean the reciprocal 
of da* ; in the expression ^, read " function of x"Fi3 not a factor. 
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sucoessive operations uponj, producing t^ = — y, then going 

backtoard one operation, producing f = V — 1 ( J having been 
dropped). The latter operation is a division in this system, 
and not an algebraic root 



Another Method. 

361. Multiplicatioii of Oblique Vectors.— Let OA = 

/3 y OB = a^ each being a unit-vector, 
AOD = be the angle between 
them ; it is required to find the pro- 
duct of (y/3 and Pa* 

Take the unit-vector € perpen- 
^ dicular to the plane of fx and //, and 
positive in front of the plane ; and 
vector J perpendicular to a and f. 
The length of OA being unity, we 
have, as lines 

OD = cos e, DA = sin 0, 




-f ff 



Fm.M9L 



and as vectors, (328), 

OD = cos ff.a, 



DA = sin 0J. 



or 



The triangle ODA gives, (330), 

OA=OD + DA, 

/5 ■= cos ft« + sin fty. 



a) 



Let a be the multiplier, then writing a be/ore each term, 
we have 



But (362), 



a/3 = cos fto" + sin 0.aj. 
a»=-l. 



(2) 



* The subscripts to the nnlt-vectors are dropped, and the Greek letters 
are generally restored for designating the vectors. Hamilton, for some 
reason, used the English letters i, j, k, to designate mutually perpendieul^f 
vectora. 
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and aj = e; 

.\ a/3 = — cos ^ + e sin ^, (3) 

which is the result soughi 

li /She the multiplier, we have, writing a ctfter each term, 

/3a = cos ft a* + sin ftjar, (4) 

= — cos 8— € sin Of (5) 

which is the same as making e negative in (3). 

362. Diviedon of Oblique Vectors.— Let a be the di- 
visor, then from (1) we have 



^= cos ^ + sin 6^^, 



a 

= cos ^ 4- f sin ft (6) 

The same result is found by dividing the left member of 
(5) by o^, and the right member by its equal - 1. 

Similarly, dividing the left member of (3) by y^, and the 
right by its 6qual — 1, gives 

-^ = cos 6^ — £ sin 0, (7) 

the right member of which differs from the right member of 
the preceding equation by the sign of e. 

EXAMPLES. 

1. Deduce the value of ^ , equation (7), by taking the reciprocal of 

the second member of Equation (6). 

2. Show that the product of the right members of Equations (3) and 

(5) is unity, and therefore, as unit-vectors afi = -5— , (and not a/^ ~ — j), 

pa a/S' 

8. Find the value of ^ f or = 0% 45", 90°, and 180% 
4. Show that {a/T)(J3y) = - ay. 
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363. Generally, if a and /3 are not nnit-yeotors, we haye 
a/3 = TaT/3 (- cos ^ + « sin^ ; (9) 

fia=z T/3Ta(-' 008 0- €wi0); . (10) 
^=^'^(oos0-€Wi0); (11) 



^=^(coQe+€faii0). (12) 



a Ta 

Since j has disappeared from the result, or, more generally, since a and 
fi are simply confined to a plane perpendicular to the axis e, it is evident 
that they may have any position in that plane. The axis e fixes the posi- 
tion of the pUme of the two vectors, but not their position in that plane. The 
parenthetical parts are versors. 

It also appears that multiplying or dividing one vector by another in- 
volves the three rectangular dimensions of space. 



364. Scalar.''^ — Since tensor ot and tensor /3 are each 
numerical, their product or quotient wiU be numerical, and 
when multiplied by cos 0, the final product will also be nu- 
merical, and may be positive or negative. This product 
Hamilton called the Soalab part. It represents the reals of 
algebra. It is represented by the letter S placed before an 
undeveloped expression ; thus, Sa/3 implies the scalar part 
of the product of a into /?, and equals TaT/3 cob 0. Simi- 
larly for S^. 

366. The Vector Part.— The other part of (9), or 
TaTfi sin 9 . f, is a vector either longer or shorter than the 
unit-vector £, and similarly in regard to the other three equa- 
tions. The Vector part is indicated by the letter V placed 

before an undeveloped expression ; thus, Fa/5, V — , etc. 
366. A Quaternion is the result of multiplying or divid- 

* Latin, ^cala^ series of steps ; so called because it represents discorUtntt' 
cu$ number. 
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ing one directed line by another in space. This name was 
first applied to the resnlt, because the result, when found by 
means of rectangular vectors, gave an expression of four 
terms, of the form «? + tx + Jy 4- fa,, where w is numerical^ 
t,y, i, mutually perpendicular unit-vectors, and a?, y, £, dis- 
timces along the vectors. 

A QoAtemion is tlie product of a Unaor and a i^ertor (Eqs. (9) and (10)) ; or 
the product of a tensor into a onit-vector with a scalar exponent (Eq. (6), 
Art. 353) ; or thei>ower of a vector (Eq. (7), Art 353) ; or the power of a 
Tersor when the tensor is unity (Eq. (\% Art. 369, and Eq. (7), Art. 353); 
or the sum of a bcalab and vsctob (Eqs. (1) (2) (8) (4) of Article 367). 

In each of these forms of the quaternion, fcwr elements are involved : 
the tensor (which may be unity), the angle between the vectors, and two 
angles for fixing the direction of the unit axis. 

367. General Expressioiis. — We may now write equa- 
tions (9), (10), (11), (12), of Article 363, as foUows, disre- 
garding the algebraic signs, 

aft = 8a ft + Vafi, (1) 

pa = Sfia + VPa, (2) 

-s=^-? + ^-5' <3) 

P P P 

A^s^ + r^; (4) 

a a a 

and, by comparing these expresaions with (9), (10), (11), (12), 
before referred to, we find 

8a = -TaTfieoa0. (6) 

Sfia =- TaT/SeoaS. (6) 

fif| = -^Jco8A (7) 

8J^=^coBe. (8) 

a Ta 

Va^ = +T»T/3Bm0.e, (9) 

V/ia =- TaT/Samd.e. (10) 

r^ = -|jBin<?.*. ai) 

r£=+^sme.e. (12) 

a Ta 
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Comparing these expressions, we have 

from (5) and (6) Saft = Sfia, (13) 

" (7) and (8) S ^ =^^'^J^, S ^ , (14) 

" (9) and (10) r«/J = - V^a, (15) 

« ai)«nd(12) r^=-[|^,r^, (16) 



« a). (2). (13), (15), ap + l3a^2Safi, (17) 

" (1), (2), (13), (15), «/8-/J« = 2ra/J. (18) 

368. Discussion. — 1°. Let the vectors be mntaallj per- 
pendicular. Then d = 90°, and (5), (6), (7), (8) all reduce to 
zero; hence 

Sij = 0. (1) 

Equations (9), (10), (11), (12), will all reduce to the forms 
given in Article 354, as they should. 

2"*. Let the vectors coincide ; then ^ = and the vector 
part reduces to zero, and (1) becomes 

a/3 = Sa/3 = -TaTfi cos = - oJ, (2) 

where a and b sire the lengths of the lines. 
8°. Let <? = 270% then 

aft = Vaft = sin 270°. f = - « , (3) 

which agrees with the expression i {—j) = — A. 

4°. The coefficient of the vector part of a/3 may be rep- 
resented by a parallelogram. 

From equation (9), Article 367, we have 

Va/3== TaT/3 sin 0.€. 

Let Ta = a, T/3= 6, then will the coefficient of f be 

l^ 

ah sin ft / 

a/ 

Let a and h be the adjacent sides of a ^ 

parallelogram ; then a sin ^ will be its alti- *** 

tude and ah sin ^, its area. 

6^^. The scalar of aft is numerically the area of a parallelo- 
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B gram whose acute angle is the complement 



A 

2 



~7 of ft 
/ From (5) of Article 367, we have 



/ 



8a/3= -TaTp cos d 

= — ab cos ft 
Draw AC perpendicular to A E and make 
it equal to &, and complete the parallelo- 
o gram on a and h as sides. Then will a cos 6 

^- *"• ^aco^BAF= a sin ^ fii<'= AF^ the alti- 

tnde of the parallelogram AD ; hence the area of ABDG 

"ivTllbe 

ab cos ^, 

hich is numerically the same as — a& cos ft 

EXAMPLES. 

1. Show that 8a* = - a«. 
This is true because a* = —a*, and the latter being numerical is the 

part. 

2. Show that Fa> = 0. 

3. Show that Sa = 0. 

4. Show that Vaz=a, 
6. Show that (a + fi)* - a* -'^TaT/S cos B + /»>. 

Solution. — We have 

(a+/3)* = (a-+-/J)(a + /3), 
. 367, Eq. (17), = a> + 25a/J + /?>, 

rt. 367, Eq. (5), -a* --^TaTp cos + /?•, 

hich was to be proved. 

6. Find what the preceding example becomes when d = 00**. 

7. Show that (a - /fO" = «' - ^^<^fi + P*- 

8. If - =cos (0— <p) — csin (0—^), write the scalar and vector parts. 

MM 

9. If ~ = (cos + £ sin 6) (cos ^ + £' sin ^), find the scalar and vec- 
tor parts. ^ 

Solution. — ^Expanding the second member, we have 

cos cos ^ + e sin cos <p + e' cos sin ^ + ee' sin sin ^ 

But, (361, 8), 

c«' = — cos (e,e') + c" sin (e,**), 
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in which a" is a unit-vector perpendicular to the plane of ee'. Hence 

we have 

P 
8y = cosO cos ^ — sin sin ^ cos (e»0, 

F- = «sinOco8^-f- «'cos08in^4- « "sinOsin^sinCeiO- 
lO. Safly represents the volume of a parallelopiped. 
Let a, pj y, be unit-vectors 

along ^^ AC,AE, 

Then, (Art. 861, Eq. (8)}, 

apzz — cos ( a, /J ) + « sin 
{ct,P) 

BaPr = 5^ [- cos (a,/0 r -^ ^r 
sin (a, /J)] 

= Sty (sin a, /3), 

because /8 [ — cos ( a, >8)] x = 
being a vector. 
But 

e^' = — cos {B^y) + «' sin («,r) 

t' being a vector perpendicular to e, y. 

.-. 8apy = 5 [ - cos («,>') sin (a,/3) + «' sin (c,r) sin (a,/8)] 

= -cos («,>') sm (a, ^,» 

= — cos (90*" — EAK) sin C^ J9 {EK being perpendicular to 

the base), 
= — sin EAK sin CM-S. 

Let the length of the vectors be a, 5, <;, then 

- 8aPy = o&j sin CAB sin ^^if (1) 

= a. ft sm CMP. c sin i^^JT 

= AB^ CD . ^iT (C7Z> being perpendicular 

to AB)y 

= Volume BA CI-E, 

Since the volume will be the same whatever be the order of the vec- 
tors, we have 

SaPy = ± SayP = ± 8yPa, etc. (2) 

If EAK = 0, the three vectors will be in one plane, and we have 

8aPy = 0. (8) 

Conversely, if SaPy - 0, neither a, p, nor y being zero, the three 
vectors will be in one plane. 
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11. — i Saflx represents the volume of a tri- 
angular pyramid. 

12. Let a be a vector perpendicalar to 
fi— a, find the value of 8a fi. 

We have from Article 368, 1% 

5a (/sr - a) = 0, J 

and expanding, 8(aff — c^ = 0, 

or 8a fl - 8a^ = 0, 

or, (369), 8a/S + a» = ; 

.-. 8ap = -(^, 

which is the result sought. The last equation may also be considered an 
eqiuUian of condition of the mutual perpendicularity of a and fl — a, 

369. We have previously found (369), that 

6»=-l, (1) 

which shows that the vector operated upon has been re- 
versed, and hence is the measure of two right angles. Sim- 
ilarly, 

** = + !. (2) 

indicates a revolution through four right angles, and gener- 
ally, if n be an integer, we have 

^-' = - 1, (3) 

^= + 1; (4) • 

in both of which n is one of the series of natural numbers, 
1, 2, 3, etc., but the exponent of the former is an odd multiple 
of 2, and indicates n complete revolutions Jess two quadrants, 
and the exponent of the latter is an eveji multiple of 2, and 
indicates n complete revolutions. 

EXAMPLES* 



1. The sum of the angles of a triangle 
equals two right angles. 

SoLimoK.--Let CB=a, CA=p, BA=zy. 
Let CA be turned left-handed about e (the 
axis of rotation being perpendicular to CAB) 
to a parallelism with CB, or a ; CBto apar- 
allelism with AB^ or /^ ; and AB, or — y, to 
a parallelism with AC, or — fl. Or the last 




Fia.864. 



— (Cf-A^-B) 
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rotation may be right-handed, coinciding with CA prolonged. In either 
case we haye 

Multiplying together and cancelling common factors, we have 

= -1; 

hence we have, (Eq. (3)), 

or -4 + J5 + C = (2n - l)ir ; 

hence, analytically^ the sum of the angles of a triangle may be any odd 
number of times fc ; that is, tc^ Zic, 5^, etc. But this result is obtained 
by supposing that we pass around the triangle repeatedly. Arithmetically, 
we pass around but once, and the corresponding value for the sum of 
the angles is found by making n = 1, and hence we have 

A + B + C7 = « = 2 right angles. 

2. If the sides of a triangle be prolonged in the same direction, the 
sum of the external angles will equal four right angles. 

(Obs. — In this case the sum of the exponents of e will equal in, and 
n=l.) 

8. The sum of all the angles on one side of a line formed by lines 
drawn from any point of it equals two right angles. 

4. If the sides of a convex polygon be prolonged in the same direc- 
tion, the sum of the external angles will equal four right angles. 

370. Proposition. — If an eqtuition contains acalars and 
also vectors^ the sum of the scalars on one side of tlie sign of 
equality vnH equal tJte sum of those on the other side ; and also 
the sum of the vector parts on one side tmU equal the sum of 
those on the other, 

(Obs. — It should be understood that the vectors are of the first degree, 
and that each term contains only one vector, for otherwise the terms oon- 
taining vectors may have scalar parts.) 

Thrts, if we have 

X -hxa + (x + z)/3 = oa? + y —bp, 
then a? = aaj 4- y, 

and xa + (x + z)/3 = — b/3. 

For the scalars being numerical will exist independently 
of the parts which involve rotation 
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EXAMPLE. 

We found, in Article 869, that 
cos (0 + ^) + c (sin 6 + ^) = (cos + e sin 6) (cos ^ + e sin q)). 
Expanding the second member, observing that c* = — 1, we have 

cos ( 6 + ^) + e sin (0 + ^) = cos B cos ^ + e sin cos ^ + £ sin ^ cos 

— sin 6 sin <p. 

Therefore, taking the scalars and vectors we have, according to the 
proposition (observing that e cancels out), 

cos (6 4- <p) = cos d cos ^ — sin sin ^ 
sin (0 + ^) = sin d cos <p + cos sin ^; 

which are well-known trigonometrical formulas. 

APPLICATIOKS. 

371. Solutions of Plane Triangles. — ^We have already 
found, for a plane triaogle, (330), that a 

Y^a^p. (1) 

By operating upon this equation by ^^ 
the multiplication (or division) of vectors, 
all the cases of plane triangles may be 
solved. B a 

Fio.SSft. 

872. The sines of the angles are proportional to the opposite 
sides. 

In solving this problem it is necessary to introduce the 
sines of two angles. Multiplying both sides of (1) into a, 

gives 

ya = a^-h /3a, (2) 

and taking the vectors of both sides, (see Ex. 2, Art. 368, 
and Eq. (9), Art 367), we have 

Vya = 4- VM 
introducing tensors, we have 

ca€ sin (y, a) = b(is sin (A a\ 
dropping a and f , c sin -B = 6 sin (7 ; 

.'. c : 6 : : sin -B : sin (7, (3) 

which was to be proved. 




282 qUATERNlONS, [878-a7e. 

373. To find a aide in terms of the other ttoo sides and tJie 
angles opposite those sides. 

Taking the scalars of equation (2), we have 

8ya= -a^^ S/3nr, 
with tensors, — ca cos (y, a)= — a' —ba cos (0, ar\ 
cancelling a a = ccos(y, a) — &cos (A ^)> 

or a = ccos-B + 6cosC> (4) 

the sign of the last term being changed because C, the inter- 
nal angle of the triangle, is the supplement of the angle be- 
tween /S and a. The angles between y and a^ and p and a 
are both at the right of the lines b and c and above a. 

374. To find the cosine of an angle in terms of the sides. 
Squaring (1), gives 

;/*=a«4-2/8'^/?+V, (5) 

or, (369), — (? = - a* - 2a6 cos(^,/?) - V 

or c? = a* 4- 2a6cos(a', fi) + V, 

or (? = a'-2a6cos(7+y. (6) 

376. The square of the hypothenuse equals the sum of the 
A squares of the sides about the right angle. 

P (This may be solved hy making 8a fl = in eqiuu 

„. , tion(5)). 

376. The side adjacent either acute angle of a 
righirangled triangle equals the hypothenuse into the cosine of the 
angle. 

Let y = the hypothenuse, then from (1) 

/3 = y-a. 

But /3 and a are mutually perpendicular, hence (see "R^^ 
12, Ari 368) 

Sa{y-a)=0; 

.\ Say = —a*, 

or, (367, Eq. (5)), —ac cos 5 = — a' ; 

.*. a = ccosB. (7) 
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377. Division may be used in the solution qf the same 
examples. Thus, dividing both members of (1) by tr, gives 

^ = 1 + ^. (8) 

a a 

Taking the scalars, gives 



>© =!+!-©. 



or - cos B =1 cos Ci 

a a 

which reduces at once, to equation (4). 
Taking the vectors of (8) gives 

a a^ 

or -€sm-B= -€smC/, 

a a 

which reduces to (3). 

Squaring (8) and reducing, gives (5). 



Three Co-initial Vectors. 

378. Throe vectors drawn from a point in any direction, 
will, generally, be the edges of a triedraL ^ 

Let a, (if y, be those vectors. We observe ^^^"Tv "k 

that a general relation between them can- J^^'^'^^ A \ 
not be found by addition. The process of ® ^"^..^ — H c 
turning a line from ar so as to coincide in >^^ >vi/cir 

direction with /3 is, as we have seen, ex- 
pressed by multiplication, or by division. 
Passing from a to /S^ /3 to y^ y io a, whether they be 
unit-vectors or not, will be expressed by 

p y a* 

and as these, by cancellation, reduce to unity, we have the 
equation 

-•^•^=1 a) 

fi r ^ 
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which are the weD-knovn trigonometrical fbrmiLUs fi>r the 
oosfaie and sine ai the sum mad of the difference of two ares^ 
Nexty let l> = ^, then equation 4I1 gi^es 

eos2^ -r €ain2;^ = ^eos^ ^ *sin<f^*, 
and continuing this operation a times, we hare 

cos mfp-r i sin a^ = ^cos <p - f sin ip)\ {5\ 

which follows the same law as De Mohne^s formnla. Sab- 
stitnting the algebraic expression for the indeterminate veo- 
tor-nnity (364), we hsTe 



cos ng> • \'— 1 sin a<p = (cos <p + v —1 sin <r^*, ^^"^ 

which is De Moivre's formola. It shows that one notation 
through an angle npia the same as a successive rotations 
through an angle ^. 

EXAMPLE. 

Find the three roots of nnitr. 

Patting equation (6) under the more general form 

(cos <p H- 1^—1 sin <p)* = cos n (2nr + «p) + i '— 1 sin #• (^dt f <r\ 
in which r = 0, 1, 2, 8, etc., and making <p = 0, and a = i« we KaT« 

j^l =co8jnr +^—1 sin} nr, 
= 1, if r = 0, 



= _| + it/_3,if r=l, 
= _ 1^1/33, if r = 2; 
therefore the roots are 1, i(- 1 + i^-3), i(-l - V'-a), 

[RKMARg.— The abridged notation of Hamilton bears a cloM anal<^ to 
the porresponding expressions deduced from Euler's formulas. Th««e» for 
mulasare 

cosO = !(«•>/ ^ + «-•>/ ~0, («> 

V^ sin Q = ;(««v/- T- e* V~i), (h) 

in which e is the base of the Napierian system of logarithms. Adding 
giyes • 

cos9-f i^3i8lnO=/^"^ (<•) 

HamflftoiiMMlallon is 
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This equation is as general for triedralSi as is equation 
(1), Article 330, for triangles; and by resolving this equation, 
all the relations existing between the facial and diedral an- 
gles of a triedral may be determined ; and further, it is appli- 
cable to the special case in which the three vectors are co- 
planar. We will consider the vectors as unit-vectors. The 
following form of the equation is more convenient for use. 

^-^.^ (2) 

This, in the abridged notation, (369), becomes 

379. Three co-initial co-planar vectors. — ^Let the 

angle between a and /3 be ^, and between /3 and y, (p ; then 
will the angle between a and yh^d-^ q^\ 

The vectors being in one plane and 
unity in length, we have 

e = '£i = f a , 

and equation (3) gives 

£» =£«€», 

Fio. 258. 

which shows that a rotation from aio fi followed by a rota* 
tion from /3 to y equals a rotation from or to ;^. 

By restoring the values of these expressions we have 

cos {0 ^ fp) + € sm(ff -i- qj)= (cos ^ + e sin ^ (cos <^ -I- e sin 9^), (4) 

which is the same as tl(e example in Atticle 370 ; hence, ex- 
panding and reducing as in that example, we have 

cos (0 + qj') = cos cos (p — sin^ sin<^y 

sin {O-k-fp) = sin cos (p +cos 6 sin cp. 

If y were between a and /^, we would have B — q> for the 
angle between a and y^ and proceeding as before we would 

find 

cos [6 — (p) ^ cos 6 cos (p + sin 6 sin ^, 

sin (6 — qj) = sin cos cp —cos 6 sin (p ; 
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which are the weU-known trigonometrical formulas for the 
cosine and sine of the sum and of the difiference of two arcs. 
Nexty let 0= (py then equation (4) gives 

cos 2^ + f sin 2^ = (cos (p + * sin cpy^ 
and continuing this operation n times, we have 

cos ntp + £ sin nq) = (cos ^ -I- f sin ^)", (6) 

which follows the same law as De Moivre's formula. Sub- 
stituting the algebraic expression for the indeterminate vec- 
tor-unit, (364), we have 

cosn^ + V— 1 sin nq) = (cos q) + \/^ sin <^)*, (6) 

which is De Moiyre's formula. It shows that one rotation 
through an angle nq) is the same as n successive rotations 
through an angle qy. 

EXAMPLE. 

Find the three roots of unity. 

Patting equation (6) under tlie more general form 

(cos gi 4- V^^ sin <p)* = cos n (^ric + q>) + 4^—1 sin n (2r;r -+- q>\ 
in which r = 0, 1, 2, 8, etc., and making <p = 0, and n = 4, we have 

^1 = cos \rn -k- V— 1 sin | riCy 
= 1, if r = 0, 
= -i + ii^^,if r=l, 

= -i-^4i^^, if r = 2; 
therefore the roots are 1, i(- 1 + 4^-3), \{-\- V^), 

[Rbicaiuc.— The abridged notation of Hamilton bears a close analogy to 
the ponresponding expressions deduced from Euler^s formulas. These for 
mulasare 

cos = i(e*^^ + «"*^^)' («) 

V^ sin 9 = 1 (««v/:iT- e-'v^O' 0) 

in which € is the base of the Napierian system of logarithms. Adding 
gives 

cos 9 + 4^=1 sinO = e^'\ («) 

Hamilton's notation is 



u 



cobOh- fC:iBinO = «'. 



(« 
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Equation {c) is an equality of Yalaes, while ((f) is a notation. 
In {e) let 6 = (4n + \)n, in which n is one of the aeries 0, 1, 2, 8, etc., 
and it becomes 

.-. log V^ = (4» + \)nV^, 

hence the log of V^ has, analytically, an infinite number of imaginary 
values. If n = 0, we have 

log \rz\ = i,r V^. 

This V^ is not a unit-vector, but the imaginary of algebra. (See 
Art 855.)] 

APPLICATIONS. 

380. Triedrals. — ^Let the diedral angle at ^ be ^, at 

>5, B^ at y, Gy and the facial angles op- 
posite these be O) 6, Cy respectively. Also 
refer to the plane AOB as c, and simi- 
larly for the others. At the initial point 
erect unit-vectors perpendicularly to 
the respective planes 

^**"- 6±6, fiJ-c, e^±a, 

and they will be the operators for the respective vectors, and 
also form the edges of another triedral, the diedral angles 
of which will be the supplements of the diedrals of the 
given triedraL If an operator be drawn from any other 
point of the plane than at the vertex, it will either pass 
through the triedral, or else lie entirely without it. Con- 
sider those as positive which lie without, and the opposite 
as negative, and that the rotation from the vector of the de* 
nominator to the vector of the numerator is positive. Then 
we have 

- = cos 6— esin&i 

y 

a 

^= cose + fiSinc, 

~ = cos a + ffSinOy 

y 

and equation (3), Article 378, becomes 

cos6 — 6 sin 6 = (cos c + ^i sine) (cos a + f j sina), (1) 
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the second member of which has already been developed in 
Example 9, Article 368. Taking the scalar part, observing 
that the angle between «i and e^ is 180''— £, we have 

cos b = cos a cose + sina sin& cos jS, (2) 

which is ove of the fundamental equations of spherical trigonom- 
etry. 

If B — 90'', we find one of the formulas for right-angled 
spherical triangles. 

Taking the vector parts and dividing by fi, we have 

s . f . 6 
sin 6=cosasinc+- — sinacosc-h— sina sine sin -B. (3) 

Applying the preceding rules to the triedral f ^i ^2 > ^^ 
have 

- = cos (180°- J) - asin (180°- A) 

= — cos A — a sin A, 
-^ = cos (180° - 5) + /?sin(180° - B) 

= — cos B -\- ft sin jB, 
^ = cos 90° + f8Bin90° = f8, 

Substituting in (3) and taking the scalars, gives 

sin 6 cos A = cos a sine — sin a sin c cos By (4) 

which is another important formula in spherical trigonometry. 
Taking the vectors gives, after dividing by >5, 

7>sin6sin-4= sinacososinjS +~ sin a sine sin jB, 
P P 

in which substitute the values of -5 and -^ given above, and 

it becomes 

sin h cos e sin ^ + ^ 1 sin 6 sin e sin A = sin a cos e sin B + 

^isinasinesiUjB. 
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The scalars and the vectors of this equation give two 
identical equations, either of which is 

sin&sin^ = sinasin^, 
or sin 6 : sina :: sin£ : sinii, 

that is, — The sines of the angles of a spheriocH triangle are pro- 
portional to the sines of the opposite sides. 

Other relations may be found by making other combina- 
tions of the vector axes in equation (3).* 

381. Edation lettveen the vector to a point and the Cartesian 
coordinates to the same point. 

Let a^ fiy y, be unit-vectors along the axes a?, y, z, respec- 
tively, and p the vector from the origin to the point ; then 

p = xa + y/3 ■{- zy. 
If the axes are rectangular, then 

p = ix -{-jy + hsL 
Multiply through by t, and we have 

Sip = — ar, 

and similarly, Sjp = —y, Skp = — s^ 

.-. ff — a^^y^ +a*. 

= (Sipy + (Sjpy + (Skpy. 

Let r be the scalar of p, then Sip = — r cos X, etc, and 

we have 

7^ = r^ cos^X + r* cos^ F + r* cos' Z, 

or 1 = cos- X + cos' Y + cos' Z, 

which is equation (3), Article 198. 

382. Conjugate quaternions in reference to each 
other are such as are equaUin all respects, except that their 
angles have contrary signs. Thus, in unit-vectors, if g be 
the given quaternion, and Kq is conjugate, we have 



* Other relations are given in Hamilton's LeciureSy p. 537. 
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g= — COS S + €sin<?, 
Kq = — cos S — € sin A 
Generall j» if g = /^g + F?, j 

then Kq — Sq— Fg, 

and qKq=:{8qY + {TVqy, 

since, (369), (Fflr)' = - (TFj)'. 
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CHAPTER nL 

OF THE LINEy PLANE, SPHEBE, AND GONIO 

SECTIONS. 

Right Line. 

883. Vector Equation to a Right Line. — ^The posi- 
tion of a right line may be determined in several dijSerent 
ways. 

1. A right line is determined when two points of it are 

known. Let A and B be two 

points of the line, the origin 

of yectors, a and /H the known 

vectors, O any point of the line, 

and p the vector to C. 

Then since ^ ^ is parallel 

iio A/if (in this case coinciding 

with it), we have (327) AC = 

xAB. The triangles OAB and 

0^4(7 give 

OA-\-AB=OB, 

OA^AC = OC; 

or a+ AB = /3, 

a + xAB = />. (1) 

Eliminating AB gives 

p = a+x(/3^a), (2) 

which is the required equation. 

2. A right line is also known when the length and posi- 
tion of a perpendicular to the Une are known. 

290 
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Let AP be the line, the initial point of veo- a b p 

tors, OA = 6 the vector perpendicular to AP^ P ^ I X 
any point of the line, OP = p, and y a unit-vector j/^ 

to which the line is parallel, and AB = y; then o 

Fio.SSl. 

AP = xy, 
and p= OA -{-AP 

=zd-^xy. (3) 

This may be put in another fomu Multiplying both 

sides into 6 gives 

p6z=d*-hxyS. (4) 

But xy and ^ being mutually perpendicular, we have 

ccSyS = 0, (Art. 368, Ex. 12) ; and if the tensor of d be d and 

of p be p, (4) becomes 

SftS = - cT, (369), (5) 

or - fjdcoa (AOP) = - cT, 

or p cos <^ = c?, (6) 

which is a polar equation to a line, (37, 7°). In (5) y has 
disappeared, hence the line may be positive in either direc- 
tion. The line is in the plane of 6 and p, which fact may be 
expressed by the equation 

Sep = 0. (7) 

(Obs.— Dividing (8) hj d, and taking the scalars, (367, (7)) gives 

^cos^ =1, 
a 

or p cos <p = d, 

a& before.) 

3. A right line is given when its direction and any point 
of it are known. b 

Let B be the given point, P any point, y ^ 
a unit vector parallel to the line ; 

then BP = xy, ^ ^^^^ 

and p= 0B + BP 

= P+xy, (8) 

which is the required equation. 

[Remark. — Of the equations (2), (5), and (8), sometimes one is better 
adapted to the solution of a particular example than either of the oihen.] 





292 qUATEBNIONS. [88& 

EXAMPLES. 

1. To find the equation to a line which shall pass through a given 
point. 

Let P be the vector to the point ; then equation (8) will be the re- 
quired equation, in which p and y are both unknown ; hence an infinite 
number of lines may be drawn through a point. 

2. To find the equation of a line which shall pass through a point 
and be perpendicular to a given line. 

Let fi be the vector to the given point, and 8 the vector to which the 
line is perpendicular. 

Draw a vector y through the given point perpendicular to ^, then 

8y8 = 0. 

Let p be a vector to any point of y^ then (Eq. (8)), 

p = /r + ar, 
will be the required equation. We also have 

p8 =: fid + xyd, 
or 8p8 = 8/38, 

since 8y8 = 0. Since y has disappeared from this equation it appears 

that an infinite number of lines map pass thnmgh a point perpendicular to 

a line. But if the lines 6 and y are embraced by one plane, we have the 

additional condition 

8ep = 0, 

in which case only one line can be drawn perpendicular to the given line. 
8. Find the equation to a line which shall pass through two points. 
(This is equation (2).) 

4. Find the distance between two given points. 

Let p and p be vectors to the given points, and AB the distance be- 
tween them ; then 

AB = p -- p\ 

For the remainder of the solution, consult Article 374. 

5. To find the length of a perpendicular from a given point to a given 
line. 

Let the line be given by equation (8), the initial point being at the 

^ven point. When p is perpendicular to J3P, let its value be 8^ and we ^ 

have 

Sszfi-hxy, 

or 8* = 8ff'¥ »8y^ 

or B8^ = 88P + 0, 

or — 4«=5^>J; 
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U6 being a onitrvector, d the length of the perpendicular, and there- 
fore d.Ud =z 6. 

6. Find the equation to a line perpendicular to each of two given 
lines. 

The Plane, 

384. Equation to the Plane. — ^If the plane be given 
by the condition that it shall pass through a a b p 
point and be perpendicular to a line, its essential ^ 
equation will be the same as equation (5) of the 
preceding Article, subjected to the condition 
that p shall not be confined to a plane; hence 
the equations are 

SpS = --d^=C{a constant), (1) 

and Sep = an indeterminate quantity. 

Equation (1) may be written 

-S'J = l. (2) 

If the origin be in the plane, cos of equation (5), Arti-"* 
cle 367, will be zero, and the equation becomes 

SpS=iO; 

in which case p will be independent of ff. 

EXAMPLES. 

1. To find the equation of a plane which shall pass through three 
given points. 

Let a, flj X, be the given vectors, and p the variable vector. Then 
p — a is a vector in the given plane, and similarly, a — A P'^ y\ hence, 
[Art. 868, Ex. 10, Eq. (3)], 

8{p-'a)(a^fi)(j3^r)=-0, (1) 

which may be reduced to 

Sp (Vafl + VPr + Vya) - Safiy = 0, (2) 

which is the equation sought. 

[For expanding we have 

8[ pafl - pP* - a V + afi* - pay + pflr + cc*r - <^fir] = 0. 
But, 8p/3^ = 0, for Spfi* = 8p (— 1) = 0, since it has no scalar part> 
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(Art 868, Ex. 8), and, similarly, for other terms oontaiiiing squares. Hence 

we have 

B\fiap - pay + pfiy - apy\ = 0, 

or, (367), B [pap + pya + pfSy] - Safiy^ = 0. 

But Bpafi = - raft sin (a, h) sin (r, oS), (Art. 868, Ex. 10, Eq. (1)). 
We have Vafi = oft sin (a, 6).^, (Art 867, Eq. 9)), 
and' 8p Vafi = Sab sin {a, b) pe, 

also pB = r(— cos (r, e) -h «' sin(r, «) ; 

. •. 8p Vap = Brdb [— sin (a, 6) cos (r, e) + «' sin (a, 6) sin (r, ^)] 
= — rob sin (a, 6) cos (r, «) 

=r — ra& sin (a, 6) sin(r, oft) ; 
.-. BpVap- 8pap, 
and similarly for the others.] 

2. A plane cuts off a pyramid from the three rectangular coordinate 
planes ; required the locus of the foot of the perpendicular from the ori- 
gin upon the plane when the volume is constant. 

Let the three rectangular unit- vectors be i, j, h; and the vectors ai^ 
hj, ch; and d the perpendicular from the origin upon the plane; then^ as 
in the preceding example, we have 

8 — aij ^ — ^» S — cky 

three vectors in the plane. 

But since 8 and these vectors are perpendicular to each other, we 
also have, (Art. 368, Ex. 12), 

88{8^ai)=0, 88(8-^1^^=0, 88 (8 --ek) =0; 
or - 4« = aS8i, - d« = hS8jy - (2« = c88h. 

Multiplying together gives 

-d^ =:abe 88i S8j S8k, 

which will give the perpendicular upon the plane for any given position 
of 8, The product dbc is, according to the problem, constant. Let 
— d* = 8* be variable, and we have, from Cartesian coordinates, 

8* =x* -^y* + e«, 

88 i = — d cos(d,t) = — ^ cos {8,x\ 

X 

cos (5, x) = «-; 

. •. 88i = — a?, 
and we have 

(a?* + y* + e*)'= alcxyz^ 
a surface of the sixth order. 
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A solution might be effected by operating upon equation (2) of tbe 
preceding example, but it is not so direct as the above. 

The Circle. 

386. Equation to the Circle. — Let C be the centre of 
the circle, the origin of vectors, CP 
= r = the radius, OC = x = the vector 
to the centre, F any point whose vector [ ^^ 

is OP = p, and a = vector CP. 

The triangle OCP gives p,^ ;;;: 

p = ;/ + «, (1) 

which must be subjected to the condition that CP = r= a 
constant. We find 

(p-r)* = «*=-^, (2) 

which is one form of the required equation. Squaring the 
first member, making OC=Cy this becomes, (Ari 368, Ex. 6), 

lf-2Spy = (?-'r'. (3) 

If the origm be upon the circumference, we have OC 
= r and (3) becomes 

p'''2Spy = 0. (4) 

Substituting the value of Spy = — p V cos S, 
(4) becomes piTaM^ 

p' - 2r cos ^ = 0, 

which is the polar equation to the circle, the origin being on 
the circumference, and the diameter the initial line. li OC 
= Jx, (4) becomes 

ff^Spy=^Q. (5) 

If the origin be at the centre, the length of y will be zero, 
= and (2) becomes 

p'=:a^=^^r^, (6) 

that is the radius vector is constant. If — p'^ be the scalar of 
ff the equation becomes 

p'^^^r^. 
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EXAMPLES. 

1. An angle inscribed in a semicircumf erence is a right angle, 
p Equation (4) may be written 

hence the vectors p and p — 2y make a right angle, 
(Art. 868, Ex. 12). But 2y = 20C7= OA^ a diameter, 
and the vector equation 

OA + AP= OP, 

gives AP =: p ^2y; 

hence OP and PA make a right angle. 

2. A line is drawn at random through a fixed point A and a perpen- 
dicular is let fall upon it from another fixed point P; to find the locus 
of the intersection. 

Let a be the vector joining A and P, y^ a unit-vector through P and 

p the variable vector through A, then will the equation of the line be, 

(382, Eq. (8)), 

p = a 4- xfl. 

Let 6 be the perpendicular from A^ then we have 

d = a + y A 
and 6^ =da + y6/3; 

,\ 6* = SSa, 

for 8Sft = 0. Hence, (Eq. (5) ), the locus is a circle whose diameter is 

886. Equation of a Tangent Line to a Circle. — ^Take 
the origin at the centre of the circle, a a radins vector to 
T the point of tangency, r a vector from the centre to any 
point A of the tangeni^ then we have 

AT= r-a. 

Bat a and AT make a right angle, hence 

8a(r-a) = 0, (1) 

or - r* = a» = Bar, (2) 

or 1 = 8-, (3) 

a 

is the required equation. 



N 
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EXAMPLE. 



The square of a tangent to a circle equals the product of the whole 
secant into its external segment. 

Let TA be a tangent, AD the secant, vector * 
C7r= a, CA = r, TA = y, and lines CT= CB 
=:CD = r, 0A=8, TA = t. 



inen 


r = a + r. 


squaring, 


r« = a« 4- 2Say + y*- 


But 


2Say = 0, (Eq. (1) above) ; 




.•. y* = r« — «•, 


or as lines 


-«•=-«• + r«. 


or 


<« = (a + r)(«^r) 




= AD,AB. 




Fio. 907. 



The Sphere, 

887. Equations of the Sphere. — ^If the lines in Fig. 
264, Article 385, are not restricted to one plane, equations 
(3), (4), (6), will be the equations of the sphere, and equa- 
tions (1), (2), (3), of Article 386 will be the equation of a 
tangent plane. 

EXAMPLES. 

1. Every section of a sphere made by a plane is a circle. 

Let 5 be a vector perpendicular to the plane, d the scalar of 6, r the 
radius of the sphere, p the vector to the line of intersection of the plane 
and sphere, fi a vector in the plane connecting 6 and p. Then we 
have the vector equation 

squaring, p« = d« + 286/3 + /3* ; 

or as lines, — r* = — (i« — 2d/3 cos 90° — h* ; 

. •. Sfl* = d* — r* =z a c<mstant ; 

hence, (Eq. (6), Art. 885), the line of intersection is a circle. It is real 
for d<r, (Observe that Sp* is negative.) 

2. Find the curve of intersection of two spheres. 

Take the origin anywhere ; then equation (3), Article 385, gives 

p« - 2Syp = C, 
p»-2Sy'p= C\ 
sabtracting, 28 (y ' '-y)p =zO—0' = a eanUatU^ 
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which is the equation of a plane, hence, from example 1, we see that the 
intersection is a circle. 

The Ellipse. 

388. Equations to the Ellipse.— 1. Let the origin be at 

the centre, p a vector to any point 
P in the curve, y a vector to the 
focus jP, the length of CF being c, 

a=CA,b= CB,e=^. 

a 

We have 

vector FP = p-^ y, 
F'P = p + y, 
and by the definition of an ellipse 

T(p-y)+ T{p + y)^2a, 

or V- {P - yf + V- (P + r)' = 2a ; 

••• V- (P - yY = 2a - V- (p+r)' • 

Squaring gives 




- (P»- 2Spy + y^) = 4a'- 4a V- (p + yY - {f^+2Spy+y^) ; 

or iS/o/ = a' — a V— (P +7^)* . 

Transposing a', squaring and reducing gives 

aV + (SpyY = - a* - aV 

= - a* + aV 
= — a* + a*^ 

= -a*(l-.A (1) 

which is the required equation. 

Substituting {Spyf = (— Py cos ff)* 

= f^(? cos* ^ 

(observing that p is used to represent both vector and scalar 
so that p' as vector = — p* as a line), gives 

ab 
P = 



Va' — (^ cos^ ^ 

oft 
Wsin^^^TFcos^, 



(2) 




889,890.] 



THE PARABOLA. 



299 



which is the pohur equation to the ellipse, the pole being at 
the centre. Article 174. 

2. Let hj\he unit-yectors along the axes then will the 
equation be 

p = xi + to\ (3) 

in which x and y are related by the equation 

3. Let a, /jy be unit-yectors along conjugate diameters. 
Then the equation becomes 

p = xar 4- y/?, (4) 

in which x and y are related by the equation 

The Hyperbola. 

889. The Equations to the Hyperbola are the same 
as for the ellipse excepting that e exceeds unity. 

The Parabola. 

390. Equation to the Parabola.— Let the origin be at 
the focus F, FP=p, FA = y, OG = /3, q^ 
the directrix; then FO = 2/, PG = xy, 6 
and as lines FP = PG, FA^^AO^p. 

We haye the vector equation 

FP + PG = FO + OG, 

or p -\-xy^2y -\- P\ 

then py + xy^ = 2/* + fiy, 

and Spy + Sxy^ = 2Sy*y (1) 

for S/3y = 0, since /? and y are mutually perpendicular ; 

then Spy — x^ = —2p?; 

... X = ^^y*. (2) 
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From the property of the parabola, we have 

FP = PG 

or Tp = xTy ; 

hence as vectors, — p^ = — a?}^, (3) 

and as lines r = a^, (4) 

where r is a variable line. Eliminating x between (2) and 

(4) gives 

pr = 2jf + Spy (5) 

which is the required equation. Substituting Spy = ^ rp 
cos 09 gives 

pr = 2jf — rp cos 0, 

1 + cos u 

which is the polar equation to the parabola, the parameter 
here being ip, (Art 168). 

(Since y* has no vector part, the value wUl be the same if i9 be omitted 
before y* and equation (1) becomes 

Spy + xy* = 2y* ; 
2y* - Spy 

which in (8) gives 

y*p^ = (2r« - Spy)*. (7) 

which is the required equation in terms of vectors only. Substituting in 
it the values 

y* = — p*, p* = — r*. Spy =— rp cos B, 

we have r = 2p ^ r cos ; 

• •**~1 -h COS&' 

which is the same as equation (6)). 

By means of these equations all the properties of the 
conic sections may be discussed. 
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391. Modem (Geometry includes all the systems of ge- 
ometry which have arisen since the Cartesian system was 
recognized ; but the term is generally restricted to the sys- 
tem called TrUinear Coordinates. 

392. Deflnition of a Locus extended. — ^Any system 
of lines which make known a curve, may be called a system 
of coordinates ; hence the equation to a locus is an equation 
which expresses the rdation betioeen any system of lines which de^ 
termine a locus. 

Tangential System. 

393. Conceive that tangents are drawn at all the points 
of any curve, and that the curve is then removed. It will 
be easy to retrace the locus by drawing a curve which will 
be tangent to the consecutive lines. Such a locus is said to 
be an envelope of the system of right lines, and any equation 
which will determine the consecutive positions of the tan- 
gents will, in this way, determine the locus. 

394. The four cusp Hypocycloid. — ^To illustrate, it is 
known that the tangent to the four cusp hypocycloid between 
the rectangular axes is constant Therefore if a right line, 
equal in length to the radius of the directrix, be made to 
slide on the axes CB and CD keeping both ends in contact 
with these lines, they will in all positions be tangent to the 
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hypocycloid DB. And if an 
indefinite number of lines be 
drawn upon the paper, coin- 
ciding with the several po- 
sitions of the tangent line, 
the hypocycloid may be 
B drawn by making it ta^:igent 
to the successive lines. 

To find its eqiwiion in terms of the tangential intercepts. 

Let EF be one of the tangents ; then will CE be the in- 
tercept on the a^^s of x^ and CF on the axis of y. Also let 

CE=z^Xt, CF = yt^ EF=:l, a constant, 

then we have af + yj z=: p, 

for the required equation. 

396. Equation to the Ellipse in terms of tangential in^ 
teroepts. The equation of the tangent is, (Ari 100), 

Vx X +a^y'y = aW, 
and the intercepts are, (104), 

X Xt 

Fro. 871. y Vt 

and since the point x'y' is on the curve, we have 

in which substitute the values of x and y\ and we have 




tf 



V 



which is the required equation. 
Let 



- =Sy and — = y;, 

^t yt 



and the equation becomes 
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396. Equatioii to a i)oint in terms of tangential inter- 
cepts. — ^Eyerj line passing through a point is (by an exten- 
sion of the definition) tangent to y 
the point Let P be the point 
and KH a line passing through it ; ^ 

= »;. 

We have 

HO : PB :: OK : JCB, 

or -^ : a :: - : 6; 

Fio. 279. 

.-. aS + hrf^X (1) 

which is the required equation. By means of this equation 
any number of lines may be constructed, all of which will 
pass through the point P, and thus the point becomes deter- 
mined. 

If the line HK be given in terms of the perpendicular, 
OQ =/>, and the angle QOX = ^, we have 




5 = 



cos q) 



_ sm<p 



p p 

and the equation becomes 

a cos ^ + 6 sin ^ = p. (2) 

Still further, if OP = c, and POA = a, equation (2) be- 
comes 

p = c cos (<p — c(\ (3) 

which latter equation is called the tangential pclar coordinates 
of the locus. (See Quarterly Journal of Pure and Applied 
Malhemaiica, VoL L, p. 210.) 

397. Tangential equation to a Right Line. — Only one 
right line can be tangent to a right line, hence its intercepts 
will be constant, and we have 

^ = a, V =l>i 
for the required equations. 

We see that, in this system, a point is given by one equsr 
tion, while a line requires ttvo equations. 
20 
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EXAKPLES. 

1. Find the equation to a circle in terms of tangential intercepts. 

2. Find the equation to a hyperbola. 
8. Find the equation to a parabola. 

4. Prove tiiat tlie distance between the points o^ + ^ = 1, and 
a'€ + O'v = 1, is V(a -«)« + {b'-hy, 

6. Prove that|> — {/ + n cos qt represents a circle, d and n being fixed 
numbers, and determine its radius. 

888. A line may be determined by the perpendicu- 
lar (Ustances to it from 
three fixed points. The 
fixed points will be the 
vertices of a triangle. 
Let A, J5, C\ be the 
points, then wiU the 
perpendiculars ^i-, /?, y^ 
determine the line RP. 
The perpendiculars 
will have the same sign, 
if the required line 
does not pass between the points from which the perpendic- 
ulars are drawn, otherwise they will have contrary signs. 
Thus, in the figure, (x and y will have the same signs, both 
pbjL8 or both minus; but oc and /^, and /? and y will have con- 
trary signs. If the required line bisects AB^ we have 

az=z — /i^, or af+/? = 0, 

which may be considered as the equation of the point of 

bisection oi AB. If the line RP were parallel to A 6> we 

would have 

a=y, 

and if ct and /? have contrary signs it will cut tKe other two 
sides of the triangle, but otherwise it will lie either entirely 
above or entirely below the triangle. 

Any curve may be determined by this system by making 
it the envelope of a system of lines determined according to 
a proper law. This system is generally considered as a 
modification of the trilinear system. 
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Trilinear System. 

399. When a locns is determined by three perpendicu- 
lars from each point upon the three sides respectively of a 
given triangle, the system is 
called triUnear. The given 
triangle ABC is called the tri- 
angle of reference. Let P be 
any point ; from it let fall the 
perpendiculars PE upon CA, 
Pi) upon CB, PjPupon JB; 
and let the perpendicular upon 
the side opposite the angle 
Ahe a, opposite B be /3, and opposite C, y. Then, conversely, 
if a, /?, y^ are given, the point P will be determined. 

We have previously seen, (Art 8), that a point may be 
determined by its reference to tico axes, and hence it appears 
that three are unnecessary ; but it will soon appear that when 
three are used the expressions have a certain symmetry 
which they do not have when only two are used ; and also 
that the angle between the two axes does not appear. 

400. Signs of the Perpendiculars.— Those perpendic- 
ulars will be positive which lie on the same side of the line 
of reference as the corresponding angle. Thus, in Fig. 274, 
ft and B are on the same side of AC^ and hence fi will be 
positive, but in Fig. 275 P6, or /?, and B are 
on opposite sides of AG^ and hence Pm this 
case will be negative. 

When the point is vnthin the triangle of 
reference, all the perpendiculars will be posi- 
tive, but when the point is without one or tioo 
will be negative, but in no case will all three be negative. 

401. Relation of the Coordinates. — ^Let^^be the area 
of the triangle of reference A BC, a = CB, the side of the 
triangle opposite A, b = AC, c = AB, and conceive lines to 
be drawn from P to the vertices of the triangle ; then will 

acx = twice the area of the triangle PBC, 
cy= " " " " " " PBA: 




Fn.97& 



aa -^b/3 -^ cy = 2 J. 



0) 
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If the point is without the triangle, one or more of the 
coiirdinates o , /^, k, will be negative, and 2 ^ will be the dif- 
ference of the terms in equation (1). 

Let p be the radius of the circle circumscribing the tri- 
angle ABC; then we have 

« = * = « =2ft (?) 

Sin -4 sin 5 sin C 

which combined with (1), gives 

a sin ^ -^ /SsmB + y&ia C= — =/§', (say). (3) 

Equations (1) and (3) are useful in transforming other 

equations so as to make them homogeneous. For from (1) 

we have 

aa -h b/3 -h cy _ ^ 

and hence we may multiply any term of an equation by the 
fraction ^ ~ , thus raising by unity the order of the 

term without changing its value. Thus, to render homc^e- 

neous the equation 

a* + 3/3* -f 2;^ = 1, 

we raise each term to the third degree as follows : 

^ + 3^ 23 -^ 2/ ^ 23 ; =V 2J ) • 

which may be expanded and reduced. 

EXAMPLES. 

1. Show that the coordinates of the middle point of BO are 

C 

2. Show that the coordinates of the angle A are 

- , 0, 0. 

3. The coordinates of the foot of the perpendicular from A upon BQ 
are 

0, — cos (7, — cos B, 
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4. The coordinates of the centre of the circle inscribed in the tri- 
angle of reference are 



a=fl=r= 



2J 



5. The equations to the medials, (337, 2), are 

aa = h/3^ h/S = <ry, ey= aa» 

Since any one of these is the consequence of the other two, it fol- 
lows that the medials of a triangle meet in a point, the coordinates of 
which point must satisfy the three equations simultaneously. 

6. The equations to the perpendiculars of a triangle, (340, 8), are 
cos A = fi cos Bj p cos B=y cos C, y cos C = a cos^. 

From which it appears that the altitudes meet in that point which 
satisfies the three equations simultaneously. 

402. Bisectors. — ^Every point on the line bisecting the 
angle C^ gives the equation 

Hence the equations of the internal bisectors are 

« = A P = y, r = «; 

and since each equation is the consequence of the other two, 
it follows that the angle-bisectors of a triangle meet in a pointy 
which point is the centre of the inscribed circle, the coordi- 
nates for which must satisfy the three equations simulta- 
neously. 

The equations for the external bisectors will be 

and hence they do not meet in a point 

The external bisectors of C and -4, and the internal bisec- 
tor of B give 

the last of which is a consequence of the other two ; hence, 
the external bisector of ttvo angles of a triangle, and the internal 
bisector of the otJier anx/le meet in a point, which point is the 
centre of an enscribed circle. 

403. Equation of a Line. — ^Let a^, A> Vu be the tri- 
linear coordinates of one point of the line, ot.^ y^s» ^» ^^ 
coordinates of another point, and a, /3, y, the coordinates of 
any point Then by similar triangles (which the student can 
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isily constmot), we find the relations between these coijrdi^ 

.ates, and the resulting equation can be put nnder the form \ 

la + mp + ny—0, (1) 

in which Z=/(A, A, ri» nX wi=/ (nr,, a^ y^ y^), and 
n= /{oiiy 0-2, A, A). 

Equation (1) is the general equation of a right line in the 
trilinear system. We might now proceed to find the equa- 
tion of a line passing through a point and parallel to a given 
line ; determine the condition of parallelism ; determine the 
distance between two points ; the equation of a Une perpen- 
dicular to a given one, etc; but these must be left as exer- 
cises for the student 

404. Abridged Notation. —The equation of a line in 
terms of the perpendicular from the origin is, (30, (6)), 

X cos a -\- y sin a — p = 0. 

This is referred to as * the line a/ since this notation at 
once calls to mind the original equation, and the equation to 

this line is written 

a = 0. 
Similarly, /? = 

is the equation of the line A The sides of the triangle of 

reference, are generally referred to by means of this abridged 

notation; thus 

a = 0, /?=0, y = 0, 

being the equations to the sides of the triangle of reference, 

then 

la -f m/3 -{• ny= Of 

wiU be the equation to a right line. 

As an application of this method, take Example 6, 
„ L P8€® 263. Let ABC be 

the triangle of reference, 
then 

a=0, /? = 0, ^ = 0, 

will be the equations of 
its sides. 

The equations of the 
lines will be of the form 
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for BC la ^m/3 -hny = 0, (1) 

for C 'A' la + mfi + w/ = 0, (2) 

for AB la'hm/5 + ny ^ 0, (3) 

in which each equation differs from each of the other two by 

two of its coefficients. By the conditions of the problem these 

lines are to intersect on lines radiating from and passing 

through the vertices A^ li^ C, At the intersection Cof P/C 

and AG\ y will have a constant value for all lines passing 

through G ' ; hence eliminating y between (1) and (2), we 

have 

(V ^l)a+{m- ra)/3 = ; (CC) 

which is the equation of some line through C\ It is also 
the equation of a line through C, for every line through any 
angle of the triangle of reference may be reduced to the 
form 

hence {CO') is the equation of the line CC. Similarly, 
eliminating /3 between (1) and (3), we have 

(r - ^+ (n - w) ;/ = 0, (BB') 

which is the equation of a line BB' ; and eliminating a be- 
tween (2) and (3), gives 

(m — m) /? + (w — w') y = 0, (AA) 

which is the line AA\ Since the last equation is a conse- 
quence of (CC) and (BB'), they will have a common point. 
Such values may therefore be assigned to the coefficients l\ 
m, Uy etc., in (1), (2), (3), as will cause them to be the equa- 
tions of the lines A'B\ B'C\ AC. 

At the point of intersection L of the lines B^C and 7? (7, 
the perpendicular a will be zero. (Here it is the perpendicu- 
lar that is zero, and not the equation of the line.) Then (1) 

gives 

m/5 + wy = 0. 

Similarly, for the point il/, y^ = 0, and (2) gives 

la-\-ny ^0; 

and for N, y = 0, and (3) gives 

la-h m/5=: 0. 




» 



312 MODERN GEOMETRY. [406-407. 

Adding these gives 

la + mp + ny = 0, 

which is the equation of a line, and it contains the three 
points Ly M, N; hence the intersections of the correspond- 
ing sides of the triangles meet in a right line. 

406. Triang^ular System. — Dividing the equation 

aa+b/5 + cy = 2 J, 
by 2 J gives 

2 J "*■ 2 J 2 J - 

y. aa hfi cy 

I*t «=2J' y=2J' '=2^' 

and the preceding equation will become 

a; -f y H- 2 = 1, 

and since x, y, «, are connected with a^ /?, y^ by known rela- 
tions, the last equation may be called the equation of a 
point P. It will be observed that x is the ratio of the area 
of the triangle cur, to that of the triangle of reference. This 
system is called triangular, 

406. The duadrilinear SyBtem consists in the use of 
four lines of reference. 

407. Equation of the Second Degree. — ^Every equa- 
tion of the second degree (being made homogeneous) (401)9 
may be written in the form 

ua^ + r/S« 4- wy^ + 2u/3y + 2t7>a + 2w'a/3 = 0. 

Intersecting this by the straight line 

la -f m/3 + ny = 0, 

and we find that there may be two real points of intersec- 
tion, two coincident points, or two imaginary points, which 
results correspond with those obtained by a similar opera- 
tion in Cartesian geometry ; hence every equation of the second 
degree in trilinear coordinates represents a conic section. 
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Other Systems. 

408. Twenty-two Systems.— The Eev. Thomas HUl, 
D.D., LL.D., late President of Harvard College, in the year 
1867, gave a list of twenty-two systems of cocirdinates, as fol- 
lows.* Let no and y be the coordinates in the Cartesian sys- 
tem, r and qj the polar coCirdinates, 8 the length of the curve, 
p its radius of curvature, e the angle between the radius 
vector r and the tangent, r the angle between the tangent 
and an assumed axis, and v the angle between the normal 
and the same axis. Then we have t 

(l)y=/(^)- (2)r=/(7'). (3)p=/(v). (4) r =/(«). 

(6) p =/(«). (6)f=/(<^). (7)T=/{qj). (8)r=/(x). 

i9)x=/{<p). (10) a; =/(«). (n)r=/(x). (12)p=/(x). 

(13) X =/(«). (14)6=/(r). (15) r=/(r). (16)p=/(r). 

a?) r =/(«). (18)p=/(^). (19)9' =/(«). (20) r =/(?). 

(21)p=/(8). (22) *=/(«). 

To transform a curve from one of these systems to another 
often involves the Calculus; their discussion, therefore, is 
unsuited to this work. The following remarks in regard to 
these systems is an abstract of those made by Dr. Hill, to 
which we have added some examples by way of illustration. 

(1). y =z/(3s). This is the ordinary system of bilinear 
coordinates, and the leading system discussed in the first 147 
pages of this work. 

(2). This is the polar system of coordinates. 

(3). This is a system of circular coordinates/ much used 
by Professor Peirce. Dr. Hill shows that the equation 

« 

p = A siD^y 

includes a great variety of curves, such as the catenary, 
parabola, cycloid, etc.| 

* Proceedings of the American Association for the Advancement of 
Science, 11th meeting (1857), p. 48, 12th meeting (1858), p. 1. 
t Mathematical Monthly, 1858-9, p. 868. 
X Gould's Astro. Jour., Vol. II., p. 84 
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(4). This is substantially the Intrinsic equation of a curve. 
The intrinsic equation of a curve is defined to be the rela- 
tion between the length of arc of the curve and the change 
of direction of the tangent If the arc begin at 6r = 0, and 
the tangent at that point be the line of reference, the equa- 
tion will be 

« =/ (0. 

which is the same as (4) reversed. 

EXAMPLES. 

1. The intrinsic equation of the circle is » = Br. 

2. Of the involute of the circle, s = ii?r*. 
8. Of the catenary, s—c tan r. 

4. Of the cycloid, « = 4i? sin r. 

K f\t ^x. u 1 ^ 1 1 + sin r ^ p sin r 

5. Of the parabola, * = 7:p\og z ; + r^- — r-r- . 

(5). '^ An interesting point in the 5th system is the ease 
with which a curve expressed in it may be produced by the 
deformation or metamorphosis of a curve in rectangular co- 
ordinates. The curve, for example, p=/ (s) may be pro- 
duced from the curve y ==/ (x), by conceiving the ordinates 
of the latter curve to be fastened at right angles to the axis 
of X, and the axis of x to be afterwards curved until the or- 
dinates become tangents to a new curve thus generated. 
The ordinates thus become the radii of curvature to the 
axis, and the axis becomes the curve 8. This can be done 
rudely, by drawing y =/(x) upon a card, bending it on the 
axis of a- to a right angle, cutting it on the ordinate^ into 
strips down to the axis, and then laying these strips over 
each other so as to make the points of the curve become 
points of tangency to the involute of the new curve p =/(«). 
Thus the straight line y = Ax will give the logarithmic 
spiral p = As; the parabola y^ 4lPx, will give the involute 
of a circle p^- 4A8 ; the hyperbola xy=A produces the beau- 
tiful volute or double finite spiral p8=A; the parabola y=Aa? 
produces the spiral p — Af^\ the ellipse Aa? H- By- = 1, 
produces the epicycloids Ap^ H- Bs^ = 1, or hypocycloids 
Ae^ 4- Bfii^ = 1, which are cycloids when A = JB." 
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The equation of the cycloid will be p = \/ -^^ — 5^, from 
which it would appear that it has only one real branch, an 
example showing that what appears to be imaginary in one 
system may be real in another. 

(6). These, in many cases, may readily be reduced to 
r =/ ((^) and investigated in this form. Thus e= — q}]a 
a straight line ; e = r/?, a circle ; « = — J 7^, a parabola ; 
«= — .J(t/>— zr), a cardioid ; ^ = — 2 7?, an equilateral hyper- 
bola. 

(7). The equation t = afp is equivalent to e = {'t - 1) qj ; 
hence e = 6, or r = </; + 6, is the equation of a logarithmic 
spiral ; r = .p// is the equation of a parabola. 

(8). This may be changed to rectangular coordinates, 

thus r = Vti*^ + y' = / (^)« Changing y = sec a\ y — tan a?, 
y = log Xy into r = sec x, r = tan x, r = log x, is singular and 
beautiful 

(9). This system may be changed to polar coordinates, 
thus, X = r cos fp -f{(p\ 

(10). x—B cot f and x = A Vcot .J*-, are two equations 
of an equilateral hyperbola. 

(11). In this we have for the equation of the parabola, 
tan r = Ax^ and for the circle sin r = Ax. 

(12). This may be constructed approximately to a scale. 
The straight line y =Ax may be metamorphosed into p =Ax. 

(13). The straight line will be ax = «, the cycloid x= r/«*. 

(16). The equation p = Ar includes the logarithmic spi- 
rals ; and p = A}^ is the equation of the equilateral hyperbola. 

(17). r= as includes logarithmic spirals. 

(18). Form of curve not easily detected. 

(19). The equation of the circle is fp = qs. 

(20). The equation r = as is equivalent to r = =- <p, or 

to f := -— — ^ r/', the latter of which is the 6th system. The 
equation of the circle is 



sin e z= a cos (log r + b)V — 1. 
409. Another system investigated by Dr. Hill consists in 
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using as variables, the perpendicular from the origin upon 
the tangent and the variable angle between this perpendicu- 
lar and a fixed axis.* 

410. Other systems may be found by introducing as 
variables, the tangent, subtangent, normal, subnormal, per- 
pendicular from the origin on the normal, of different lines 
having a fixed relation between them, etc. 

* Proceedings of the Americaa Association for the AdTancement of 
Science, 1878 and 1875. 
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Thb syBtem of Qiutemioiis grew oat of an effort to geometrixe the 
imoffinaries of Algebra. Hamilton songlit to establish a system which 
would, at the cutset, give a clear interpretation to the square roots of nega- 
UvM, without introducing considerations so expressly geometrical, as those 
which involve the conception of an angle. This idea led him to consider 
Algebra as the Science of Pure Time,* and an essay containing his views 
upon the subject was published in 1835. f From this, as a starting point, 
he proceeded by a system of logical reasoning to make a new system of 
mathematics ; and the invention of this system was made when he estab- 
lished the relation i* =j* =*«=-!; 

ij = kjk = i ki=j; 
j%=—k,kj=—yik— —j ; 

which he did in an article first published in 18484 Out of this grew his 
system of Quaternions. § In presenting the subject in the preceding pages 
we have completely ignored the abstract reasoning given by him, and have 
presented it entirely in its geometrical aspects. | 



♦ Hamilton's Lectures on Quaternions, Preface, p. (2). 

f Theory of Conjugate Functions or Algebraic Couples ; with a Pro- 
liminary Essay upon Algebra as the Science of Pure Time. — Trans, of the 
Boyal Irisli Academy, Vol. xviL, Part II., pp. 293-4:^. 

X Proc. Royal Trish Academy, 1848. 

§ Hamilton's Lectures on Quaternions, 1853. Also the following Article^ 
by Hamilton in the PhUos. Mag. and Jour, of Science, (I^nd.) :— Vol. xxv., 
1844, pp. 10, 241, 489 ; Vol. xxvi., 1845. p. 220 ; Vol. xix., pp. 26. 118, 826; 
Vol. XXX.. p. 458; Vol. xxi , pp. 214, 278, 511 ; Vol. xxxii., p. 867; Vol. 
xxxiii., p. 58 (Brit Assoc. Rep., 1844, Pt. 2, p. 2) ; Vol. xxxiv., pp. 294,840, 
425 ; Vol. XXV.. pp. 133, 200 ; Vol. xxxvi., p. 805 ; Vol. iu., 1853, p. 871 ; 
Vol. iv., 1S52, p 808 ; Vol. v., 1853, pp. 117, 236, 821 ; Vol. vU., 1854, p. 
493 ; Vol. vlii., 1854, pp. 125, 261 ; Vol. ix., 1855, pp. 46, 280. Vols, iii., iv., 
v., are on continued fractions in Quaternions. Vols, vii., viii., ix.. on some 
extensions of Quaternions. See also Nichol's Cyclopaedia of Physical Science, 
article Quaternions, which article was prepared by Hamilton and is written 
in a remarkably free and easy style, pp. 706-726. 

I Hamilton's Lectures, p. 72. 
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There were many attempts daring the half century preceding Hamilton's 
work, to accomplish the same result. In order to understand more clearly 
the nature of the problem, it is necessary to go back and consider what Led 
been accomplished by algebraic analysis. 

The comer-stone of algebra, or, at least, that which made it a distinc- 
tive science, was the establishment of the law of mintu,* According to 
algebra, we not only understand the meaning of the symbol minus when it 
indicates an operation, but we also know how to interpret it when it appears 
in the result of the solution of a problem. The law thus determined was 
universal, being applicable to all kinds of problems, geometrical, physical, 
and abstract. In the course of analysis, a new expression appeared, the 

V — 1 , which, in an cUgebraie aeiwc, is an expression for an impomUe opera- 
tion. It is impossible to find a numbeb t^AoM sqttare is negative, and the 

V — a (a being always positive) is an expression, the operation indicated by 
which cannot be performed. Still, there are many expressions resulting 
from the application of algebraic analysis to geometrical problems contain- 
ing the imaginary, the values of which are known to be real ; as, for in- 
stance, Euler's formulas, which are 



2V--iBinx = e''^''' -«"*^-\ 

2 cos a; = e^'^ + «-*^^t 
and De Moivre's formula, which is 

(cos aj + V' — f sin xf^ = cos wmj -h V — 1 sin mx ; 

all of which appear to be imaginary, but are actually real for all values of 
X, in which x is expressed as an arc of a circle, the radius being unity. 
These formulas (and many others) are the results of pure analysis, and it is 
very natural to seek for a geometrical interpretation of them. Hamilton's 

Quaternions furnishes an easy and natural mode of interpreting the V — 1 

* Algebra has finally come to be ' The Science of the Equation.' 
f Let X V — 1 =x', and the equations become 

2 y"^~Bm X' V ^^ = fi*' - «'■*' 

2 cos a;' t^"^=nr = 6^ -h «"*', . 

the second members of which are in the form of real quantities. Some 

writers put Sin x for V — 1 sin aj V — 1, and Cos x for cos a; V — 1, and 
call the expressions Sin x and Cos x potential functions. Dropping the 
accents from the preceding expressions, we have 

2 Sin X = e^ — e" , 
2 Cosar = <;'*' +e~*, 
and Cos x + Sin x = e*. 
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when it is the result of an operation in that system, but it does not cover 
the imaginaries of ordinary algebra (Art. 855). The interpretations of negik- 
Uves and of imaginaries differ widely in this regard ; for while the former 
covers all cases which have been known to arise, the latter, as explained by 
Quaternions, is applicable only to the system which was invented expressly 
for the purpose of giving them a rational existence. A moment's considera- 
tion, however, will show that a different result could hardly be expected ; 
for it is found that the negatives in algebra always have, in a certain sense, 
a rea] existence, while the imaginaries have not. Thus, in algebra, if a 
negative result does not agree with the wording of the problem, we know 
that by stating the problem in an opposite sense the result becomes real ; 
but when an imaginary occurs in the solution of an algebraic problem, we 
cannot, by any transformation of the language make the result real ; it is 
nece»iary to change the data. To illustrate by means of some examples : 
take first, the following, 

A cieteni can be filled in 56 minates by two fanceto flowing together ; If they flow 
Bcparately, it will take one faucet 66 minutes longer toflU the cistern than the other; in what 
time will the cistern be filled by each ? 

Let X be the time required to fill it from the larger one, then will 2 + 66 
be the time required by the other, and we have the equation 

56 56 _- 

X «+66 

by solving which we find a; = 88 or — 42, and jr + 66 = 154 or 24 ; henoe the 
required times are 88 and 154 minutes respectively; and — 42 and 24 minutes 
respectively. The last results are incompatible with the statement of the 
problem ; but if we consider that — 42 is the time required for the first to 
empty the cistern if it were full and permitted to flow out through that 
faucet, and 24 the time required for the other to fill it ; the results become 
real. By using these numbers, it will be found that if both faucets be 
opened at the same time the cistern being empty and is being filled by the 
latter while, at the same time, it flows out through the former, it will re- 
quire 56 minutes to fill it. 

Next, take the following example. 

The snm of the times reqnired for two faucets to fill the cistern is 8 minates, and the 
product of the times is 20 minutes ; required the times. 

Here we have the equations 

^ a? + y= 8, 

ay = 20, 



a solution of which gives a? = 4 ±2 V^ — 1 and ^ = 4^21^ — 1 ; hence the 
conditions are impossible, and no interpretation of the language will make it 
real. By changing the data by making the sum of the times 9, or the pro- 
duct 15, the problem becomes real. 

The negatives and imaginaries of algebra are not considered as quanti 
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ties ; * thej are, primarily, symbols of unexecuted operations, but when they 
appear in the resuUs of analysis, their chief use is to aid in the interpreta- 
tion of the problem from which they were deduced. In regard to the 
attempts to geometrize the imaginanes and the views held in regard to them 
we make a few extracts from Hamilton's writings, and from the references 
therein given. 

Dr. Wallis of Oxford, in his <* Treatise of Algebra," published in 
1686, proposed to interpret the imaginary roots of a quadradc equation, by 
going out of ths line, on which if real they should be measured. He says 
" so that whereas in the case of Negative roots, we are to say the point B 
cannot be found, so as is supposed in AC forward, but backward it may be 
in the same line ; we must here say, in the case of a Negative Square the 
point B cannot be found so as was, in the line AC; but above that Line it 
may be in the same Plane. This I have the more largely insisted on, be- 
cause the notion (I think) is new ; and this, the plainest Declaration that at 
present I can think of, to explicate what we commonly call the Imaginary 
Boots of Quadratick Equations. For such are these." 

In June, 1805, M. Abb6 Bu^ read a paper entitled Memoires sur lei 
Quantites Imaginaires, which was printed in the Philosophical Transactions 
(London) for 1806. This writer has the credit of being the first to formally 

maintain that the V — 1 as a symbol denoted perpendicularity, though 
this view had been suggested by others. This view has never led to the de- 
velopment of a system, and in explaining his methods, Buee expressly 
excludes the consideration of the position of the factor-lines in muUipHca- 
turn. 

The preceding are simply interpretations of the imaginary. Hamilton 
gives full credit to M. Argand as being the first writer to multiply together 
(as well as add) directed lines in one plane ; which he did in an " Essay on a 
manner of representing Imaginary Quantities,'* published in 1806. This 
method was reproduced independently by a Mr. Warren in 1828, and in the 
same, year by M. Mourey in a work entitled : •* The True Theory of Nega- 
tive Quantities and of the so-called Imaginary Quantities " (Paris, 1828). As 
the method of Argand is of considerable interest historically, we here illus- 
trate its method by the following extract taken from Mourey's work. 

Take the expression a-j-b V^, and give it, at first, the form 

v/»»H-fe«r — - — + — " ^*^^ I- 

If we take the sum of the squares of the fractions, which are between the 
brackets, we find that this sum is equal to 1 ; and from thence we conclude 
that these two fractions can be regarded as being the sine and cosine of the 

same angle a. Designate also the modulus Va* -f-6* by A ; the imaginary 

expression can be put under the form ^(cos a + i^— 1 sin a). Considering 
that this expression contains really but two quantities, the modulus A and 

*' Lectures, p. (2). 
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ihit angle a, M. Moniey proposed to regard the modalas ^4 as ex])re88ing tho 
length of a right line OA, and a as being the angle ^^A 

AOB^ which this line makes with a fixed axis OB, 
In other words, the modulus A represents a line 
of acertain length, which at first laj upon the axis j^ ^ ^ • 

OBt and which, hj making a movement round the Pio. 977. 

origin npward, has departed from this axis bj an angle a, M. Moarifj 
ghres the name verter to this angle, or, ratlier, to the arc whlcli mfasuri'S 
It; and then, instead of the imaginary expression, he writ(4 simply Att, a 
nriatiim Teiy soitable to recall at the same time the nujdulus A and th<* ttr- 
mr a. He propoeea even to give the name route, or wiy, U) tin? htngth 
OA, plaeed in its true position with regard to OB, so tliat A VfrmT /r, or 
Aa, Is the roate from O toward A. 

Am a line can make around the origin aa many rfTVolatfrms as wa 
pteaae, and that, also, as well by commencing its rotatUm Ij^li/w un w«fll as 
above OB, it follows that the Terser may pass through all state's of umfpti- 
tnde^ and be as well negative as positivr;. It will 1^; jttmMrti wUt-n tliA 
morement of the line shall hare commr-nc;'! alMVf ; It wHl lj#f ft*'t(9iiif^ 
when the morement commenced below. Frr»m this it follown that th^* num^ 
mate can be fcpreaented with a Terser which is yfmttir»i, m ffim whkh )n 
negative, pmrided that the sum of the Tersers, abstracti/zn Muk tttnA*' *A 
theaigiiB^ is 950 . 

F^om the preceding cwiTe n tiops it rvisaltii that a w^fMth ff^ trpt^'i^ftMA 
by gfrhig to the length A an infiAity of diff^r*^*! yr*mi^t%, Ko^/f/A^, t// f^t 
the ideas, that OA shmold b^ a d^fVrrTrJr,.atA way, *a/S ri^i ti*^, Om* y-tu-f 
AOB, ahoold be aa aevft angi^ a ; h '» ^lA^A t}*jA f}^ p^^^lf 'iz/rf //f OA 
win nad e ifo mo chaac» if w^ a#ld or imbcnM f ir«A <f %g^j untt^r^f i»>»*'>-r«^ 
of estire ct7nc&£i»«a»a. TLndi m ^tca^^kJw^ ^u'm (U*^fr*MtA t^t*ikfli, *fM 
if we deaigBace by 2x aa ^«tir» ei •c)i.'&f^tinu*> ''«« W/ . «a^ '.7 a aa-/ i»'V/f* 

sa A/y : thji la <wty* »j »» 4 '^y tA^ *fyy^*,fj 
Air% - -y. y|.y 





jf»» M J a T»r»ir *nniu 'a s«»v ^Ji^ >*n^rni A /.^ ♦v-* ** 

£. 7!pia •* vu^vv i^^wrt « «*ttv^,»th*r */^l^i•f»^^n^ -*«• -'^-r 
— A mad Ar 

pmimmav^>9i If l(rt»n*s*7 «ii#iiifviii<H^« 3i^ '»U« '/ •^r-»H^.4** 

^hj^^-Wrtr ^.y Mrf A; ^J*»» -'ii* 
am -iw* Aaafnit»wfi^ X **wf ^ n^>si0mv^ 

Tu^ pa il< I' ^an Irqpi^ Mtr^ In^ Mtntt^fi^ 
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tion. Bat, considering tliat the multiplier Bfi indicates a line B, which 
departs from the fixed line OX hj an angle equal to p, M. Moorey regards 
multiplication as having for its ohject to take at first the length ^ in its 
actual direction as many times as there are units in B, giving the line OA', 
and to turn the new line OA' around the point 0, to depart from this direc- 
tion by an angle equal to fS, and to give it the position OC. From this it 
follows that, in designating by AB the product of the two magnitudes, 
abstraction being made of all idea of podtion, the product sought will be 
AB(a+/3), Thus we have 

AaxB/3 = AB(a + P); 

that is to say, we mvlHply the moduli according to the ordinary rules of 
arithmetic, and take the sum of the vereers. 

If the versers are each equal to ;r or 180", we shall have Akx Bit=AB{iiie). 
But ATt and Btc are nothing else than — A and ^B, and AB2it is the 
same thing as + AB ; then —A x ^B= -{-AB. This is the known rule, 
— by — gives + . 

According to this rule, the square of ^or will be A*(2a) ; that is to say, 
100 take the square of the modulus and double the verser. Then, reciprocally, 
the square root is obtained by extracting the square root of the modulus with- 
out regarding the f)erser; then take half the verser. 

Let us come now to the interpretation of the imaginary expression 

V—A*, For this purpose, let us observe, first, that it is equivalent to 
VA*(2nn-i-n) ; then extracting the square root. 

If n is even, the verser me + iie places the length 
A in the same position as ^Tt ; that is to say, in the 
position OF, perpendicular to OX If n is uneven, 
the verser njt + ^k will place tbe length ^ in a posi- 
tion OF', perpendicular to OX, but below. Thus, 

in the system of M. Mourey, the expression V—A" 
offers no longer to the mind any idea of imposribility. 
It represents two routes, OT and OF, equal and 
opposite, both perpendicular to the fixed axis OX 
We see shadowed here some of the elements of Hamilton's Quaternions, 
still the systems have very little in common. The difference between them 
is great. In Mourey's system all the operations are in one plane, two dimen- 
sions only of space being necessary ; and the multiplication of two lines 
produces a third in the same plane. In this system it is necessary to know 
the angle between the lines and another fixed line, and if the axis coincides 
with one of the lines, the multiplication of the two lines will be expressed 
by laying off on one of them the numerical product of the two. It is quite 
evident that Hamilton received little or no aid from these writings in the 
establishment of his system ; though some may have served as hints, but 
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nothing more. Most of the other important investigations which have a 
bearing upon the subject, were contemporary with Hamilton's work. It is 
proper to note that M. Servois seems to have made the nearest approach to 
an anticipation of quaternions.* He inferred from analogy, that If or, fi, y, 
be the angles between a right line and the three rectangolar axes, the 
following expression ought to be true : 

(l» cos a+y cos /5+r cos r ) (P' cos an-r 008 ,5 + r 008 r) = 

008* a +C08' /3+ cos* X = 1 ; 

but he could not determine the values of p, g, r, p\ q\ r\ and asked 
** Will they be imaginarie^, reducible to the general form A + B V—i t ** 
It is now known that they are identical with the +i, +J, +A;, — », — j, — jfc, 
of quaternions. 

M. Cauchy, in his Caurs SAnaly9e (Paris, 1821), remarks, "Every 
imaginary equation is only the symbolic representation of two equations 
between real quantities." 

We would do great injustice to Hamilton's worthy friend Mr. John 
T. Graves, were we to make no mention of his labors. He seemed, if 
possible, to be the more enthusiastic of the two, in trying to overcome the 
difficulties which beset these men in their endeavors to construct the new 
system. If his labors were not crowned with being the successful inventor, 
he, at least, encouraged Hamilton in his labors,! and brought to his notice 
the results of his predecessors and of his contemporaries. Still, however 
much he may have profited by his suggestions, or by the suggestions of 
others, Hamilton appears justly to have the full credit of conceiving and 
first applying the fundamental principles of his system. 

We add a few words more upon the invention. Hamilton supposed 
that he could retain the commutative principle, | or the Interchangeability 
of the factors in regard to order ; but after many trials, with expressions 
of various forms, he was obliged to abandon the principle, and make 
%j r= — /i. He had previously assumed that i* =j* = —t ; but the value 
of k, which appeared later in the discussion, hod not been fixed. At first 
he tried jfc* = -h 1, because i* j* = -H 1, but as this failed to work, he tried 
ifc* =r ~ 1, and thus completed his fundamental a89umpH(m9% for the mul- 
tiplication of two vectors. Vectors generally are represented by the letters 
of the Greek alphabet, but I presume that Hamilton used the Roman and 
italic letters for the mutually perpendicular vectors, because the letter % 

had long been used in analysis for the t^— 1, and also because his friend, 
Mr. Graves, was using it, and had in some of his investigations made 
i«=:-l, andj« = -l.| 



• Lectures, p. (67). t Lectures, Preface, p. (85). 

t Lectures, Preface, p. (48). % Lectures, Preface, p. {iff), 

I Hamilton was not the only one to invent a non-commutative system. 
Professor H. Grassmon, in 1844, the year following that of the first publi- 
cation by Hamilton of his Quaternions, published a very original and re- 
markable work ( Aus Dehnungslehre, or Doctrine qf BxtentUm), inyolving the 



r 
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The development of this sabject may be considered in another, light. 
By examining the successive processes in mathematics we find that U has 
been extended by the remowU of restrictions. This principle makes its 
appearance in the earliest stages of mathematics, and may be recognized in 
all departments of the subject ; and may be applied to many of the princi- 
ples of quaternions.* We will illustrate the principle by means of a few 
examples. 

In arithmetic we are taught that multiplication is a short process of 
making repeated additions. According to this definition multiplication can 
be performed by a process of counting. It answers well so long as the 
numbers are positive integers, but fails when the multiplier is a proper 
fraction. In order, therefore, to multiply by a fraction it is necessaiy to 
make a new definition, or extend the meaning of the old one; and the latter 
alternative is the one chosen. In the extended sense, multiplication is the 
process of finding the result of taking one number several times, or part or 
parts of a time. The process of involution is a further extension of the 
principle, being a process of repeated multiplication, and hence is the repeat- 
ing of the result of the result of repeated additions. When logarithms 
are employed, the original conception of addition is almost entirely lost sight 
of ; indeed to a certain extent the process is reversed, multiplication being 
performed by addition by the aid of logarithms. When the exponent is 
literal, it is read as a power, thus 10> is read ' the x power of 10,' but if the 
exponent is fractional its meaning is entirely changed. If a; = $, we have 

10^, which arithmeHeaUy is the square of the cube root of 10, but by the 
removal of restrictions the definition is extended so that a power is defined to 
be a number, entire or fractional, positive or negative, iohich is placed at the 
right and above another number. According to this definition we read the 
expression 'ten to the two-thirds power.' This reading indicates the form 
of the expression but not the arithmetical operations to be performed in 

reducing it. The same remark applies to the reciprocals, asa~', 10~% 
etc. 

In algebra, negative qualities are considered, and multiplication includes 
the process of performing repeated subtractions; but instead of making 

multiplication of inclined lines (ftussere, outer, multiplikation), which had 
the non-commutative principle. Neither Grassman nor Hamilton owed any- 
thing, in their original papers, to the works of the other, and the methods of 
the two are quite distinct from each other. The work of Grassman has been 
admired by mathematicians since his day. Hamilton speaks of it in the 
highest terms as an original work, and Professor Clifford, in an article enti- 
tled, "Applications of Grassman's Extensive Algebra," in the American 
Journal of MathemaUes, Vol. I., No. 4, p. 850, endeavors to determine the 
place of Quaternions in the more extended system ; and a demonstration that 
the algebra obtained by a generalization of the laws of more extended sys- 
tems of algebras is always a compound of quaternion algebras which do not 
interfere with one another. 

* Hamilton's Lectures, Preface, p. (50). 
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a iiew.defiiutioD to corpr this idea, the old definitioii is eHfmded hr i^mor^ 
ing the ratrietions which were prerioaslT giren to H, And with the new ideft 
it ooren the case of aw aw hr mumus, or of sabtiactiiig the rasahof lepei^ted 
sobtraetiaiiaw If the eiqnnent is aero, we hare 



-•=1. 

whaterer be the Tsloe of a, and if a also is aero we hare the expresfilon 

«^. . 

which, according to the ariiAmetieai definition of nnmber, has no meaning. 
Tet in the IXfferential Calculus we not only meet with this e x pression, but 
alsosnchas 

, X OD, Q5J, <X , 

and they are interpreted as havlag rational meanlLgs. AritkmfHeaBjf qoan- 
tity is something which can be measured, and n umber is employed to express 
the measure. Originally it implied ' how many/ as 5, 9, 12, etc, but by an 
extennon it includes fractions ; it Includes all measurements which can be 
expressed by means of figures. But expresses, arit?ntutUally, the absence 
of all quantity, and hence, technically, would have no place in the science 
of mathematics were it not for the principle of extfntion. For the same 
reason infinites would find no place ; but as defined, both form exceed- 
ingly important elements in this science. Zero (so called) in the Calculus 
is not an arithmetical zero ; it is an infinitesimal. Shall we form a new 
symbol for the new meaning, or shall we extend the definition so as to 
pve a new meaning to the old symbol? The former might have been done, 
but the latter was chosen. The reeiridunu which had been given to it 
were removed, and the definition thus extended. Similarly, the tn/lnitof , 
according to the original conception of number, do not exist; but, as 
defined, they are realities. According to this view, we might found the 
Differential Calculus (substantially as many writers have done) after this 
manner: — In arithmetic we have considered only one class of numbers, 
called ^nito and diseontinuofis, as 3, 12, ii, etc., with which our daily expe- 
rience makes us familiar. But we find that great power is given to mathe- 
matics by including other numbers which we will now proceed to define and 
to which we will assign certain laws. One of these we will call InflniteH- 
mal. This we define to be so small (and if you please, of such a peculiar 
character), that it cannot be added to an arithmetical number ; so Uiat if it 
be represented by 6 we will have 

6 + 5 = 6, 7 — 5 = 7, aH-^ = a, etc. 
But it can be multiplied by an arithmetical number, thus 

6 x5 = 5<5, — 7x 5 = — 75, ax 5= a5, etc. 

If divided by an arithmetical number the quotient will be called sero: 
thus, 

5 5 

5 =0, - =0,etc 
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but if an arithmetical number be divided by an infinitesimal the result will 
be an infinite, the laws for which will now be assigned. Briefly, we would 
define an infinite as one to which neither a finite nor an infinitesimal can 
be added, which may be multiplied by a finite, which cannot be divided by 
2k finite (or if so divided will give an infinite of a higher order), and if di- 
vided into ti finite will give a result called zero. In a similar manner we 
would define infinites and infinitesimal of different orders, the relations 
between the successive orders being similar to those just defined. Next we 
would proceed to determine how the ratios of the infinitesimals of the first 
order could be determined from given relations between the finites; the 
result would be the^r«^ differential coefficient. 

This process will appear (as it really is) arbitrary to the student, and, at 
first, would doubtless be conRidered by many, as unworthy of being called 
a system ; still as an application of the principle of extension by Vie reinoval 
of restriction, it is worthy of being presented to every student while studying 
tiie calculus. The main object is to arrive at trutli, and hence we should 
not be confined to one system, or mode of presenting it. In the light of 
what has been said we will interpret one of the preceding expressions ; thus 

aa 
1 

means (in the light of the Calculus) that 1 is not an arithmetical 1 but a 
thing which differs from 1 by an infinitesimal, and may be 

1 + 8, 

the infinite power of which will be some finite. The other expressions may 
be interpreted in a similar manner. Those who have not studied Vanishing 
Fractions may not understand the conclusions here given. 

But to proceed. In finite geometry the parameters are considered as fixed 
quantities, but in the Calculus these are sometimes made to vary ; so that by 
the removal of restrictions we state that a geometrical constant is one which 
varies infinitely slow compared with the rate of change of the variables. Re- 
turning to multiplication, we observe that multiplication of a line by a num- 
ber, as 86, is represented by a line whose length is three times as long as b ; 
but we are not restricted to thi.s representation, for the product of a into h, or 
ab, is represented by a rectangle ; neither are we restricted to these, for in qua- 
ternions ij is represented by rotation. We observe that the removal of restric- 
tions sometimes imposes new restrictions. Thus, in quaternions restrictions 
were removed and eoetensions made in regard to the algebraic symbols + , — , 
=, X, -f-, but they resulted in destroying the eommutative principle of 
algebra. 

But we must bring these remarks to a close, as they have been already 
extended far beyond what was originally intended. We did not intend to 
write a critical history of the subject, but simply to give an outline of the 
manner in which the subject was developed. As for the extent of the use- 
fulness of quaternions we express no opinion ; but we can safely assert that 
no principle so original, novel, and comprehensive as that given by Hamil- 
ton can be introduced into any science without yielding much good fruit. 
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It seems that Euler*s trigonometrical formulas ought readily to be de- 
daced from Hamilton's system, and such is the case ; but we could not in- 
troduce it into the body of the work without assuming the development of 
log (1 4- x), and the value of v as given by a certain series. But now, 
assuming the development, we proceed as follows : 

log (! + «) = M[x ~ ia?3 4- W - i«* + etc.] 
log (1 - a?) = Jf [- z-iz^- \x^ - iaj* - etc.], 

the latter being deduced from the former by changing xU} — x. Subtract- 
ing we have 

log (1 +«) - log(l - a?) = %Mx [1 H- \x* -h W + etc.], 

or log \y^/\ = 3ifo [1 -h W + i«* + etc.]. 

Now let X = V— 1, and we have 

(1 + V^D-^iX - V^) = i^'^l, 

and substituting the same value of 2 in the second member, we have 



log V^ = 2if V'^ [i_i + i_|+ etc.]. 
The quantity within the brackets is ^;r,* therefore 

log ^rr\ =r iJf^r V^\, (a) 

or log % = i Jfyri, 

which is substantially the same as the equation given on page 286 ; but we 
could not (Msume the value there given in this place, for it was found by 
means of the formulas which we are not seeking. Now find the value of 

e ^ given on page 278, and to avoid confusion in regard to letters and to 
simplify the expression, we will use the equally general one 

% being an indeterminate unit-vector, V— 1. 

Take log % = log i, 

X>assing to exponentials, i = ^^ ^ 

raising to <p power, i* = «* ^**S< 

and by Eq. (a), = <j*^*'*. (5) 

2nB 



Making q> = — -, we have 



|» :=e^'^, (C) 



* See advanced works on the Calculus. (Courtenay's Calcolos, p. 
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the left member of which is a general expression for n rotations through an 
angle ; hence, (379, (5)), 

2nB 





»•' =008 nfl + t wn «0 = «*■"*•, 


(.0) 


alao 


008 nO - ( sin »9 — «--**»*'; 


(«) 


adding. 


008 nO = i(«'»^''« +«-*>'«), 


U) 


salrtraetiiig. 


8in nO - ^^ («*»« _ e- '^•^). 





In the last two equations, let if = 1, n = 1, » = V — 1, and we have 

COS 6 = ^ («V^ + g-» y/—i), (g) 

Bin fl = ^^^ (,»>/— 1 _ ^- V^). (A) 

which are known as Euler'ifarmuUu, 

In equation (6) let <p = t, and observing that t' = ~ 1, we have 

f = e-^^', (J) 

which in the Napierian system becomes (since If will be unity) 

and restoring the value of t = V — 1, we have 
or squaring, * (— 1) = « ', 



-y^T 



taking reciprocals, (—1) = « , (m) 



or squaring again, 1 = e , (n) 

which equations express a peculiar relation between n and e. Equation (n) 
at first sight appears to be incorrect for arithmetieaUy log 1 = 0; but upon 
examination it will be found that this is a special and not a general value, 
and that it does give correctly one of the imaginary values of log 1. From 
it we find 

- V^logl=2a'; 

.-. logl = - 



V^-1 

= 2ie V^. {o) 



From equation (d) we find 

Iog(co8n0 + V^^l annB) = Mn8 V^^. 
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Let = TT, then cob nO = 1, and sin wO = 0, for all integer values of n, and 
we have _ 

log 1 = Mnn V- 1,» 

whicli gives the real as well as imaginary values of log 1. If n = 0, then 

log 1 = 0. 

which is its only arithmetical value, and which also is independent of the 
system in which it is taken. 
IfJf = landn = l 

log 1 = JT V^^\, 

which is one of the imaginary values of the logarithm. 
If Jf=landw = 2, 

log l = 2n V'^i, 

which is the value found in equation (o). 

We see then, that in Euler's formulas, De Moivre's formula, and in 

the imaginary exponentials involving zr, the imaginary V—lot algebra 
becomes the same as the real indbterhinatb ukit-vrctob of quaternions. 



* Professor Graves gave a more general equation, thus, 

2€jV 

in which to and od' are independent integers. (PhU, Trans,, 1829.) 
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HYPEBrSPACE. 

Fboh anj point in space a line may be drawn in any direction; hence if 
erery such line were considered a dimension of apace^ the latter wouxd have 
an unlimited number of dimensions, and the expression *< space of n dimen- 
sions " would be perfectly rationaL But the dimensions of space are not so 
determined. A right line is conceived as determining one dimension, and 
space confined to one right line is called space of one dimension. If from 
any point of this line a perpendicular be drawn, then will the space limited 
to the plane of these lines be caUed npace of two dimensions. Similarly, if 
through the common point of the two lines, a third be drawn perpendicular 
to the former ones, any point will be determined by its distance from the 
planes of the lines, taken two and two, and such space is called space of three 
dimensions. No more than three mutually perpendicular lines can pass 
through a point; hence higher orders of space, as the fourth, fifth, nth, etc., 
are imaginary; in other words, have no real existence. Tri-dimensional 
space is the highest order of which we have any knowledge— it is natural 
space. As this mode of determining the dimensions of space dates at least 
from Euclid, it is sometimes called Euclidean space to distinguish it from 
the lower orders of real space, and the higher orders of imaginary space, and 
all the higher orders may be classed as hyper'Space, 

The solution of i /oblems involving hyper-space depends upon the laws 
and conditions assigned. It generally, however, falls under the following 
principle, viz. : The laws and formulas applicable to the solution of problems 
having real conditions may be extended to those involving unreal conditions^ 
This principle we will illustrate by a few examples from different branches 
of mathematics. 

Beginning with arithmetic, we take the simple problem — ^If one and one 
are three, what will two and two be? Now one and one are two and nothing 
e)se, and in the nature of things can be nothing else so long as language 
retains its present meaning. We are aware that it has been asserted that if 
wo were in some part of the universe where in tht process of putting one 
thing by (or with) another, the result was always three, we would admit that 
one and one make three. But this is a misstatement of the case. In arith- 
metic, one and one do not make anything — they are two. It is a statement of 

830 
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atbot BfcfTvbcR in the viiTcne OM oaJ a»r are lira, and tvo and tvo an 
lour. Henoe our pfobkm bat md-— if two be three, vhat will four W? 
The pidbkm inmlres Mveo/ condilanni; hot bj o«Mrjniiy that the same 
latio exists between fkmr and the required result as between two and thre^ 
the pfobkm maj be vilfed bj propoi t ia n , giving ax aa the result. 

By intiodncing different units inio this problem, the unreal conditaons 
ma J be remcyfed ; thns» if two apples cost three oent% what wiU four apples 

cost? 

Again, if a mdon be worth 90 oents» and it be dixided into two equal parts 
so that one part diall be twiee aa large aa the other, what will each part be 
worth? Here the conditions are self-oontiadiciorj, and there is no rstknal 
station; still, bj awwiming that i is |, then bj proportion 10 cents wiU be 6| 
cents; then the other half will be two-thirds: and the cost 18| cents. But 
bja slight change in the wording the contradietoiy duoacter is remored; 
thus, if one half is worth twice as much as the other, what will each half be 
worth? 

In trigonometnr the cosine of a dreular function cannot exceed ndius or 
unity ; but if it be assumed that cos z = 2, a Talue, or rather an expression, 
may be found for each of the other trigonometrical functions by assuming 
that the same law holds for the unreal as for the real conditions. Thus 
we would have for the sine, sin a; = \ (1— cos* Jr) = ^ (1 — 4) = ^ — 8 = 
y 3 ^ — 1 ; a result which shows that sin jt is impossible when cosx = 8. 

In geometry the square of the hypothenuse of a right-angled triangle 
equals the sum of the squares of the two sides. In a rectangular parallelo- 
piped the square of the diagonal joining the opposite angles equals the sum 
of the squares of the three adjacent edges. If, therefore, a solid bo constructed 
upon four (imaginary) mutually perpendicular lines as edges, the square of 
the diagonal through the extreme angles will equal the sum of the squares 
of the four adjacent edges, and hence, if the length of each edge be unity, 
the length of the diagonal would be 2. 

Questions pertaining to space of n^imensions is, as has been intimated, 
purely an extension of analysis from certain real to certain imaginary cases; 
and to iUustrate this stiU further, we make use of the analysis of coordinate 
geometry. 

Tabulating the well-known results for space of one, of two, and of throe 
dimensions in terms of rectangular codrdinates, we have 



No . of DimensioiiB 
of Space. 


EqaAtionfl to a 
Point. 


EqnationA to the 
Right Line. 


Eqoationiitotho 
Piano. 


1 
2 
8 


«— a=0 
a; — a = 

y-6 = 

a;-a = 
y-ft=0 
z — e = 


X indeterminate 

a; -Hmy — a = 

aj + fiw — a = 
y + fw — 6 = 


N(me 

xhndyindetermi' 
nate 

X + Ay ■¥ Bm -^ 

iJ=o 




333 



APPENDIX n. 



In this table, we obseire that the equations to a point are of the first degree 
of two terms each, and the same in number as the oorrespcmding ooOidinatee 
in space. The equations to a right line are also of the first degree between 
two variables, and one less in number than the corresponding ones for a point, 
and the equation for a plane is of the first degree between three variables. 
We also observe that the form of the equations to the right line maj be foond 
by adding the last of the equations to a point to each of the preceding ones 
separately; thus z — e added to a; — a gives a; + 2 — a — e = Oy which is gen- 
eralized in the form a; + me — a = 0; and similarly for the others. Pro- 
ceeding in this way the following table is formed : 



Number of 
rectangu- 
lar axes or EqaatlonB 

totalled to a Point. 
dlmenilonB 

of space. 



1 
8 



X -a=0 

X -a = 
y -* = 

X - a = 
y -6 = 
s - c = 

w- = 
a:-6=0 
y - c = 
z -d=0 

V -a = 
to- 6=0 
X -e^O 
y- dsO 
« - tf =0 



Equations 

to the 
Bight Line. 



X iruUtermitiote 



Equations to the 
Plane. 



None 



, ^^ ^_rt X aad y indeterml- 



x-\-mz - a = 



:j:;t:s=o ^-^Ay^Bz+c^o 






Bquatlonsto 

the Hyper* 

plane or the 

jlrst order. 



NofU 

None 

X, V, and z in- 



X, V, an( 
deUrmi 



note 



Equations to the 

HypeT'plane of 

the second order. 



NOM 

None 
None 



y-i-nz - c =0 



p4-*2 - a = 
w+ iz - b^O 
x-^mz " c =0 



V4-Ay4-Bz4-C = 
J?Sr-J=0 '-^^Oy^^BzXl^O 



v-\- Ax-j-By 

+ ci + i)=o 

u^4- Ex 4- JFV 



V -^ Aw -\- Bx 
+ Cy-^-Dz-hB 
= 



In a similar manner, the equations to the hyper-solids may be written. 
Thus, since all spheres will have a constant radius, we have for the hyper- 
sphere of the first order, or the sphere of four-dimension space, the equation 

M^ 4- aj* 4- y» H- e* = r*. 

Similarly, the equation of the hypor-ellipse of the first order, the origin 
being at the centre, will be 



u^ a^ y* z* ^ ^ 
— +— +— ->•— +1— 



a\ 5*, c*, d^ being positive. For, the section of each of the coordinate 
planes with this surface will be an ellipse, to determine which eliminate two 
of the variables, as w and x for instance, by means of the two equations of 
the plane of four-dimension space. If the equation of the hyper-plane, 
to + Ax + By + Cz + D = Oyho combined with the preceding equation, only 
one of the variables can be eliminated, and the intersection will be given in 
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tenns of three Tariables, and in order to discuss the properties of the corre 
in this case, it will be necessary to determine the general properties of hyper- 
corves referred to hyper-ooOrdinates. It is not our purpoae to dcrelop the 
subject further. 

Another view — a moving point will generate a line; a moving line may 
generate a surface; a moving surface, a sohd; henoe, a moving solid might 
generate a hyper-solid, and so on. 

Some amusing problems have already been stated involving four rectangu- 
lar coordinates. In the American Journal of Mathematics vol. L, p. 1 
(1878), it is shown that a spherical shell in four-dimension space may be 
turned inside out without tearing or stretching; and in the<same Journal, 
voL iii., p. 1, several regular solids in four-dimension space are determined 
and named — thus affording another instance that the mathematician may 
create (or imagine) that which is impossible! 




APPENDIX m. 



To find the distance between ttco lines in space. Let the lines be 



[, (1) }• ; (2) 

p= m +b ) y 



= m'z + a' \ 



and pass a plane through (1) paraUel to (2) ; then will the required distance 
be the length of the perpendicular between (2) and the plane thus passed. To 
determine the plane, draw a line through any point of (1) parallel to (2) ; and 
for convenience take the point where (1) pierces the plane xy, which point 
will be 

x = a, y = 6, « = 0; (3) 



and the line through this point parallel to (2) will be (Art. 197, Eq. (2) ), 



X — a^ m't ) 
y^h = n't ) 



(4) 



This line pierces the plane xz in the point 



and (1) pierces the same plane in the point 

A b fnb ,g^ 

t, = o. « = --. *=«--^- («) 

The three points (8), (5), (6), will determine the plane. The equation of 
the plane being of the form (Art. 202), 



Ax + By + Cz + D=zO, (7) 



gives, with (3), (5), (6), the equations of condition, 
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\ n J n 



^ ; 



(8) 



from which we find 



A = 



B = 



C= 



n^ft! 




a^i' — n) — 6(i»' ' 


~m) 


m' — w 




a (»' — n) — 6 {m! 


-m) 


mn' — m'n 





2> 



a (n' — n) — 6 (m' — f») -^ 



w 



which in (7) gives for the equation of the plane 

(n ~ n')« + (w»' — f»)y h- (mn' — tw'7i)« + a(n' — n) — &'(i»' — m) = 0. (10) 
The equation to the line perpendicular to this plane from the point 



x = a', 



y = &', 



« = 0, 



(11) 



where (2) pierces the plane ocy will be (Art 215), 



, A 






(13) 



and the point where this line pierces the plane (7) will be (Art. 212), 



«i = — -4 



a' A + b'B 4- D 

A* + B' 









yi = 



«, = -c 






(18) 



Hence, the required distance will be, Elquations (11) and (18), 



I = ^(x^ - ay + (y, - 60* + «iS 
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which reduced bj the aid of (13) gives 






and this reduced by the aid of (9) gives 

,__ {a -H aO(/i - nQ -h (& — h')(m — m') 
^/{m'n — mnY -r (w»' — w)* + (»' — n)* 

If be the angle between (1) and (2), we have, Art. 109, Eq. {&), 



(15) 



cos = =- ; (16) 



.-. dn © = V( ^'n - fitnO* -f (m^-m)« 4^' - n)« . 
y'w* 4- »* 4- 1 . y'm" +"»'*~Ti~ 

and hence (15) may be written 

,__ (a + a')(n — n')-\-(b- b){m — mQ 



a?) 



sin ym* + »« i- 1 . y'm"* + n'« + 1 * 



(18) 



If one of the lines, as (2) for instance, passes through the origin of co-or- 
^ dinates, we have a' = 0, and b' = 0, and 

I = ajn- n') + b{m - m") ^ .^^ 

sin ym*-f »«4-lT y^w''-fn"^ + l ' 

and further, if (2) is in the plane xy, we have m' = 0, and 

1= a(n-n' )^ bm ^ 

sin ^m* 4- 7*« + 1 . \/^n'* + 1 

and still further, if the lino (2) coincides with the axis of (a), we also have 
n' — 0, and (15) becomes 

1= ""±^,!L . (21) 

If lines (1) and (2) are parallel, equation (15) reduces to ^r^ , as indeedwe 
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might have anticipated, since by our mode of oonstracting a line through aiiy 
point of (1) parallel to (2) would, in this case, coincide with (1), an unlimited 
number of planes could be passed parallel to (2). It will, therefore, be neces- 
sary to make an independent solution of this case. 

DISTANCE BETWKEN TWO PARALLEL LINES. 



Let the lines be 



y 



= n« + & ) 



(22) 






= m» + a' ) 



(28) 



Line (28) pierces plane xy in the point {a\ h'fi% from which pass a perjien- 
dicular to (22) ; its equation will be of the form, Art 197, 






a — a' = 

y 



and the equation of condition of perpendicularity will be. Art. 199, 

mm" + nn" + 1 = 0, 
and the condition that (24) and (2?) intersect will be, Art. 106, 



(24) 



(25) 



of -a 6' — 6 



f» — m 



tf 



n — w 



n 



m 



From (25) and (26) we find 



f»" = 



(}>' -h)mn- {a' - a) {n* -h 1 ) 
(6' — h)n^(a' — a)m 



n 



f/ 



- - (b' - ^)(^* 4- 1) -f (a' - a)fnn \ ' 
"■ (6'-6)» + (a'-a)m J 



(27) 



which in (24) will give the eqi^ations of the perpendicular, and eliminating 
between that and (22), the point of intersection of (22) and (24) will be found 
ID be 



f»' 4- » + 1 

(y-ft)n + (V-fl)m 



_ (&'-&) yi -f (oj-^Om 



(28) 



yn 
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The required distance will be 



d = ^/{xx - ay H- (y, - h'Y + «• 






If one of the b*nes, as (28), passes through the origin, a' and V will be 
zero, in which case we have 



^ = r — ^ fii' + n« + i • ^^ 



and also if the lines be parallel to the plane. a», we have n r= 0, and the 
equation becomes 



d= ! />•<">' + y' (31) 



Still further, if the lines be in the plane as, h will also be zero, and 



rf=— ^ . (82) 

If the lines be in a plane parallel to n, and neither passes through the 
origin, we have n = 0, and h = &', and (29) reduces to 



d = -^^±=. (88) 



Jb-v^. Y«^w ^.\K. "fUX^^-v— j , M^J-o, 
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